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2D Optical Flow: An Example

and (b) its correct ow eld.




2D Optical Flow: An Overview

Image Plane (side view)
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Figure 2:V is the 3D velocity of 3D poinP(t) = ( X;Y;Z). ¥ =(u;V)
Is the 2D image oW, i.e. ¥ is the perspective projection &f. If P(t)
moves with displacemei t to P (t% from timet to timet® then its image
Y (1) = (x;y;f) moves with displacement t to Y (t%) = ( x% y%f) from
timest tot® f is the sensor focal is known asmage velocityor optical
oW .




The Image Velocity Equations

The 3D instantaneous velocity = ( U; V; W) of a 3D point
P =(X;Y;Z), where the sensor moves relativeRas

V=(UVW= T + P; (1)

whereT = ( Tp; Tq1; T») is the instantaneous sensor translation and
+ =(!o;!q1;!>) isthe sensor's instantaneous rotation. The
components of can be written out in full as:

U = To !'1Z2+15Y (2)
V. = T 12X+1Z (3)
W = T, loY+!;X (4)

For a rigid object under perspective projection we can write

Z

and z:fzzf;




wheref is the focal length of the sensor. The time derivatives of
(X;¥;2), (X;¥;2) = (u;v;0), yield the two non-zero components of

Instantaneous image velocity, which can be written as
|

X. XZ
—r ©

z

|
Y YZ
z ? (7)

X = U

y=yv

Substituting equations (2), (3) and (4) into equations (@) @) and
using the de nition of perspective projection in equatié fve
obtain the standard image velocity equations (see Longiggins
and Prazdny, Proc. R. Soc. London B208, 1981):

1 X
u= Z( fTo+ XT2)+ o f—y




V= S (fTysyT)+ 1o 1

Given the sensor's instantaneous 3D translation and 3@ioatplus
an image point's 2D coordinatég; y) and its 3D depthZ [hence we
know X andY as well via equations (5)] we can specify the correct
2D image velocity(u; v), for this image point.

Conversely, if we can measufe; v) values at image points, we can
recover the 3D sensor translation scaled by 3D depth and Bfbse
rotation. We can also recover “relative” depth at image {®in a
scene. So, while we can't know from a single monocular setisr
object 1 is 4m away while object 2 is 8m away (absolute depth) w
can tell that object 1 is twice as close as object 2 (relatetla). Of
course, with a binocular sensor setup we can recover alesalotion
and depth parameters.




The 2D Aperture Problem

We can estimate optical ow locally from spatial and tempaonaage
intensity derivatives measured in local neighbourhoods.

The aperture problem (Marr and Ullman 1981) is relevant when
image velocities are measured locally.

/\7

Aperture

Contour

Figure 3: 1 is the unit normal vector in the normal velocity directiore.i it is perpendicular to the

local contour structure and having length 1. Thus normabaig} v, is the component of full velocity
projected in the normal directiaf, (v N)H = v,.




The Signi cance of the Aperture Problem

So, due to the aperture problem, we can measureyjuahd notv
(the tangential velocity) o¥ (the full velocity) locally.

The aperture problem does not depend on the size of the apért
rather on local contour structure: Is there enough localcstire to
recover full image velocity?

b 2

No! Yes!

Figure 4. We can recover full image velocity in neighbourti®of corner
points but not in neighbourhoods when the local contouragtt.




The Motion Constraint Equation

Assumel (x;y;t) movesbyx, y intime t to
(X + X;y + y;t + t).

X,y X,y

° LR

s.
x+dx,y+dy

t+dt

Sincel (x;y;t) andl (x + Xx;y + y;t + t) are the images of the
same point:

l(X;y;t)= 1T(X+ Xy + y;t + t):

We can perform 45! order Taylor series expansion aboxk; y;t):

| (X+ X;y + y;t+ t)=1(Xy;t)+ %Lx+%l)/+%ltt+H:O:T:




The Motion Constraint Equation Continued:

Becausd (x;y;t)= I (x+ X;y + y;t + t) we obtain:

= 0 :

@x @y @t _ .

@xt @yt @t|{£}
=1

Ixu+|yv+|t =

ri ~v+1¢ = 0:

are thex andy components of image velocity and
%‘t are image intensity derivatives lafx; y; t).




Motion Constraint Line

r I v+ 1 =0 is1equation in 2 unknowns (a line), the correct
velocity is some unknown point on this line. The velocity wihe
smallest magnitude if the normal velociy.

u

Figure 5: The motion constraint lin&, = (Unx ; Vay ) IS the velocity with
the smallest magnitude that is on this line.




The Relationship between Normal Velocity and
the Motion Constraint Equation

Consider a straight contour moving up/down and to the rigkt w
true full velocityv. Since it is viewed through an aperture we can
only see the motion perpendicular to the contour.

Since the normal velocity is the smallest of all potentidbedies it




IS the point on the motion constraint line closest to theiarig

We can comput®, (the magnitude of4,) andn (its direction) and
hence, the normal velocity, = vy h, very simply using the motion
constraint equation | ¥ = | and the factthat h = v, as:




Resolving the Aperture Problem

We need to impose additional constraints to recover thesalicity
¥ everywhere.

We could assume that each local image neighbourhood hataobns
velocity [Lucas and Kanade [JCAI1981]. Then 2 or more défer
normal velocities yield the true full velocity (in the leasjuares
sense).

We could assume that velocity varies smoothly everywhemartnd
Schunck Al1981] and regularize a smoothness term acrosstugge.




2D Lucas and Kanade 1981

Givenly, Iy andl; at a single pixel, we Can COMpPU¥R as

¥, = ¥ A, wherev, = i IH andh = ”r IU are as before.

Givenank = n n nelghbourhood with the same veloc#ywe can
write

2
x1 nyl
E X2 ny2
| _{z_}

Vnk
{Z | —{z—}
B

which we can write aﬁy} | {?} = | {%

k 2 2 1

Fork 2we can solve this systemas= (NTN) INTB.




2D Horn and Schunck 1981

Horn and Schunck combined the motion constraint equatiom avi
global smoothness term to constrain the estimated velazdy
¥ = (U;V), minimizing:
Z
f= (1 v+1)%+ % ug+uj+vi+v, dxdy

D

de ned over a domai (the image), where the magnitude of
re ects the relative in uence of the smoothness term.

We use the Euler-Lagrange equations:

dy,
dx
dy,
dx




21y (Ixu+ Iyv+ Iy)
2
2
2




Sincer 2uU = Uy + Uyy andr 2v = vy, + Vyy We can rewrite the
Euler-Lagrange equations as:

| Zu+ Ixlyv+ D4l

2

Usingr u u wuandr ?v v vwe get

( 2+ 19U+ Ixlyv ( 2u Ixly)
(

Ixlyu+( 2+ 1)V

2V lylt);
We can solve for andv as:

( 2+ 15+ 1) ( 2+10u Ixlyv Ixly

(P+1g+10Vv = Idyu+( 2+ 10V Iyl




which can be written as:

(“+ 12+ 1) (u u) I [Ixu+ Iyv+ 1¢]

(P+I5+ 0100V V) = dy[lxu+ lyv+ 1]

Gauss-Seidel iterative equations that minimize thesetemsaare:

k k
k+1  Ixlxu® + Ty ve + 1]

u u and
2 2 2
+ 12+ |y

 Iylhu® + Tyve+ 1],

VvV
2 2 2
12+ 1

Herek denotes the iteration numba{;’, andvf,’ denote initial velocity
estimates which are typically set to zero arfdandv® denote
neighbourhood averages wf andvX. Iterations are stopped kf
reaches a preset value, i.e. 100, or if the norm of the veloeit
differences at iterations andk + 1 is less than some preset
threshold.




Intensity Differentiation

One way to compute intensity derivatives is via convolutdn
Simoncelli's Matched/balanced lters [ICIP1994] compuitg Iy
andl .

The lter coef cients are:

Ps ds
0.036 | -0.108
0.249 | -0.283
0.431| 0.0
0.249 | 0.283
0.036 | 0.108

Table 1. Simoncelli's 5-point Matched/Balanced Kernels




Convolution Steps for Computingl «

To computd  in 2D for framei is some sequence, we rst convolve
the smoothing kerneps, in thet dimension to reduce the 5 images t¢
1 image, then convolve the smoothing kerpgbn that result in the
dimension and nally convolve the differentiation kernds, on that
2nd result in thex dimension to obtait, . ly iIs computed in a

similar way.

Convolve o int==>1 image

i+2 Convolve p, iny Convolve d, in x

==> 1 image ==> | image

i+1




Convolution Steps for Computingl

To computd; in 2D for framel in some sequence, we rst convolve
ps In thex dimension and then on that result in fyhedimension for
eachof frames 2,i 1,i,i+1 andi +2. This yields 5 smoothed
images inx andy. We then differentiate these images in the
dimension usingls to getl; at framel.

Convolve 5 images in x by p Convolve 5 images iny by p Convolve 5 images in t by,d

i-2 I {image
i-2 -2

i1 i-1

i-1




3D Optical Flow

Usually, by 3D optical ow we mean 3D volumetric ow: at voxel
(X;¥;z), what is the 3D velocityU; V; W)? An example of
volumetric data: 20 volumes of gated MRI data of 1 beat of admum
heart. The 3D motion constraint equations uses intensiyatees

In X,y andz, as well ag.

3D optical ow on a moving surface (such as a growing leaf)afiex
range ow and also produces 3D velocitfJ; V; W) on all surface
points of some scanned object that is moving over time. N@\BiD
constraint equation usesandy derivatives oZ , the depth value
(either scanned or computed) at each surface point. Rangés o
also often callegcene ow.




The 3D Intensity Motion Constraint Equation is a simple extension of
the 2D motion constraint equation. Consider a smalli3Dn  n block
at(x;y;z) attimet movingto(x + Xx;y + y;z+ z)attimet+ t.

(x+dx,y+dy,zHd 2)

Time t+dt

Figure 6: Asmalln n n 3D neighbourhood of voxels centered &
(X;y;z) attimet movingto(x + X;y + y;z + z)attimet+ t.




3D Intensity Motion Constraint Equation and
the 3D Aperture Problem

We assume a 3D voxeélx;y; z) at timet moves with a displacement
(X;y;, z )overtimet. Sincel (x;y;z;t) and

l(x+ X}y + y;z+ z;t+ t)arethe same we can perfornid
order Taylor series expansion and obtain (as in the 2D case):

Ix\U+IyZWVW+I,W=r1 V= I

Iy, ly, 1, andl are 3D spatio-temporal intensity derivatives
computed via Simoncelli convolution.

The 3D velocity isV = (U; V; W)

This equation describes a plane in 3D space. Any point orplhae
IS possibly the correct 3D velocity. The velocity on the @dhat is




closest to the origin is called th@ane normal velocity (the velocity
normal to a local intensity planar structure)

Theline normal velocity is the velocity on the line caused by the
intersection of 2 planes that is closest to the origin. ofrseuis three
planes intersect at a single point, that point is the full &buity.




3D Plane Normal Velocity 3D Line Normal Velocity

Figure 7. Graphical illustrations of the 3D plane and linemal velocities.




3D Lucas and Kanade

From the 3D the motion constraint equation we have:

wherely, |, |; andl; are the 3D intensity derivativesinra n n
neighbourhood centered at voXet y; z) andV = ( U; V; W) is that
neighbourhood's (assumed) constant 3D velocity.

Givenly, Iy, I, andl at a single pixel, we can compuig as

Vo =V A, whereV, = oo, A= S andr 1= (I lysl).

Givenank = n n n neighbourhood with the same velociywe




can write

2 2

x1 ny]_ nz]_ 2 3
U
X2 ny2 Nz2
_ V

W

vk Nzk I —{z—} Vo
Z \v/ _ Z_
N B

which we can write aﬂy} | {Y} = {%

k 33 1

Fork 3we can solve this system &= (NTN) INTB.




3D Horn and Schunck

3D Horn and Schunck regularization becomes:

Z
2 2 2 2 2 2 2 2 2 2 .
z

2
= D(|XU+|yV+|ZW+|t) + UX+Uy+UZ+VX +Vy + V, +WX+Wy+W

We use the Euler-Lagrange equations:

d
az v

d
az v




22x(ZxU+ZYv+ZzW+Zt)
ZZY(ZxU+ZYv+Zzw+Zt)
ZZZ(ZxU+ZYv+Zzw+Zt)
2

2
2
2
2
2
2
2
2
2
2
2




dFu,
dX
dFuy,
dy
dFu,
dz
dFu,
dt
dF v
dX
dFv,
dy

dF Vo

=2 “Uxx ; A

dF v
dt

=2 2Uyy ; t
dF W o

=2 “Uzz ; X

dFWY

=2 “Uy; Iy

dF
=2 *Vxx ; £

dF
=2 ZVYY; Tt

Sincer 2U = Uxx + Uyy + Uzz + Uy,
r 2V = Vyx + Wy + Vzz + Vi and
r °wW = Wyxx + Wyy + Wzz + Wy we can rewrite the




Euler-Lagrange equations as:
ZZU+ ZyxZyNV + ZxZ; W + Zx Z,
Zx ZyU+ Z3NV + ZvZ7; W + Zy Z,
ZxZzU+ ZyZzV + Z5W + Z7 Z,

Usingr°U U U,r?v V Vandr?W W W wecan
write:

( 2+ Z3 U+ ZxZyV + ZxZzW = ( U+ Zx Zy)
ZxZyU+( °+ Z3)V + ZyZ;W ( 2V + ZyvZ))
ZxZzU+ ZyZzV +( 2+ Z3)W ( °W + Z7Z)):




The Gauss-Seidel iterative equations can be written as:

I 1xUR+ 1 VE+ W+ 1
2 2 2 2 !
( +|x+|y+|z)

Uk

ly 1 UK+ 1, VR + WK+ 1,
(Z+12+17+12)

I, I UK+ 1y VE+ 1, WR+ 1
(Z+12+12+12)

and

Vk

Wk

Uk, vk andwk aren n n averages of neighbourhoods of
velocities at iteratiork. U°, V° andW? are typically set to 0.0.




3D L&K F for Gate MRIardiac Dta

LK-XY-16-36 (10phase) LK-XZ-16-36 (10phase)

Figure 8:The Lucas and Kanad¢Y andXZ ow elds superimposed on th&6™" slice of theo™"
and16™ volumes of the 5phase and 10phase datasets. The eigerivasiedld ; was 1.0.




3D H&S OF for Gated MRICardiac Data

HS-XY-16-36 (10phase) HS-XZ-16-36 (10phase)

Figure 9:The Horn and SchunckY andXZ ow elds superimposed on th&6™ slice of thed™
and16™ volumes of the 5phase and 10phase datasets for 100 itevation 1 :0.




3D Range Motion Constraint Equation

We can compute 3D Range Flow (3D Optical Flow on a 3D Surfacg)
from 3D depth data measured by a ShapeGrabber range scanner p
rigid and non-rigid surfaces [CVUI2002]. One example is thege
ow for a plant leaf (the surface can be deformable) [ECCVQDO

The 3D Range Constraint EquationdgU + Z,V + W 1=0.
HereZ, andZy are depth derivatives and not intensity derivatives.

Lucas and Kanade and Horn and Schunck like 3D surface optical
ow can be computed [DAGM1999].

Range ow (from time-varying depth data) can be fused with 2D
optical ow (from time-varying intensity data) to producelf 3D
velocity on moving at surfaces, where neither range or ogiti ow
by themselves, can do this [ICIP2000].
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Example 3D range ow for Castor oil plant leaves.

Figure 10




3D Scene Flow

A typical approach: In a stereo image sequence, compute the
time-varying depth maps using a stereo algorithm,

Compute range or scene ow from these time-varying depthsnap

One point of view: optical ow is not practical on real imagiry but
stereo is much better: so use stereo to get depth maps and then
compute range ow on these depth maps and their derivatitgega
One example of such work: “Ef cient Dense Scene Flow from
Sparse or Dense Stereo Data”, Andreas Wedel, Clemens Rallie, T
Vaudrey, Thomas Brox, Uwe Franke and Daniel Cremers, ECCYV,
October, 2008.




