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Normal distribution

From Wikipedia, the free encyclopedia

In probability theory and statistics, the normal distribution or Gaussian distribution is a continuous probability
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e Gaussian models normal distribution
- 1-D parameters: mean, sigma

b 2-D parameters: mean vector, covariance matrix



1-D Gaussians

The Kalman filter is based on manipulating gaussian approximations
of probability density functions (PDF’s).

Useful property of gaussian functions is that multiplying two
gaussian functions yields a third gaussian.
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Hardware designers select one or the other based on situation, usually favor separate
enables for timing reasons



Multiplying two 1-D Gaussians
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Deriving multiplying two 1-D Gaussians
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Deriving multiplying three 1-D Gaussians
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Multiplying 1-D Gaussians

PDF, = erp—(5< )2 PDF, = exp—( E;E})E
PDF; = cxp—(5£)?

Multiplying 2 gaussians
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Show 1d_ gaussian_gui.exe



N-D Gaussians

e Multi-dimensional gaussian can be created by putting gaussians on
different orthogonal axes = multiplying with different variables

e 2-D example: One gaussian
INn X-axis, one in Y-axis
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(Image from Wikipedia)



2-D gaussian aligned along X, Y axes
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Use rotation matrix R to align along arbitrary axes

PDF = e;r-p—% (X - U'R'S'R[X - U))
= e;r.p—% (X - UJfC[X - U))

Matrix C is not diagonal as is 2

1 ((.-r.- —.;;,rjz N (y — iang)



Justification of N-D gaussians

- Covariance matrix of an 2-D data set

oy — Z( — pe) (T — pr) Z _:u — fhy) ]
D@ — ) (Y — py) Do (Y ﬁy) — fy)

SVD e Covariance matrix 2 -
° _ of an N-D data set > = { O J r~l= [ w
A=UDV! D = diagonal 0o Voo
SVD of A=StS : U=V Cov — StS — RtYR.
A=UDU! e We need 1/c2 form

Cov ! =R'TS"'R=C

Therefore

-a covariance matrix can be rotated to axes where X2 is a diagonal matrix

-a covariance matrix can be represented as an N-D shape of orthogonal
gaussians

1
PDF:mpEﬂX—UH¥ETMX—UD

1
= exp—3 (X - UJfC[X - U))
e PDF=k =ellipse in 2-D, =ellipsoid in 3-D



Linear Functions and PDF’s

What happens to a PDF when passing through a linear function (matrix
operation)?

e Input variable X — has mean U, and covariance Cov,

- Linear function Y =A X

= Output variable Y — has mean U, and covariance Cov,,

U, = A U,

Cov, = ACov, At



PDF = e;r-p—% (X - U'R'S'R[X - U))
= e;r.p—% (X - UJfC[X - U))
1
PDF = erp—s (X' - U"C[X — U])

Expanded form — useful for multiplication

PDF = cap—= (X' - UYJC[X - U])
= E.‘;pr—é (X'C -U*C|X - UJ)

—

1
= erp—3 (XtCX —U'CX - X"'CU + UtCU)

1
= erp—3 (XtCX —2X'CU + UtCU)



Multiplying N-D Gaussians

Each gaussian PDF has a mean (centroid) vector U and a covariance C-1

1 1 ,
Inputs  pPpR = eap—— ([X — U4]PC4[X — Uy|) PDF = exp—5 ([X — U] C3[X — Usy))
9 2

1 , 1
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Multiplying N-D Gaussians
Each gaussian PDF has a mean (centroid) vector U and a covariance C-1
- 1
Inputs  ppp = E;rp—é (X -UyJ'Cy[X - Uy]) PDEr=exp—3 ([X — Us]'Co[X — Uy))

1 , 1
Output  PDFp = exp—3 (X -U,JC[X-Uy]) = exp—3 (X'C,X — 2X'C, U, 4+ ULC,U,)

C, = Cy + Cy U, = C7HC Uy + CoUs]

Rename covariance P = C-1

1 1
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1
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P, = (P, + Py )™ U =P (Pt Uy + Pyt U,



Multiplying Gaussians

Multiplying 1-D gaussians

PDFy = flp_(l_;f)} PDFy, = E’;IT}?—(EJ_";?)E

PDF; = erp—(%= 53 ¢ )2

PDI - PDE = E’;L‘p—(;r‘)_.ﬂ' )2

: ‘ 1
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Multiplying N-D gaussians

1 1
Inputs pPDF, = exp—3 (X -U'P{ X -Uy]) PDF= exp—3 (X - Up]'Py X — Uy))

1
Output PDFR = PDFl _PDF2 = FTP_E ([X U ]tP [X — UI])

P, = (P, + Py )™ U =P(P Uy + Pyt U,



Kalman Filters
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Kalman Filters

Predict

k|k 1 =RX gk T B,u,

Pk|k—1 =k Pk—1|k—1|:kT +Q,

Update
_ T
S =HPyH +R,

Ky = Pk|k—1H-I[S;1

Linear functions and PDF’s
Uy =AU,
Cov, = ACov, At

=z, —H X
Linear functions and PDF’s Y k kK k|k-1
U =AU s
4 p X +K
Cov, = ACov, At k|k k|k -1 k yk
= (I - Kka)Pk|k—1



Baye’s Rule and Kalman Filters

Baye’s Rule
e Prob(A|B) —= Prob(A)Prob(B|A)

= Output variable Y — has mean U, and covariance Cov,,

Kalman Filter — Find Prob(X) given measurements Z

e X=state variables, Z=measurements

« Want Prob(X]2)

e Prob(X]|2) —= Prob(X)Prob(Z]|X) (update egns)

e X has normal distribution PDF given by mean = i and Covar = P
e What is probability of observed Z given X?

[ J — — T
P(Z]X) has mean = Z and Covar = S Sk — HkP Hk + Rk

k|k—1

Multiply two PDF’s = Kalman Filter



Kalman Filter = Multiply two N-D Gaussians

Multiplying N-D gaussians

1 1
Inputs pPDF, = exp—3 (X -U'P{ X -Uy]) PDF= exp—3 (X - Up]'Py X — Uy))

1
Output PDFR = PDFIPDFQ = Ei.'l’.‘-'p—§ ([X — Ul]fpr_l[x o UI])

P, = (P, + Py )™ U =P (Pt Uy + Pyt U,

Multiply two PDF’s = Kalman Filter
Prob(X|Z2) —= Prob(X)Prob(Z]X) (update egns)
PDF,;=X has normal distribution PDF given by mean = i_and Covar =P

PDF,=Z has normal distribution PDF given by mean = Z
and Covar = HPH! + R

PDF, = PDF,PDF, = next iteration X,P
I:)r — I:)next — [F)_1 + (HPHt +R)]_1

U, = Xpexe = [P~ + (HPHt +R)]-1 [P-1X" + (HPHt +R)~1 Z]



Kalman Filter = Multiply two N-D Gaussians

Multiply two PDF’s = Kalman Filter
© I:)r = I:)next = [F)_1 + (HPHt +R)]_1

e U, =Xpoq= [P+ (HPHt +R)]! [P-1X" + (HPHt +R)~1 :X

After some algebra and use of inversion lemma

Pk|k = (I - Kka)Pk|k—l



Slide courtesy Adam Rachmielowski (Univ. Alberta)

EKF: Extended Kalman filter

Allow non-linear functions (F, H)

Apply functions to state  x, = f (X, U, wy)
Z, =h(X,Vv,)

Apply jacobian to covariances

Linearizing functions around current
estimate
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