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ABSTRACT

Three dimensional (3D) mammograms taken
some time apart could be subtracted to
bring out changes that might be due to
growing breast carcinomas. A geometric un-
warping method for digital subtraction mam-
mography is presented. This procedure is
tested on simulated, warped 2D images.
Experimental results and performance eval-
uations are given. We conclude that local
registration methods are sufficiently more
accurate than the global methods to warrant
their increased programming complexity and
computing time. Several aspects of image
registration which need further in-
vestigation and improvement are also dis-
cussed.

KEYWORDS - Geometric unwarping, Triangula-
tion, Triangular interpolant, Digital sub-
traction mammography.
I. Introduction

Breast cancer is approaching an epidemic
rate of 1 out of every 10 women [11. The
means to prevent breast cancer has not yet
been found. Detection and treatment of
breast cancer at early stages is the only
method with proven potential for lowering
the death rate from this disease. IFf
smaller tumors could be detected than is
now possible by standard mammography, many
more lives could be saved. New technolo-
gies, such as computed tomography (CT),
magnetic resonance imaging (MRI), digital
subtraction angiography (DSA), transil-
lumination scanning, and ultrasound offer a
wide selection for breast imaging [2]. None
of these procedures are, however, expected
to replace two dimensional, projection
mammography as the first-line imaging tech-
nique for the detection and diagnosis of
breast cancer, in their present forms (3],
Improving breast imaging modalities is un-
derstandably a great challenge to di-
agnostic radiology.

Breast tissue is soft, flexible, and
changes shape over time. Contrast between
soft tissues of the breast is inherently

- low and relatively minor changes in mammary

structure can signify the presence of a ma-
lignant breast tumor. Two three-dimensional

X—ray mammograms taken some time apart,
€.9., at annual mammographic screenings,
could be subtracted to bring out changes
that might be due to a growing breast
carcinoma [4]. Because of the differences in
patient positioning, breast compression,
dose parameter settings, change of equip-
ment, etc., the difference image of two
mammograms may contain considerable false
contrast due to misregistration. Thus a ge-
ometric operation has to be performed to
match several corresponding features in the
3D mammograms prior to subtraction.
Therefore, it is necessary to first find
the 3D transformation or "geometric warp-
ing" that relates an earlier 3D mammogram
of a breast to a current 3D mammogram. (We
will leave the production of 3D mammograms
to future reports.)

If a sufficient number of corresponding
features or "control points" in the 3D mam-—
mograms could be determined, then the mam-
mograms could be accurately registered over
their whole extent. Control points, i.e.,
features which are visible or can be de-
fined unambiguously, and whose coordinates
can be determined in both 3D mammograms,
could then be used to drive the geometric
unwarping algorithms. This paper will ad-
dress optimal interpolation and extrapola-
tion from the control points. The selection
of control points and optimal pixel density
interpolation algorithms will be covered in
later papers.

The 2D image registration problem can be
stated as follows: Given the coordinates
for N pairs of control points in two images
of the same scene, {(xi,yi),(ui,vi), i = 1,
2,...,N}, determine the geometric unwarping
functions

b4 x(u,v)

y = y(u,v)
that will register the images. We will re-
fer to the image with coordinates (x,y) as
the reference image and the image with co-
ordinates (u,v) as the warped image. Once
the coordinates of all pixels in the warped
image are determined, we apply an appro-
priate interpolation procedure to its den-
sity function. We thus obtain an image
whose geometric coordinates are registered,
an unwarped image. Then further digital
manipulations, such as digital subtraction
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from the reference image, can be applied to
these unwarped images.

Since the form and amount of geometric
distortion between two images may not be

known, investigators of image registration
in the past have used polynomials to repre-
sent the transformation or mapping func-
tions. Steiner and Kirby [5! have used poly-
nomials of degree one. Nack [6] has used
polynomials of degree two. Polynomials of
degree three have been used to register
Landsat images with maps [7l. Leckie [8] has
used different polynomials of up to degree
four to register airborne images and has
determined the best degree polynomial that
can register a pair of images.
Adams et al. [°! presented hardware for geo-
metric unwarping, in which a quadratic
warping function is used to correct the
pixel coordinates.

These investigations wused a single
transformation function to register the
whole image. This approach may become too
complicated to manage as the degree of the
polynomial increases. Moreover, the result-
ing polynomial sometimes exhibits excessive
spatial undulations. In many images, geo-—
metric distortions are mainly due to local
factors such as atmospheric turbulence,
sensor nonlinearity, breast compression
(perhaps causing local slippage or nonuni-
form shear of loosely connected tissues),
and so on. Therefore, geometric unwarping
methods based on a collection of 1local
transformation functions are potentially
more accurate in these cases. Recently
piecewise linear methods were proposed to
replace simple global transformation func-
tions: Goshtasby [1°) used a number of local
piecewise linear transformations, each
tuned to map well in local neighborhoods;
and then turned to piecewise cubic trans-
formations [11)., However, these methods may
not correct the distortion sufficiently in
some cases, as in digital subtraction mam-
mography. There is a clear need to develop
efficacious algorithms to rectify these ge-
ometric distortions. For the sake of this
paper, we will use two dimensional distor-
tions. The ideas are expected to generalize
e 3D

In the field of Computer Aided Geometric
Design, surface representation and approxi-
mation problems have been studied exten-

sively [121-[16], There are three geometric
building blocks for surfaces: rectangles,
triangles and points. €%, ¢l and C2 rectan-
gular and non-rectangular interpolants have
been investigated and are currently used.
In applications such as geometric un-
warping, it is difficult or impracticable
to restrict control points to those on
rectangular grids. Interpolation approaches
based on triangles or other methods have to

be used. In these cases multi-stage methods
have also been suggested [171.[18]  part of
the motivation for multi-stage interpo-

lation is that some methods that apply di-
rectly to ungridded data give undesirable
results or they are inefficient when the
number of data points is large. On the
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other hand, many methods that are accurate
and efficient only apply to data on regular
grids.

II. Method and Procedure

Consider the determination of the geomet-
ric unwarping functions. Let D be a domain
in the u-v plane, and suppose x and y are
functions defined on D. Suppose we are
given the coordinate values xj = x(uj,vji) of
x and yj = y(uj,vi) of y at some set of con-

trol points (uj,v;) located in D, for
i=1,2,...,N. Our problem is to find func-
tions x* and y* defined on D which rea-

sonably approximate x and y, respectively.
The determination of the Ggeometric
transformation function x* (and similarly
y*) consists of the following steps.

(1) Partition the convex hull of the set
of control points into triangles by con-
necting the control points with line seg-
ments.

(2) Estimate partial derivatives of x*
with respect to u and v at each of the con-
trol points using the data values on either
a set of nearby control points (a local
method) or all of the control points (a
global method) .

(3) For an arbitrary point (u,v) in the
convex hull of the set of the control
points, determine which triangle contains
the point (point-inclusion problem), and
compute an interpolated value x*(u,v) using
an appropriate interpolant over triangles.
Capability of extrapolation for a point

outside the convex hull should also be pro-
vided.

2.1 Triangulation

Given a set of N distinct points S, a
triangulation which covers the convex hull
of the data points can be constructed. In
general, there exist many different trian-
gulations of S. However, all possible tri-
angulations have the same number of trian-
gles and the same number of edges. The
following observations were made by
Lawson [19]:

ng = 2N - np -2 £ 2N

ne = 3N - n, -3 £ 3N
where nt is the number of triangles,
number of boundary points,
ber of edges.

In many applications it is desirable to
have triangles as "equilateral” as possi-
ble. In most cases interpolation over equi-
lateral triangles produces better results
than that over thin (or obtuse) ones. The
optimal triangulation can be obtained by
initially creating an arbitrary trian-
gulation of the data and then optimizing it
by reassigning edges using various crite-
ria. Lawson ['°] has given three optimal
criteria: the max-min angle criterion, cir-
cle criterion and Thiessen region cri-
terion. In this paper, Lawson's tri-
angulation algorithm with the max-min angle
criterion was used.

np the
and ne the num-
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Triangulation can also be done by recur-
sive algorithms [201-022], In computational

geometry, Thiessen regions are also re-
ferred to as Delaunay, Dirichlet and
Voronoi regions. The corresponding

triangulation is also referred to as a
Delaunay triangulation.

2.2 Estimation of partial derivatives

For C0 interpolation methods only posi-
tional data about the control points are
used to calculate the unwarping functions.
There is a need to estimate the partial
derivatives to approximate the bivariate
functions if Cl! and C2 or smoother methods
are to be used. A simple method would be to
fit a quadratic bivariate polynomial to
point Pgp and five of its nearest neighbors

(not necessarily sharing an edge with Pg)

~and then determine the partial derivatives
of the resultant polynomial at point Pjg. By
a weighted least squares technique more ac-
curate estimations can be obtained for n 2
6 points.

Akima [23] proposed the following ap-
proach. To estimate the partial derivatives
at point Pg using Pg and its m nearest
points P3,P2,...,Pn, form vector products
Vij = (Po-P3i) x (Po-Pj), with Pj and P4 be-
ing every possible combination of ~data
points, where P;3,P3,...,Pp are arranged to
be counterclockwise about point Pg. The
fiector sum V of all Vij's 1is calculated.
Finally, the first derivatives are esti-
mated from the slopes of a plane which is
normal to the vector sum. In a later paper
Akima (2] suggested the improvement by
weighting the contribution of each trian-
gle: a small weight was given to the con-
tribution of a large triangle or a thin
triangle when the vector sum was calcu-
lated. The improved Akima method for esti-
mation of partial derivatives was used in
this paper. For an overview of methods for
estimation of partial derivatives, see
Nielson and Franke [25], Stead [26] made an
experimental comparison of different
estimation techniques.

2.3 Interpolation and extrapolation

Smooth, finite dimensional interpolants
over triangles have been known for more
than 20 years. Their practical uses have
been as "finite elements."” Many triangular
interpolants are polynomial [231.[271;(28],
while the Bernstein-Bezier representa-
tion [2°1 and triangular splines [301,(31] have
also been reported.

The simplest CO interpolation over trian-—
‘gles can be stated as follows. Given three
3D points (xi,yi,zi) for i=1,2 and 3, where
zj is the function value at point (Xi,Y1i) »
determine parameters of the plane which
pass through these points. For any point
(x,y) which is inside the triangle, the
value z can be calculated from this plane.

There are two widely known Cl triangular
interpolants: the 21 parameter quintic and
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the Clough-Tocher triangle. Akima [23] used
the former interpolant for bivariate inter-—
polation and surface fitting from irregu-
larly distributed data. The prootsiof
smoothness of the quintic interpolation
along the side of the triangle was also
given by Akima [23], This interpolation
method was tested here for the geometric
unwarping problem. A detailed description
of the Clough-Tocher interpolant is found
in Goshtasby !!1). For a complete review on
triangular interpolants, see Barnhill [32],

The capability of extrapolating outside
the convex hull of data points is desir-—
able. An exterior point lies in either a
semi-infinite rectangle or a semi-infinite
triangle defined by the lines which pass
through the boundary data points and are
perpendicular to the boundary edges
(Fig.1l) . For the quintic approach, a poly-
nomial which is quintic in the variable
measured in the direction of the border
line segment and quadratic in the distance
from the line segment is used in the semi-—
infinite rectangle. A bivariate quadratic
polynomial which smoothly connects to the
two polynomials in the neighboring semi-in-
finite rectangles is used in the semi-infi-
nite triangle. In the linear approximation
approach, however, the plane which is just
the extension of the border triangular
plane, and the plane which passes the
boundary data point and connects the neigh-
boring rectangular planes, are used in the
semi-infinite reactangle and semi-infinite
triangle, respectively.

=S

semi-infinite

rectangle
P:
1=l ﬂIHEIm semi-infinite
triangle
¢ \/
Pi+1
Il’l.; = J
71 L = |

Fig.l. Partition of the exterior region into
semi-infinite rectangles and triangles.

III. Results and Discussion

We use a Sony video camera with a Nikon
microlens and a MacVision digitizer to dig-
itize a portion of a mammogram. The mammo-
gram is placed on an illuminator (view
box) . The video signal from the camera is
digitized and stored on a Macintosh 512 kB
computer. Our system has the capability of
acquiring a 512 x 342 image with 8-bit
resolution (256 gray levels). Image pro-
cessing operations are performed by pro-
grams written in Pascal on a Macintosh II.
Because of the current shortage of memory
chips we restrict our operations on 64 x 64
images. Each pixel represents approximately
0.05 x 0.05 mm2. The images are displayed
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on the Macintosh II and are photographed
off the screen using a Nikon camera.

The reference image was taken from a
digitized mammogram, and was transformed by
using the following functions (see
Goshtasby [10])

u = x + 3sin(mx/32)

v = y - 3sin(my/32)

to get the warped image. Coordinates of
control points in the reference image were
chosen manually, approximately on an equi-
lateral, triangular grid, and those in the
warped image were calculated by the above
functions. The reference and warped images
are shown in Fig.2.

Unwarped images are obtained by the local
quintic registration procedure. For compar-—
ison we show in Fig.3(a) the difference im-
age of the reference and warped images.
Figures 3(b) and 3(c) show difference im-
ages which are obtained by subtracting the
unwarped images from the reference image,
where 1linear and nearest neighbor re-
sampling methods were used, respectively,
during unwarping. The difference image of
unwarping by local linear registration
method and nearest neighbor rule is given
in Fig.3(d). We also compare the proposed
method with the global, polynomial interpo-
lation methods. Parameters of linear,
quadratic and cubic polynomials were ob-
tained by using the 1least squares tech-
nique. The resultant difference images are
shown in Figs.3(e)-(9).

Two types of error measures were used to
evaluate the performance gquantitatively:
one for density and one for geometry. The
density error measures are:

(a)

(e) (£)

(a)  (b)

Fig.2. (a) The reference image. (b) The warped
image obtained by using nearest neighbor density
interpolation and the known warping functions.
Pixel values of 159 and less are represented by
black, 222 and greater by white, and others by
gray shades.

where N is the total number of pixels in
either image, and f; and f;* represent the
pixel density in the reference and unwarped
images, respectively. Since the warping
functions are known, we are able to calcu-

late the geometric error measures. The fol-
lowing geometric error measures are ex-

() B (@

(9)

?ig.3. (a) The difference image of the reference and warped images. (b) The difference
image for unwarping with bilinear density interpolation and local quintic registration.
Difference images (c)-(g) obtained by using nearest neighbor interpolation and local

quintic, local linear, least squares linear,

least squares quadratic, and least squares

cubic registrations, respectively. Difference of 0 is represented by black, 7 and greater

by white, and others by gray shades.
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pected to give a reasonable description of
the performance of unwarping methods.

83 =max g,
1<i<N

where d; = ((uj-u;*)2+(v;-v;%)2)1/2, N is the
same as above, and (uy,v;) and (u;*,v;*)
represent coordinates of pixels in the
warped image which are determined by the
known warping functions and numerical ap-
proaches, respectively. Note that these
measures emphasize different aspects of im-
age quality. A large difference in a few

places causes the values of €1 and 81 to be

large. The measures € and 8, emphasize the
importance of many small errors rather than
of a few large errors. The €3 and 83 are the
largest difference between the reference
and the unwarped images. These measures are
shown in Tables 1-5.

From these measures we conclude that, as
expected, the local quintic method is the
best among these approaches. It can be seen
from the geometric measures that the cubic
least squares method produces better regis-
tration than the local linear technique. It
is natural for this to happen because the
specific warping functions used here do not
have much local geometric distortion.

Table 1. Density measures with nearest neighbor

interpolation
Methods € €, €4
Iocal quintic 1.439367 0.520020 12.0
Iocal linear 1.801421 0.804688 12.0
1S linear® 5.297129 3.828125 32.0
LS quadratic* 5.275607 3.809570 32.0
IS cubic 2.209819 1.085938 18.0

Table 2. Density measures with linear interpolation

Methods €, £, €4

Local quintic 1.316957 0.778809 10.0
Iocal linear 1.542924 0.990967 11.0
1S linear® 4.838404 3.482910 32.0
1S quadratic*® 4.809201 3.459473 32.0
18 cubic 1.853391 1.192383 15.0

* Note: While evaluating in these cases pixels which are
not registered are discarded, in other words they are as-
sumed exactly recovered.

Table 3. Geometric measures with nearest neighbor

Table 4. Geometric measures with nearest neighbor

interpolation
* * *
Methods 81 s, 83
Local quintic 0.194894 0.158868 0.378672
Local linear 0.266010 0.201187 0.471640
LS linear 1.459559 1.300874 2.151875
LS quadratic 1.457852 1.299689 2.160514
LS cubic 0.218894 0.190155 0.443867

* Note: These measures are evaluated with the assumption
that there is no vertical geometric distortion.

Table 5. Geometric measures with nearest neighbor

interpolation
* % * % * %

Maethods 3, 5, 3,

Local quintic 0.232924 0.207498 0.388004
Local linear 0.269930 0.231438 0.471639
LS linear 1.435796 1.281491 2.106565
LS quadratic 1.434331 1.280659 2.127076
LS cubic 0.237058 0.207819 0.459776

** Note: These measures are evaluated with the assumption
that there is no horizontal geometric distortion.

From density measures (Tables 1 and 2)
the local registration and cubic least
squares with bilinear density interpolation
give better results than those with the
nearest neighbor rule. This conclusion 1is
reversed for linear and quadratic 1least
squares. It also seems that for local and
cubic least squares registration methods
the geometric unwarping in the horizontal
coordinate is better than that in the ver-
tical coordinate. But this is again re-
versed for 1linear and quadratic least
squares (Tables 4 and 5). One of the rea-
sons for the above observations might be
that the assumption of total recovery of
unregistered pixels may not be appropriate.
The estimated parameters (not given here)
of global polynomial methods for the hori-
zontal coordinate are much closer to the
corresponding parameters in the series ex-
pansion of the warping function than those
for vertical coordinate. It seems that this
is an inherent characteristic for these
warping functions because a similar obser-
vation is obtained while using local ap-
proaches (see Tables 4 and 5).

IV. Conclusions

Local registration methods are more accu-
rate than the global methods in cases where
there may be much local geometric distor-
tion to be unwarped, such as in digital
subtraction mammography.

At this time much effort in computational
geometry has been given to the two-dimen-
sional point-inclusion (or point-location)
problems, and they are well understood,
while very little is known for 3D and even
less for higher number of dimensions [22],
More efficient point-inclusion algorithms

int lation .

ESTpotaly than we used can be incorporated to speed
Mathods 8 8 8 . 3 i i

1 2 3 up the point locating procedure, which is a
e Boante abiins k5 W99 pre-processing step for surface fitting,
cal quintic i . 2 s i

local linear 0.378976 0.344773 0.666999 and hence the interpolation procedures. .
1S linear 2.047397 1.951620 3.011342 Research on three-dimensional in-
1S quadratic 2.045149 1.949525 3.031876 terpolation from arbitrarily located data
LS cubic 0.322662 0.302871 0.639068 has been reported recently [331-135],
Vision Interface
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Algorithms
triangulation

for computing the Delaunay

in n dimensional space

(n 2 3) have also been proposed [361.[37],
These advances are expected to facilitate
further investigations on 3D image reg-
istration.

The prospective applications of this pro-
posed image registration method go beyond

mammography, and include image reconstruc-
tion from serial sections, remote and
satellite image analysis, and image se-

quence analysis.

This work was supported by a grant from the

National Cancer Institute of Canada.

We would like

to thank Hiroshi Akima for his suggestions on in-

terpolation programming and Michael Bryan,

Gary

Burgess and Fangi Qu for their technical assis-
tance.

References

[1]

[2]

[3]

(4]

[5]

[6]

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

30

Silverberg, E. and J. Lubera (1987). Cancer
statistics, 1987. CA 37: 3-19

Gold, R.H., L.W. Bassett and C. Kimme-Smith
(1986) . Breast imaging: state-of-the-art.
Invest. Radiol. 21: 298-304

Zhou, X. and R. Gordon (1988). Detection of
early breast cancer: review and prospects.
Submitted for publication.

Gordon, R. (1985). Toward robotic x-ray vi-
sion: new directions for computed tomography.
Applied Optics 24: 4124-4133

Steiner, D. and M.E. Kirby (1977). Geometrical
referencing of Landsat images by affine trans-

formation and overlaying of map data.
Photogrametria 33: 41-75
Nack, M.L. (1977). Rectification and registra-

tion of digital images and the effect of cloud
detection. In Proc. Machine Process. Remotely
Sensed Data. pp. 12-23

Van Wie, P. and M. Stein (1977).
digital image rectification system.
Trans. Geosci. Electronics GE-15: 130-137
Leckie, D.G. (1980). Use of polynomial
transformations for registration of airborne
digital line scan image. In Fourteenth 1Int.
Sym. Remote Sensing Environment. pp. 635-641
Adams, J., C. Patton, C. Reader and D. Zamora
(1984) . Hardware for geometric warping.
Reprinted from Electronic Imaging. April is-
sue. 6 pp.

Goshtasby, A. (1986).
functions for image registration.
19: 459-466
Goshtasby, A. (1987).
functions for image registration.
20: 525-533

Barnhill, R.E. and R.F. Riesenfeld (1974).
Computer aided geometric design. New York:
Academic Press

Franke, R. (1979). A critical comparison of
some methods for interpolation of scattered
data. Naval Postgraduate School Technical
Report, NPS-53-79-003

Franke, R. and G. Nielson (1980). Smooth
interpolation of large sets of scattered data.
Int. J. Num. Methods Eng. 15: 1691-1704
Barnhill, R.E. (1983). Computer aided surface
representation and design. In Surfaces in com-

puter aided geometric design. R.E. Barnhill

A Landsat
IEEE

Piecewise linear mapping
Patt. Recog.

Piecewise cubic mapping
Eatt. Recog.

and W. Boehm Eds. Amsterdam: North-Holland
Publishing Co. pp. 1-24
Gregory, J.A. (1983). cl rectangular and non-

rectangular surface patches. In Surfaces in
i i . Amsterdam:
North-Holland Publishing Co., pp. 25-33

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31)

[32]

[33]

[34]

[35]

[36]

[37]

Schumaker, L.L. (1976). Fitting surfaces to
scattered data. In Approximation theory II.

G.G. Lorentz, C.K. Chui and L.L. Schumaker
Eds. New York: Academic Press. pp. 203-268
Foley, T.A. (1984). Three-stage interpolation
to scattered data. Rocky Mount. J. Math. 14:
141-149

Lawson, C.L. (1977). Software for cl surface
interpolation. In i 5
J.R. Rice Ed. New York: Academic Press. PP.
161-194

Green, P.J. and R. Sibson (1978). Computing
Dirichlet tessellations in the plane. Computer
J. 21: 168-173

Lee, D.T. and B.J. Schachter (1980). Two algo-

rithms for constructing a Delaunay triangula-

tion. Int. J. Computer Info. Sci. 9: 219-242
Preparata, F.P. and M.I. Shamos (1985)
i i i . New

York: Springer-Verlag

Akima, H. (1978). A method of bivariate
interpolation and smooth surface fitting for
irregularly distributed data points. ACM
Trans. Math. Software 4: 148-159

Akima, H. (1984). oOn estimating partial
derivatives for bivariate interpolation of

scattered data. Rocky Mount. J. Math. 14: 41-
52
Nielson, G.M. and R. Franke (1983). Surfaces

construction based upon triangulations. In

R.E. Barnhill and W. Boehm Eds. Amsterdam:
North-Holland Publishing Co. pp. 163-177

Stead, S.E. (1984). Estimation of gradients
from scattered data. Rocky Mount. J. Math. 14:
265-279

Percell, P. (1976). On cubic and quartic

Clough-Tocher finite elements. SIAM J. Num.
Anal. 13: 100-103
Powell, M.J.D. and M.A. Sabin (1977)%

Piecewise quadratic approximations on trian-
gles. ACM Trans. Math. Software 3: 316-325
Farin, G. (1983). Smooth interpolation to
scattered 3D data. In i

R.E. Barnhill and W.
Boehm Eds. Amsterdam: North-Holland Publishing
Co. pp. 43-63
Boehm, W. (1983a). Generating the Bezier

points of trlangular splines

In Surfaces in
R.E. Barnhill

and W. Boehm Eds. Amsterdam: North-Holland
Publishing Co. pp. 77-91
Boehm, W. (1983b). The de Boor algorithm for

triangular splines. In

aided geometric design. R.E. Barnhill and W.

Boehm Eds. Amsterdam: North-Holland Publishing
Co. pp. 109-120
Barnhill, R.E. (1977). Representation and

approximation of surfaces. In Mathematical
Software III. J.R. Rice Ed. NewYork: Academic
Press. pp. 69-120

Alfeld, P. (1984). A discrete cl
for tetrahedral data.
14: 5-16

Barnhill, R.E. and F.F. Little (1984). Three-
and four-dimensional surfaces. Rocky Mount. J.
Math. 14: 77-102

Barnhill, R.E. and S.E. Stead
Multistage trivariate surfaces.

interpolant
Rocky Mount. J. Math.

(1984) .
Rocky Mount.

J. Math. 14: 103-118

Bowyer, A. (1981). Computing Dirichlet
tessellations. Computer J. 24: 162-166

Watson, D.F. (1981). Computing the n-dimen-

sional Delaunay tessellation with application
to Voronoi polytopes. Computer J. 24: 167-172

Vision Interface




