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ABSTRACT

Object labeling by relaxation is a very powerful tool in
iteratively reducing local ambiguities by employing contex-
tual information. Applications of relaxation labeling cover a
diversity of different disciplines ranging from scene analysis
to graph isomorphism. This paper presents a generalized
matrix formulation of relaxation object labeling including
the discrete, the fuzzy and the linear stochastic model, upon
which two parallel algorithms on SIMD machines with
different interconnection networks and different number of
PEs (processing elements) are presented. The generalized
model transforms the labeling problem into a matrix/vector
"multiplication" problem. The "multiplication" is defined
depending on specific model used. The labeling problem
involves the matching of M labels to N objects. Time com-
plexity of the algorithm is O(N?M?) per iteration on a
sequential machine. The first parallel algorithm is written on
a mesh connected machine with boundary end-around using
NM PEs. Time complexity of the algorithm is O(NM). The
second algorithm is developed on hypercube connected
machine with N2M2 PEs. The complexity of the second algo-
rithm is O(logM +logN ).

KEYWORDS : Vision architecture, Relaxation object
labeling, SIMD computers, Parallel algo-
rithm, Interconnection network.

L INTRODUCTION

Relaxation labeling processes are a class of iterative
algorithms which reduce local ambiguities by using contex-
tual information. Relaxation techniques have been found to
be very useful and attractive for reducing labeling errors in
various types of image data and their performance is remark-
ably well in many domains. For instance, the relaxation
labeling of simple tasks, such as labeling the sides of a trian-
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gle [7, 13], has demonstrated that perfect labeling is possible, |

Not only has the labeling problem been shown to play an
important role in both scene analysis and computer vision

[3,7,11], it is also a generalization of several specific prob-
lems belonging to different areas: the subgraph isomorphism

problem, the graph homomorphism problem, the automata

homomorphism problem, the packing problem, the shape

matching problem [3].

Several algorithms [7,8,12] have been proposed for
modifying an initial estimate of the labeling of a scene ele-
ment by reference to spatial context. Many of them are actu-

ally variations of the relaxation techniques devised by

Rosenfeld et al [8,12]. A total of four different models are
discussed in [7], namely, the discrete, the fuzzy, the linear

probabilistic and the nonlinear probabilistic models. In this

paper, a generalized matrix representation for various models
is introduced which can readily be implemented on parallel
processing machines. With sequential machine, the time
complexity per iteration is O(N*M2) which can be reduced to
O(NM) if parallelism is exploited.

In the next section, we use a generalized matrix form

for the first three relaxation models defined in [7]. A SIMD

machine model is described in section III. Section IV gives

an algorithm for mesh network with boundary end-around
connection, i.e., the torus network, using NM PEs. An alter-
native to mesh is the hypercube network which is described
together with an algorithm working on N2M?2 PEs in section
V. Lastly, a conclusion is given in section VI. !

II. MATRIX FORMULATION

In this section, we use a generalized matrix form for:
several different relaxation labeling models, mainly
Rosenfeld’s discrete model, fuzzy model and linear stochas-
tic model [7]. Let A={a,,...,ay} be a set of N objects and
A={ApAy, ..., Ay ) be aset of M labels where M and N are
integers. The objective of labeling is to assign a unit label,

'say Ay, ain {1, 2, ..., M}, to each objecta;, i in {1, 2, ...,

N}, in an input image. We use a;=\,, to represent the assign-
ment of label A, to object @;. A mapping, I;:A—Range,
defines a labeling on object a; where the range of I;, Range,
depends on the particular model employed. In the discrete
model, Range is the set {0,1}, and /;(A,)=1 indicates that

is a legal (allowed) label for object a;, while J;(A,)=0 means



that it is impossible to label a; with A,. In the fuzzy model
and the linear probabilistic model, Range is the closed inter-
val [0,1]; and [;(A,) represents the degree of confidence or
the probability that a; can be labeled with Ay. We use super-
scripts to denote iterations. The notation Z;*)(,) represents
our belief about labeling a; with A, at the k-th iteration,
while k=0 is the initial labeling restriction obtained from a
priori knowledge.

The labeling vector L;® for object g; is defined below:
(1,60, ]
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Based on the L,%”’s, a long column vector L® is defined
below to represent the labeling of all N objects at iteration k:

L,®]

Lz(k)

L®) =

(k)
_L” |
- Another mapping, Cij: AXA—Range, defines the effect
of object a; on object g;. The range of c;j» Range, is again
dependent on the particular model employed. The meaning
of ¢;j(Ag, Ag) in each model is listed below:

In the discrete model,

¢ij(Ag, Ap)=1: @;=A,, is compatible with a;=Mhg;

¢;j(hos A)=0: a;=), is not compatible with a =M.

In the fuzzy model,

¢ij (Ao Ag) is the confidence of assigning A, to a; given the
assignment of Ag to a;.

In the linear stochastic model,

¢ij (Ao Ag) is the conditional probability of assigning A, to
a; given the assignment of Agto a;.

- We now define the compatibility matrix C;; (the effect
(the labeling of a; to the labeling of g;) as below:

3
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iere w;; is a weighting factor specifying the importance of
regardless the particular labels involved. Different
tions of w;; s are given in Table 1.

. TInterface

Table 1.  Definition of the functions, ranges and weighting factors in the
generalized form for different labeling models.
model h 8 i Range Wi
discrete min m X {0, 1} w..=1
i i3 g
fuzzy min min [0, 1] w;i=1
j Hs 4
linear | weightedsum | ¥ | x [0,1] | Yw;=1
stochastic over j B J

Now, a large compatibility matrix for the entire object
set is defined as:

[Ci1 Ciz  Cwy
Can Cp .. Cow

Cvi O o C
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For convenience, we use Clx.y] to denote the (x,y)-th
entry of the large matrix C. This entry is related to
¢ij(Aq» Ag) With the following equations:

x={-1)M+a
and
Yy =(-DM+B

We now pfoceed to define the relaxation operation, i.e.,
the iterative modification of a labeling of object a;, as the
following computation of vector L; :

LDy =k [5 [7 (610 2. 909 ) ] M

where functions f,g and h are defined in Table 1. The
labeling of the entire object set, defined as a function of pre-
vious iteration, is given in matrix form:

L®x)=h g7 [ x21.L%%1] ] |

The relaxation labeling problem is thus reduced to a
matrix/vector multiplication problem where the multiplica-
tion is defined as a combination of the three functions £, g
and h,

L&D _ op ®

Notice that the f takes precedence over both g and h; and
with the exception to the probabilistic model ( in which g
and h are the same), g takes precedence over k. Because the
combination of the three functions is in general non-
commutative, hence, special attention is taken in all the

parallel algorithms to enforce precedence in the operations of
the functions.




III. MODEL OF AN ARRAY PROCESSOR

An array processor is composed of @ PEs, indexed 1
through Q, for some integer Q. The PEs form a conceptual
2-D array of size 9 X Q,, for some integers Q,, Q,. PE(p)
with 1<p<Q is also referred to as PE(x,y) where
p=(x-1)0,+y, with1<p<Q, and 1 <t<Q,. EachPE has
a local memory of size O(MN ) and several registers.

The array processors discussed in this paper are syn-
chronized SIMD computers. The PEs are synchronized and
execute instructions issued from a control unit. The control
unit broadcasts an instruction to all PEs, and all enabled PEs
simultaneously execute the instruction. The enable/disable
mask can be used to select a subset of the PEs that are to per-
form an instruction. The set of enabled PEs can be changed
from instruction to instruction. No synchronization primi-
tives are needed during computation. Parallel algorithms on
SIMD machines pre-schedule all PEs on the systems. A
communication network, mesh with boundary end-around
connections or hypercube, is used to provide inter-PE com-
munications.

In describing our algorithms, we follow the notation
common in the literatures [1, 2]. The symbol "«<" denotes an
assignment involving data routing between directly con-
nected PEs; ":=" denotes local assignment in one PE; while
"&<" denotes an assignment requiring common data or con-
stant movement from the control unit memory to PE regis-
ters. For example, with mesh network, if we want to transfer
information from registers R 1 in PEs with odd row numbers
up to those with even row numbers, the statement will be

R1(x+1ly) < RO(x,y) (x;=1)

The condition in parentheses after the assignment is the

enable mask. Consider x =x,x,_; ... x; to be the n-bit binary
representation of the row index with x, to be the most
significant bit (MSB) and x, the least significant bit (LSB).
If the LSB of the row index of the PE is 1, it is enabled; oth-
erwise, disabled. If no mask function is provided, all PEs are
enabled.

IV.PARALLEL ALGORITHM ON SIMD
MACHINE WITH TORUS NETWORK

Mesh interconnection network is the most popular net-
work for SIMD machines. In a mesh network, each PE is
connected to its four immediate neighbors (above, below,

left and right). Different versions of mesh network have

different setup for the connection of the boundary PEs. This
section proposes a parallel procedure for one iteration of
relaxation labeling on array processor with end-around mesh,
which is also know as a torus. NASA’s MPP is capable of
being connected as a torus for it can be programmed to have
the left ens of each row and column connected to the right
end of the same row and column respectively [5].

A mesh network could be in multi-dimensions. If PEs
are arranged as in a k-D array, Q=0,XQ, ;x---xQ,.
PE(p;," - -,p,) is connected to PE(py, - - -, p, %1, - - - ,py) for
Isx<k. Each PE has at most 2k links. In this section, we
consider 2-D mesh only and the routing strategy is

R1Gx+1y)eR1(x,y) (*up*)
R1(x-1,y)eR1(x,y) (* down *)
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R1(x,y=1)R1(x,y)
R1(x,y+1)eR 1(x,y)

(* left *)
(* right *)

Section II presented a formal matrix formulation of the
generalized model. However, from an operational point of
view, some elements of C are redundant and the C matrix
can be compressed horizontally to form a matrix of order

'NMxM (N-1). Notice that all C;’s are diagonal matrix of the

form
0 . 0|
O 1E 50
Ci=w;
g0l

and g [f [c,-,-(xa, R I,-(")(AB)]] yields wyl; for all the three
B

models. So all submatrices C;; can be deleted from C to give
a horizontally compressed C matrix,
Cp Ciy  Ciy

cc = C.21 C.za C?.N

Cni Cnz - Cyvoy

Equation (1) can be modified and I, **(A,) becomes
h [w,-,- X0, b {5 |7 (0w 2. 900 ) ] ]

Originally, register R 1 of PE(x,y) stores [(x=1)M +y ]-th ele-
ment of the long vector L, and R4 the w;; Wwhere
i= 51;1—1 +1. Row (x—=1)M+y of the CC matrix is stored in
i
the local memory of PE(x y) in a skewed fashion. An exam-
ple for N=3 and M=5 is given in Fig.1 with the contents of

the local memory listed for each PE.

Note that each PE is listed according to its position in
the 2D array of NxM, and the locations are counted from 1
instead of 0. The placement of the C matrix in the local
memory of each PE is very much dependent on the how data
are being transferred, hence, we will delay the discussion and
move on to describe the algorithm first. Now, we will just
assume that the skewed memory always enable f to be
applied to correct pairs of arguments.

The first step of computation is the initialization of R3
by multiplying R1 with R4. The contents in R1 are then
shifted up to the PEs immediately above. Function f is
applied to register R1 and a word in the local memory. The
contents in registers R1 are then shifted to the right M-l
times. After each shift, the computation of g(f) is per-
formed between R1 and the corresponding word in local
memory. Hence, at the end of the horizontal shifts, we
obtain the result in applying ¢ over M f[C,L] in R2.
Again, the contents in R1 are shifted one step up and func-
tion h is performed between R2 and R3. Once again, we
perform the M—1 shift and obtain a new g(f) result in R3,
The above shift up/right process is repeated until after N-1
vertical shifts, each new L[p] is computed in PE(p). The
skewed storage scheme makes the updating of MAR very.
simple, just increment. Each L element appears at the right
PEs (PEs which need that particular element for computa-



tion) exactly once, and always meet with the correct C ele-

ment to perform f operation. The procedure is shown
below:

Procedure Torus
begin
MAR =0
R3:=R1*R4
for w=1 to N-1 do
R1(x-1,y)<-R1(x,y) (* shiftup *)
MAR = MAR+1
R2:=f(R1, mem)
for z=1 to M -1 do
R1(x,y+1)eR1(x,y) (* shift right *)
MAR = MAR+1
R2:=gR2,f(R1, mem))
endfor
R3=h(R3,R2)
endfor
R1:=R3
end (* torus *)

This procedure requires (N-1)M communication steps.
It performs the function f (N-1)M times, g function
(N-1)(M-1) times, and & function N—1 times. The total time
complexity is O(NM ).

We will now consider ordering of the elements in each
tow of C within the local memory of each PE. The labeling
formula for one iteration is basically the application of com-
‘bined function hgf on each pair of C[x,y] and L[y] where
%,y are indices. Initially, we store L [y] in PE(y) and the x-

throw of C in PE(x). The main idea of the procedure is to

ship L[y] to wherever the C[x, ¥1’s reside and perform what-

ever operation required. We can define the distance between

Clx,y] and L[y] in terms of the number of right shifts, 7z,

and the number of upward shifts, up, required. Mathemati-

cally, we have

uP#[ﬁJ - [%J)mod N

rt =(x—y) mod M

Hence the location, loc, of Clx,y] in PE(x) is equal to the
fotal number of steps required to bring L[y] to PE(x). There-
fore, loc is equal to the vertical/horizontal steps needed in

der to shift L[y] to row (x div M) plus horizontal steps
needed to shift to PE(x), which is ‘

(Wp-1)(M—1)+up + [rt = [((up—l)(M—l)) mod M] mod M]
Which when simplified, loc becomes

1 + (wp-)(M) + (rt+up—1) mod M
fCC [x,y" is used then we have

x| |y
up—([MJ [MJ)modN+l

rt=(x—y") mod M

he corresponding loc can be calculated with the same for-
la.

PE1 PE2 PE3 BES PES
Ri=L[1] Ri=L[2] R1=L[3] Ri=L[4] Ri=L[S|
Ré=w, Ra=v, Ra=v., Ré=w, Ra=w,
Toc=1—fsCCl1,1] ccl2,2) CC[3.3] CCl4,4) ccls,s]
ccl1,5] ccl2.1] ccl3.2] ccl4,3] ccls, 4]
ccl1,4) ccl2,5] ccl3.1] CC[4,2] ccls,3)
ccl1,3] ccl2.4] ccl3.s) ccls,1] ccls,2]
ccl1,2] ccl2.3] cC[3.4] ccl4,5] ccls,1]
ccl1,7] ccl2,8) cc[3.9] ccl4,10] ccls, 6]
ccl1,6) ccl2,7) cc[3.8] ccl4,9] ccls,10]
ccl1,10] ccl2.6] cc[3,7] ccla,8] ccls,s)
ccl1,91] ccl2.10] ccl3.6] ccle,7] ccls, 8]
Toc=104+ccl1,8] ccl2.9] ccl3.10] CCl4,6] ccls,7)
PE6 PE? PES PE9 PE10
Ri=L[6] R1=L[7] R1=L[8] R1=L[9] R1=L[10]
= R4 = =
R4 v22 R4=v22 “’22 R4: \22 R4 v22
ccle 6] ccl7,7) ccls,8) ccls, 9] ccl10,10]
ccle,10] ccl7,6] ccls,7] ccls, 8] ccl10,9]
ccls,9)] cclz,10] cc[8,6] ccls,7] ccl10,8]
ccls,8)] ccl,9) ccls,10] ccl9, 6] ccl10,7]
ccls,7) ccl7,8) ccls,9] ccls,10] ccl10,6]
ccls,2] ccl7,3] ccls,4] ccle,s] ccl1o,1]
ccls,1] ccl7,2) ccls,3] ccl9,4] ccl10,5]
ccls sl cclz,11 ccls,2] ccls,3] ccl10,4]
ccle,4] ccl7,5] | ccls,11] ccly,2] ccl10,3]
ccls,31 ccl7,4) ccls,s5] ccly, 1] ccl10,2]
PE 11 PE 12 PE 13 PE 14 PE 15
R1=L[11] R1=L[12] R1=L[13] Ri=L[14] R1=L[15]
4 =
R4=\1133 R4=v33 R: =v33 R4=w33 R4 w33
ccl11,1] ccl12,2) ccl13,3] ccl14,4] ccl1s,5]
ccl11,s] ccl12,1] ccl13,2] ccl14,3] ccl1s,4]
ccl11,4) ccl12,5] cel3,1] cCl14,2] ccl1s,3)
ccl11,3) ccl12,4) ccl13,5] ccli4,1]) ccl1s,2]
ccl11,2] ccl12,3) ccl13,4] ccl14,5] ccl15,1]
ccl11,7] ccl12,8] cc[13,9] cc[14,10] ccl1s,6]
ccl11,6] ccl12,7) ccl13,8] ccl4,9] ccl1s, 10)
ccl11,10) | ccl12,6] ccl13,7] ccl14,8] ccl1s,9]
ccl11,9] ccl12,10] ccl13,6] ccl14,7] ccl1s,8]
ccl11,8) ccl12,9) ccl13,10] ccli4,6] ccl15,7]

Fig. 1. Initial contents of registers and local memory of each
PE with N=3 and M=4.

A further attempt in exploiting additional parallelism
can be made by considering an array processor with N2p2
PEs. However, an inherent property of the g and £ functions
requires the accumulation/comparison of all the intermediate
results on each row of C so that one final I;(Ay) can be

‘obtained. The acquisition and the re-distribution of LAAY’s

among the PEs increase the communication cost if more PEs
are used. Using N?M? PEs can reduce the computation of f
by a factor of NM while at the same time increase the com-
munication cost also by a factor of NM. Hence, the tradeoff
is apparently between the computation cost of f and the
communication cost of the PEs.

V.HYPERCUBE INTERCONNECTION
NETWORK WITH N?M? PEs

This section provides a procedure of one iteration of
relaxation on a hypercube machine. Hypercube network has
been proposed and used in both SIMD and MIMD computer
system [6,9]. Many parallel processors based on hypercube
topology are available in the market, such as the Connection
Machine [4], Intel’s iPSC and Ncube [10].

The hypercube network is also known as a q cube net-
work, if 0=27 is the number of PEs available, for it is an
extension to the unit-cube concept. With hypercube, the
addresses of PEs start from 0 to Q-1. In the ¢ cube, each PE
is directly connected to ¢ neighbors. If p=p, - p, is the



binary representation of the address of PE(p), then its neigh-
boring PEs differ in exactly in one bit position. PE(p) is
directly connected to PE(p®))

p(")=pq “Pps1Dp Pp-1" Py and pp is the complement of
bit p, for 1<b<q.

Another view of the hypercube network is to consider it
as a group of interconnected clusters of PEs which in our
particular case, is consisted of NM=2"*" clusters each being
of size NM PEs. That is, the network is composed of
Q =N2M? PEs with N=2" and M=2". The the binary address
of PE(p) is Pan+m) " 'pn+rp+l Pnim """ P1 with n+m high
order bits identifying the cluster and n+m low order bits
specifying the PE’s local address within the cluster. Notice
that with n+m low order bits, the organization of PEs within
a cluster can be perceived as a 2-D array of M rows and N
columns. PE(p) is also referred to as PE(x, y) where

X =D2n4m) " " Ppim+l = Xpam * " X1
and :

Y =Pntm P15 Yn4m "Y1

correspond respectively to the cluster index and the PE’s
local address discussed above. A 4-cluster (16 PEs) intercon-
nection network is shown in Fig.2.

X=00 x-ol
e 4
= e bl
— ¥=00 y=01 _y':ll_o‘—hu
—Jy.m Y=11 y=10 Y=11 T
| - =
| Sy . J
N\ = N\
[ - ‘ 1
L1 Y.00 y=01 ;J-;l—.)’-u—
Y-10 V=11 y=10 =11 F—
I 1 —
L o k il
X =10 : X=11

Fig. 2. A 4-clusier hypercube network. X is the cluster number
end 7y is the lacal address af PEC X,y ) within the cluster.

The central idea of the implementation is to have each
cluster responsible for the updating of one possible labeling,
a single element of L. Therefore, it is necessary to store
replicas of L into each cluster together with the correspond-
ing row vector of the C matrix. Initially, each cluster con-
tains an element of L in the PE which has its local address
being the same as its cluster index, ie. L[x-1] in PE(x, x).
The J;(A)’s are then distributed over to all clusters simul-
taneously so that with PE(x,y), the contents of registers R 1
and R2 are L(y+1) and C[x+1,y+1] respectively. Then, the
N2M? PEs compute all the f (C, L) in one step. Functions g

of other relaxation labeling models into this matrix formali-

and h are performed on individual clusters with all clusters
operating in parallel. Function g is being applied to rows
followed by & to columns. The cluster index, x, is employed
as the destination index of the resulting ;(Ay). In other
words, at the end of all computations, each updated /;(A,) is
again stored in PE with local address being equal to its own
cluster index. This is easily achieved by having the cluster
index served as a mask for routing during computation.
Below is procedure g—cluster for the updating of L in one
iteration.

Procedure g-cluster
begin
for s=1to n+m do

R l(p(’“""“))é—R 1(p) (xn+m"xs=y"+m"y’)
endfor

R1=f(R1,R2)

for s=1 tom do
R3pE)eR1p) (*=y;)
R1:=g(R1,R3)

endfor

for s=m+1 to m+n do
R3Q)R1(p) (x=y,)
R1=h(R1,R3)
endfor
end; (* g-cluster *)

This procedure requires one step for computing f, m_
steps for g while n steps for 4. A total of 2(n+m) steps are
used for communications between PEs. Hence, the pro-
cedure requires a total of 3(n+m)+1 steps. Time complexity

is O(logN +logM).

VI. CONCLUSION

A matrix formalization of three different relaxation
labeling model is presented in this paper. In this matrix for-
mat, a single algorithm can be used for all three models.
This is useful and attractive in the practice of image under-
standing. In the parallel processing environment, this for-
malization simplifies the data preparation and manipulation
into a single parallel algorithm. This matrix representation
may take advantages of other standard matrix multiplication
algorithms developed on different machines. The inclusion

zation is current under investigation.

This paper proposed two parallel labeling algorithms on
SIMD machines with Torus mesh network and hypercube
network. The complexity of the algorithm is O(NM) for MN
PEs with mesh, and O(logN +logM) with hypercube, while
the complexity of a sequential algorithm is O(V2M?).
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