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Abstract

Concepts from the field of differential geometry are used
to categorize each pixel in a range image as being a member
of one of eight classes depending on the sign of the Gaussian
and Mean curvature of the pixel’s local neighbourhood. Since
the local curvature estimates used to provide a class label for
each pixel are very noise sensitive, these labels are made con-
sistent with each other by a relaxation labeling process that
assumes the range image is a discrete sampling of a piece-
wise smooth surface. The local neighbourhoods used during
the curvature estimation and relaxation process are shifted
away from discontinuities in order to produce more accurate
results. Connected pixels with the same label can be grouped
together to produce a segmentation of the range image into
regions of homogeneous curvature. The result is a segmenta-
tion of the range image into a small number of regions which
have the same curvature class. This segmentation can then
be used as input to a matching processes in an object recogni-
tion system or to a viewpoint integration process in an object
reconstruction system.

1. Introduction

One of the key problems in computer vision is that of
segmentation. To segment an image is to extract from it a
symbolic description that is useful for later processing. Seg-
mentation has long been attempted on intensity images [13].
The difficulty with these approaches is that the contents of
such images vary considerably with the ambient lighting and
the surface reflectivity of the objects in the scene. These de-
pendencies are removed if the direct depth from the sensor
to the objects in the scene is available since this information
is a function only of the scene geometry. Such depth data is
called range data and can be obtained by active sensors, such
as lasers and structured light [8]. or by passive sensors such
as stereo vision [7. 10]. The passive methods have not lived
up to expectations, and as a result interest has increased in
active range finding methods. These produce a dense map of
the range of the objects in the scene to the sensor, which is
appropriately called a range image.

We segment range images obtained from a laser rangefinder
[12] by classifying each pixel into one of eight classes depend-
ing on the sign of the local Gaussian and Mean curvature [4.
9]. These curvatures are differential geometric quantities that

completely characterize the surface locally in the sense that
knowing them at each point enables the surface to be recon-
structed. They are also invariant to viewpoint and have been
used by a number of researchers as a criterion for grouping
pixels together into regions [1. 2, 5]. However, there are two
difficulties with this approach. The first problem is that since
the Gaussian and Mean curvatures are based on second order
derivatives computed with discrete data, they are very noise
sensitive. If the assumption is made that a range image is
a discrete sampling of an underlying piecewise smooth sur-
face, then the curvature should not change dramatically over
a small area. This simple principle enables relaxation com-
patibilities to be defined between pixels of different curvature
classes in a neighbourhood [14, 3]. These compatibilities are
then used to make initial curvature estimates more consis-
tent with their neighbours by a relaxation labeling process.
The second problem is that the curvatures are not correct if
calculated across discontinuities; that is, the surface is not
smooth but piecewise smooth. In order to avoid such errors,
the windows from which these initial local curvatures are cal-
culated must be shifted away from discontinuities with the
degree of the shift depending on the strength of the disconti-
nuity. This same shifting process also occurs for the window
that defines the neighbours of a pixel during the relaxation
process so that regions separated by a discontinuity do not
affect each other. The result is a simple and efficient method
of producing a coarse segmentation of the range image into
regions of homogeneous curvature which can then be used as
input to higher level processes, such as matching in an object
recognition system [16]. or viewpoint integration in an object
reconstruction system.

2. Computing H and K For Range Images

Since a range image is taken from a single viewpoint it is
not a general surface in R3. Instead it is a graph, sometimes
called a Monge patch. This means that the surface S defined
by this graph can be written as follows:

= {(:c,y,z) .z, y, 2= f(z,y) where (z,y) € D C RZ}
(1)

From this definition of the surface the following formulae for
the Gaussian (K) and Mean (H) curvature can be computed
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These relationships hold as long as the surface S is a graph
and f(z,y) has at least C? continuity.

The difficulty with the above equations is that the actual
range data consist of a set of discrete points. This means that
the function f(z,y) is not given explicitly and the derivatives
fz, fys fzy, fzz, fyy must be calculated numerically. If this is
done directly by using finite differences the effects of noise re-
duce accuracy. For this reason the methods used to compute
the derivatives generally involve the following two steps:

v

@)

(1) Consider a local window centered around each pixel.
Fit some function f(z,y) to the data that has at least
C? continuity in this window by minimizing some error
norm.

(2) Compute the closed form expressions of the required
partial derivatives of the function f(z,y). Apply these
formulae to the particular f(z,y) found in the previous
step in order to compute the estimate of the partial
derivative at each pixel.

This has the effect of smoothing the data to a degree depen-
dent on the size of the window which makes the results more
accurate by decreasing the effects of noise. Once the partial
derivatives are available, equations (2) and (3) can be used
directly to compute H and K.

This basic method is widely used [1. 2, 3, 15, 17]. The
latter may differ in the approximating function and error norm
for which there are many possible options. If the approximat-
ing function is a quadric polynomial then we have the required
c? continuity. If the error norm is L2, then the entire fitting
process can be done efficiently by convolving the image with
the appropriate masks. We use this approach for our range
images. For each pixel we find the qaudric with the least
mean square error E? on a window of size 5 by 5 centered at
that pixel.

The most serious problem with the previous approach is
that the partial derivative estimates are meaningless if done
across a discontinuity. If all the discontinuities could be easily
found this problem would disappear. However, finding them
reliably is not a simple task. Since we are not seeking a
perfect segmentation we should be able to deal with this issue
without having to perfectly isolate the discontinuities. One
possible solution comes from the observation that the mean
square error of the quadric fit at each pixel increases in the
neighbourhood of a discontinuity [11]. Therefore, if the mean
square error (EZ) for all the windows that overlap a given
pixel were computed, the window with the smallest E2 would
be the least likely to contain a discontinuity and the most
likely to give the best estimates of the Gaussian and Mean
curvatures. The quadric associated with this shifted window
is then used to compute the Gaussian and Mean curvatures
for the current pixel, which is now offset from the origin of
this quadric. More formally, if this offset is denoted as (v, v).
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then for each pixel the best window is the one which provides
a minimum fitting error as determined by:

E2(z—u,y — v) = Min { E2(k,1) : (k,J) € W(z,y)} (4)

In this notation W (z,y) is the set of all the windows
that overlap the pixel at location z,y of the image. This
approach prevents curvature calculations from crossing a dis-
continuity by shifting the window at a pixel away from any
discontinuities. However, while this shifting process avoids
abrupt discontinuities such as the edges of polyhedral objects
it tends to find spurious discontinuities in objects with curved
surfaces.

The problem with this idea. which is described in [17],
is that in its current form this shifting process moves away
from discontinuities which are not significant. This is because
the Min operation in equation (4) forces a shift of the same
distance regardless of the magnitude of the difference in E?
(which we shall call AE?). Since this magnitude is an indica-
tion of the significance of the discontinuity, we may counteract
this tendency by shifting each pixel by an amount u*, v* where
v* = u x (AE?/AEL,,) and v* = v x (AEZ/AEZ,,,). We
refer to this as the Compensated Shift Method. What this
achieves is to scale the window shift by the ratio of AE2 to
the AEZ,, where AE2,,, is a threshold above which this
pixel is truly a discontinuity. The question is how should
AEZ ., beselected. There is no perfect answer to this peren-
nial problem in computer vision. For now we have set AE2, .
to 1000 since this gives good results for the images we are
processing.

If the actual AE? reaches the AEZ,,,. then the maximum
shift (the original u and v) is allowed. If AE? is insignificant
at a pixel, then the discontinuity is small and the shift away
from it will be small; if AE2 is significant, the shift away
from it will be large. The results of applying this rule dur-
ing the fitting of the quadric at each pixel is shown in Figure
1. Applying equations (2) and (3) with no shift, we observe
considerable distortion at edges (the black areas). However,
with the shifting windows in effect, curvatures are not calcu-
lated across significant discontinuities as seen by the removal
of blurring on the edges of the polygonal objects. Also, there
are few spurious shifts on the surface of the smoothly varying
mask.

3. Refining H and K by Relaxation

It is generally conceded that local curvature estimates are
noisy since they are based on second order derivatives. A
larger window size for the quadric fit produces a better signal
to noise ratio for K and H but also reduces the locality of K
and H [3]. In order to produce a reasonable segmentation,
these estimates must be made more consistent with each
other and for this purpose we use a relaxation labeling scheme
[6]. Relaxation is an iterative process that updates the degree
of belief that a node is a member of a particular class by the
support given to this assertion by the neighbours of the node.

For the problem at hand. a node is a pixel of the range
image and a neighbourhood is a square window W of a size
Ny;n centered on this pixel. Note that this window size is
not equal to that used for the curvature calculations. In our
experiments N, is set to 3 for the relaxation and 5 for the
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Figure 1 Effect of shifting windows away from a dis-
continuity during curvature calculations :(a) and (c) No
Shift:(b) and (d) Compensated Shift:

curvature calculations. The possiblelabels for a node are the
eight curvature classes defined by the signs of K and H [1].
More precisely, the Gaussian and Mean curvature values are
classified into one of (+,0,—) depending on whether the val-
ues are (>,=,<) some thresholds Kero and Hero. Since
the combination K > 0, H = 0 is impossible, this produces
eight possible curvature classes instead of nine. In the nota-
tion of a relaxation labeling scheme, pi();) is the degree of
belief that pixel k adopts a curvature class A;. where J; is
one of these eight classes. During the relaxation it must be
true that Y 7 4 pi(A;) = 1and 0 < pi(X;) <1 for all classes
A; and pixels k.

The question is what should the compatibility matrix be
for this application? The answer comes from the underlying
assumption that we are dealing with a smooth, almost every-
where continuous surface. This means that the surface curva-
ture should change gradually in the local window W centered
at each pixel. One possible interpretation of this statement
is to require that K and H pass through zero when varying
from (=) to (+) or from (+) to (—). In this way, any two
pixels in the relaxation window which are of opposite sign in
K and H are not compatible with each other. The allowable
transitions in curvature of neighbouring pixels are shown in
Figure 2 and from these transitions two possible compatibil-
ity matrices can be derived. The first allows differences in
both H and K between two pixels. This compatibility matrix
is identical to the one described by Boulanger [3] who used
the standard continuous relaxation approach [6] to solve the
same problem, that of refining the initial estimates of the cur-
vatures. The second is a subset of the first matrix and allows
differences in one of H or K between two pixels, but disal-
lows differences in both H and K. The second compatibility
matrix does not favour the flat curvature class as much as

Peak

H<0 K>0

Minimal

H=0 K<0

Saddle Ridge

H<0 K<0

Valley Saddle Valley

H>0 K=0 H>0 K<0

Figure 2 Allowable transitions in H and K. Light solid
lines are sign changes in one of H or K; Heavy Solid
Lines are Transitions in both H and K

the first matrix and is the one that we have used.

There is a number of difficulties with-using a strictly con-
tinuous relaxation method to achieve local curvature consis-
tency. The first is the question of how to find the initial
estimates of pi(A). One idea is to set them in proportion
to the difference between each pixel's H and K value and
Hyero and Kyero. This method was used by Boulanger and
seems to give good results, but the choice seems rather ar-
bitrary. The second and more serious problem with purely
continuous relaxation is that the entire process is very slow
because a p;(A) must be updated for each of the eight pos-
sible \'s (curvature classes) at every iteration for each pixel
in the range image.

We have simplified the relaxation process by restricting
Pk(x) € {0,1} at all times. This means that only the label of
the most consistent curvature class is retained for each pixel.
With this approach pi(}) is initially set equal to 1 where A
is the curvature class computed by the local quadric fit as
decided by the K,cro and Hero thresholds, and all the other
pr(A) are set to zero This relaxation is more efficient than
a purely continuous one since only one piece of information
must be stored for each pixel, but as we shall see it still
retains the flavour of a continuous relaxation.

This type of relaxation can be understood by describing
the support function and updating rule in a more formal fash-
ion. Consider a vector n defined as n = (ng(A1),...,ng(Ag))
where n;()) is the number of neighbouring pixels in the win-
dow W centered on pixel k that have curvature class A. The
computation of the support at pixel k for curvature class A is
given by Si(A) which is computed by

8
Si(A) = Y (A Ny (M) )

=1
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where (X, ') is an element of the second compatibility matrix
that we have described. This is a simpler form of the standard
support function and takes into account the fact that the
compatibility depends only on the curvature classes of the
neighbouring pixels and does not vary with their position in
the window. S).(A) is still the support given by all the pixels in
window W to the belief that pixel k£ has curvature class A, but
it'is always an integer quantity. The standard updating rule
for relaxation labeling is then modified in order to guarantee
that p, € {0,1} for all A. That is, we take as the new
curvature class of the current pixel the one with the highest
support from its neighbours:

pe()E+) = {(1) :&:ﬁ:y) = maz[S(1),. .., Sk(8)]
(6)

Note that unlike the standard updating rule, this one does not
use the value of pk(/\)(K) to compute pk()\)(K'*'l-) since the
current curvature class of the pixel is ignored. This relaxation
process will be called Boulanger’'s relaxation since the first
compatibility matrix we described was used by Boulanger [3]
for a continuous relaxation algorithm.

The approach described by Sander [14] to refine the sur-
face trace points was actually the first to use this modified
form of relaxation algorithm. However, Sander uses rules for
computing Si(}) and p,(A) that do not require a compati-
bility matrix, but these rules are still based on the principle
that locally the curvature changes very slowly. The original
version of Sander’s algorithm was designed for Gaussian cur-
vature only, and for comparison purposes we have modified it
to deal with both Gaussian and Mean curvature. In this relax-
ation method, which we will call Sander’s relaxation, one can
think of the support function Si(\) as being set to nj(}A).
the number of pixels in the window W at pixel k that belong
to curvature class A. Thus:

Sk(A) = ng(A) for all A (M

The resulting updating rule is dramatically different from the
standard one and contains the information that would nor-
mally be in the compatibility matrix. It is defined as follows:

1 if Sp(A) > N2 /2

Pk()‘)(K+1) i or A = Parabolic and ,

iy : N
Sy (Elliptic) + Si(Hyperbolic) > —4un

0 otherwise
(8)

In simple terms, it sets the pixel curvature class to the same
as the majority of its neighbours, if such a majority exists.
If there is no majority, it forces the pixel curvature to be
parabolic if the majority of the neighbours classes are split
between elliptic and hyperbolic. Note that as in Boulanger's
method, the current curvature class of the pixel is ignored
when computing the new curvature class. This tends to
enlarge parabolic regions at the expense of planar regions.
The justification that Sander provides for this is that because
of their particular perceptual importance, parabolic regions
should be emphasized.

Both of these relaxation schemes are based on the un-
derlying assumption that the range data are obtained from a
discrete sampling of an almost continuous surface, and this
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assumption clearly fails at discontinuities. For this reason
we do not center the window W used to define the neigh-
bours during the relaxation process at the pixel. Instead we
offset this window from the pixel by the same (u,v) offset
(scaled appropriately for the different N, sizes) computed
during the curvature calculation process. This has the effect
of stopping the relaxation process from propagating across
discontinuities. Since we have already computed these (u,v)
offsets, there is no extra cost in using them in the relaxation
algorithm.

4. Experimental Results

A number of range images were processed using this al-
gorithm and the results for two of these images are shown in
Figures 3 and 4.

(d)

Figure 3 Results for a range image of simple objects:
(a) Shaded range image; (b) Initial KH-sign map; (c)
Boulanger relaxation KH-sign map; (d) Sander relax-
ation KH-sign map. :

For both images, the K,cro and H,ero thresholds were
selected empirically by choosing a small portion of the flat
background and computing the minimum K and H values
necessary to classify this area as flat. Since these images
have very little noise, this method produces reasonable re-
sults, but would fail on noisier images. The first image is of
a mixed scene containing polyhedra, cylinders and spheres,

“while the second image is of a wooden mask. The examples

demonstrate that this segmentation method maintains the
sharp edges of polyhedral objects since they are avoided by
the shifting window process. The areas that are flat have no
(or little) indication of their edges in the final KH-sign map.
This is because even thought the flat regions contain disconti-
nuities, all the parts necessarily have the same curvature sign
Thus additional processing must be done to extract this edge
information from these regions (see [17]). Both images show
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the considerable improvements obtained for the KH-sign map
by the relaxation process which was arbitrarily stopped after
four iterations.

Figure 4 Results for a range image of a mask: (a)
Shaded range image; (b) Initial KH-sign map; (c) Boulanger
relaxation KH-sign map: (d) Sander relaxation KH-sign
map.

In figure 5 the initial KH-sign map. and the relaxed KH-
sign map are shown side by side for a number of different
images. The result again shows the ability of the relaxation
process to clean up the noisy KH-sign map. If larger windows
were used in the initial fit (we used 5 by 5 windows) or more
experimentation were done in selecting the Kzero and Hzero
thresholds, then better final segmentations would most likely
result. Our purpose in these experiments was not to produce
the best possible KH-sign map but to demonstrate the ability
of the relaxation process to produce reasonable segmentations
from noisy input.

Both relaxation methods, Sander’s and Boulanger’s, do
a good job in cleaning up the initial curvature estimates.
The method of Boulanger tends to converge faster. while
the method of Sander tends to be slower and creates more
parabolic regions. In fact, both methods produce very similar
results which is not surprising considering the fact that they
are based on the same principles. As we have discussed in
Section 3, during the relaxation process we offset the window
which defines the neighbours of a pixel in the direction away
from a discontinuity. This has the desirable effect of keep-
ing the regions from spreading across a discontinuity, which
can be observed in Figure 6. If this shifting process is not
invoked, the regions produced by the relaxation process tend
to bleed across discontinuities and become distorted.

5. Discussion and Conclusions

The method which uses only the signs of K and H has
been shown to produce useful segmentations if the initial KH-

14

Figure 5 Results for a number of different parts: (a)
. () and (e) Initial KH-sign map; (b) . (d) and (f)
Boulanger relaxation KH-sign map.

sign map is further refined using a relaxation labeling scheme.
The main problem with this approach is selecting the Kero
and H,.ro thresholds. The reason this is particularly impor-
tant is that the boundaries between regions of different cur-
vature classes are defined by these thresholds. Thus, these
boundaries are not actually discontinuities, but are lines on
the surface of the object with a specific Gaussian and Mean
curvature. This makes them very difficult to localize and very
sensitive to small changes in these thresholds. This should be
compared to discontinuities such as jumps or creases which
are easier to localize and are present over a wider range of
thresholds because they correspond to physical events on the
surface. There is no obvious way of automatically selecting
an optimum threshold for K,ero and Hyzero. However, when
we use a relaxation process to further process the curvatures
we still obtain a useful segmentation.

One thing that could be done with the segmentation is
to represent it by a graph. The nodes in such a graph would
be the regions and their properties, while the arcs would be
the adjacencies between regions. Such a graph could be used
as an object model so that new graphs obtained from range
images of unknown objects could be matched against these
models in order to perform object recognition [16]. Of course,
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Figure 6 Effect of shifting windows away from a discon-
tinuity during the relaxation: (a) and (c) with shifting;
(b) and (d) without shifting

the matching program must be able to deal with noisy data
because of the approximate nature of the segmentation, but
this will always be the case regardless of the segmentation
method used.

To conclude, we have used the KH-sign map to classify
each pixel in a range image into one of eight curvature classes.
The initial KH-sign map is refined by a relaxation labeling
process which makes these curvatures consistent with each
other. During the initial curvature calculations and during
the relaxation process the local neighbourhoods of each pixel
are shifted away from discontinuities to produce more accu-
rate results. The segmentation can be used to create a set
of regions, where each region consists of pixels of the same
curvature class. As pointed out by Boulanger, this segmen-
tation algorithm can be implemented efficiently on an array
processor and is thus potentially useful for situations where
a number of range images must be processed quickly. Other
relaxation methods [15] might achieve more accurate results
but at the cost of taking much more time. The segmentation
into regions of homogeneous curvature is not perfect, but is
good enough to provide useful information to a matching al-
gorithm, Our experiments show that this is indeed the case.
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