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Abstract

In this paper we study the Bayesian estimation of mo-
tion in image sequences based on stochastic relaxation
algorithms. Unlike previous work, where motion smooth-
ness over the complete image was assumed, here we re-
formulate the Bayesian approach by allowing motion dis-
continuities. The motion-image relationship is based on
the widely used assumption of constant image intensity
along motion trajectories. For the image acquisition pro-
cess we use white Gaussian noise and we conclude that
the displaced pel differences can be modeled by indepen-
dent Gaussian random variables. The displacement field is
modeled by a 2D vector Markov random field such that it
encourages smooth motion but allows occasional disconti-
nuities at motion boundaries. These discontinuities, called
line elements, are modeled by a coupled 2D Markov ran-
dom field favouring absence of line elements, slightly pe-
nalizing straight lines and corners, and severely penalizing
line ends, intersections and double lines. The maximum a
posteriori probability estimation criterion is derived from
the above models. The optimization problem involves sev-
eral thousands of unknowns, and is solved by simulated
annealing based on the Gibbs sampler. Results of the
estimation algorithm applied to television sequences with
natural motion are presented. The motion fields obtained
by application of the above model are compared with the
fields estimated using the model disregarding discontinu-
ities. -

1. INTRODUCTION

Estimation of motion (optical flow) in 2D time-varying im-
ages has been proved, like many other early vision tasks, to be
aniill-posed problem [1]. Since usually the unknown motion field
is related to the observed image sequence through a structural
model, such as the assumption of constant image intensity along
motion trajectories, there are infinitely many motion fields con-
sistent with the observed images. In order to resolve this ambi-
guity and find a unique solution, various regularization methods
have been proposed. These methods impose constraints, such
as smoothness of the motion field, in the form of a stabilizing
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functional. Motion estimation techniques developed by Horn
and Schunck [2], Hildreth [3], and Nagel [4] are examples of
regularization.

A different approach to solving this non-uniqueness problem
is through Bayesian estimation. Such a Bayesian formulation
has been developed by Konrad and Dubois for 2D motion esti-
mation at single resolution level [5] and also via a hierarchical
approach [6]. They used the maximum a posteriori probability
(MAP) estimation criterion, which resulted in minimization of
a certain cost functional. This cost functional had the same
form as in the regularization approach, and in fact regulariza-
tion methods can be considered as special cases of Bayesian
estimation, with particular choice of the random field model for
the motion.

If the cost functional derived from the structural model and
the displacement field model is quadratic with respect to the
motion vectors, the necessary conditions for optimality can be
easily established, resulting in a large system of linear equations.
Such a system is usually solved using either deterministic relax-
ation methods (Gauss-Seidel, Jacobi) [2], [4] or the Chebyshev
method [7]. There is no guarantee, however, that the global
optimum will be attained. For this reason, stochastic relax-
ation algorithms, such as the Metropolis algorithm [8] or Gibbs
sampler [9], have been proposed. Incorporated into simulated
annealing [10], these methods provide convergence (under cer-
tain conditions) to the global minimum, and have been used
to solve various ill-posed problems e.g., image reconstruction
[9], [11], segmentation of moving planar surfaces [12], stereo
matching [11], [13].

In this paper we extend the stochastic approach to mo-
tion estimation by incorporating motion discontinuities into the
model. As in [5] we use a 2D vector Markov random field to
model a displacement field, but we also introduce a coupled
Markov random field called a line process (proposed in [9] to
model intensity discontinuities for image restoration) to model
motion discontinuities. These two models result in a piecewise-
smooth description of motion with occasional discontinuities at
the motion boundaries, which is expected to improve estimates
in the occlusion areas. We derive the cost functional for MAP
estimation of motion fields based on the above models, and
minimize it using inhomogeneous simulated annealing imple-
mented via the Gibbs sampler. We present some results of this .
algorithm applied to television sequences with natural motion,
and compare them with motion fields obtained from the model
disregarding discontinuities.
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2. PROBLEM FORMULATION
2.1 Terminology

The images considered in this paper are time-varying, hence
they are functions of 3 coordinates (horizontal, vertical and tem-
poral). Let u denote the true underlying image defined as an
illuminance pattern in some image plane acquired from the ob-
served scene via an ideal optical system. Let g be an observed
image, which is obtained from u by some general transforma-
tion (filtering, sampling, quantization etc.). We consider g to
be a sample from a random field (multidimensional stochastic
process) G. The image g is assumed to be sampled on a lattice
Agin R3. Such a lattice is a collection of sites in R* uniquely
described by a sampling matrix [14]. We investigate here or-
thogonal lattices only, hence the sampling matrices are strictly
diagonal. Each field of the image sequence contains Mg picture
elements and consecutive fields are spaced by T sec. Let (x;,1)
denote the i-th pel in the image field at time ¢. The numbering
order of the picture elements (z = 1,..., Mg) in a given field is
arbitrary (e.g., horizontal scan).

Let us assume that the unknown (true) displacement field
d is a sample from a random field D, and that it is defined
over continuous spatio-temporal coordinates (x,t). The dis-
placement vector d(x,t) is defined as follows: the image point
x - d(x.t) at time t — T moves to position x at time t. We
denote an estimate of the true displacement field d for a given
image sequence by d, while d denotes any sample field from D.
We assume that d and d are defined over an orthogonal lat-
tice Aq in R3, and that they comprise Mgq=M;x My vectors
(M37,M; denote the horizontal and vertical displacement field
sizes, respective|‘y). Clearly, d is an array of vectors defined
over the lattice Ag. In general Ag and Ay can be different,
however here we assume that they are equal (then the number
of displacement vectors My is equal to My).

Let 1 be the unknown underlying discontinuity field of the
true displacement field d. 1is defined over continuous spatio-
temporal coordinates (x,t), and can be understood as an indi-
cator function (e.g., binary) for each (x,t). Both d and lare
unobservable. In this paper we will model the true discontinuity
field 1 by a binary random field L. A sample field from L will
be denoted by [, while for an estimate of I we will use 1. The
random field L is also called a line process and its individual
samples are called line elements. The random field L is defined
over a union of shifted lattices ¥; =1, U, [14], where 95, and
2y are shifted orthogonal lattices for horizontal and vertical line
elements respectively:

¥ = Ag + [0,T3/2,07
$o = Ag + [T1/2,0,0).

T;li and T3 are horizontal and vertical distances between dis-
placement vectors, and superscript T' denotes a transposi-
tion. Consequently there are M;= Mjx(Mo—1)+(M;—1)x
M, horizontal and vertical line elements.

Let the subscript ¢ denote the restriction of a random field
or of its realization to time t. Then, d; is a sample field of D;
(D at time t), while. d(x;,t) is a single displacement vector at
spatial location x; and time ¢.

It is assumed, for computational convenience, that the
random fields G;, Dy and L; are defined over discrete state
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spaces Sy = (S;)M’, Sd:(Sii)Md and SI:(SZ')MI, respec-
tively, where (S')M denotes the M-fold Cartesian product of
Sl S!'], Sé and Sl' are single pel, single displacement vector
and single line element state-spaces. The state spaces S!'J and
S:i correspond to a sufficiently fine quantization of the underly-
ing continuous image intensities and displacements, so that their
characteristic properties are preserved. The state space of the
line elements S; is assumed binary, corresponding to “off” and
“on" states of the motion discontinuities. Hence, the probabil-
ity measure used throughout the paper is a discrete probability
distribution rather than a continuous density.

2.2 Estimation criterion

We want to find the true displacement field d(x,t) corre-
sponding to an underlying time-varying image u(x,t) on the
basis of the observations g(x,#). Since the line field I(x,t) de-
scribing motion discontinuities will ‘be used in the displacement
model, it has to be estimated, too. Although in general the
number of observed image fields could be arbitrary, in this pa-
per we address the estimation of (d;,}) from two images at
times ¢t — 7" and ¢.

In order to determine the “best” or “most likely” displace-
ment field d} € Sq and line field I} € S given the observations
94—, g1, we have to find such a pair (&;,T;) which will satisfy
the following relationship:

P(Dy =dj, Ly = |Gy-7 = g1_7,G1 = g1) >
P(Dy = dy, Ly = |Gy_7 = g1-7,G1 = 1)
Vat € Sq, 71 €S,

where P is a probability measure. To obtain the posterior
distribution involved in the above relationship, Bayes rule for
discrete random variables can be applied as follows (to simplify
the notation the sample fields dy,l;, g;_7, g; are omitted in the
probability expressions):

P(Dy, Lt|Gy_1,Gt) =
P(Gy|Dy, Ly, Gy_7) - P(Dy, L4|Gy_7)
P(Gy|Gy_1)

In previous work [5], [6] it was assumed that the random
field D at time ¢ is statistically independent of the observation
G at time t — T i.e., that the knowledge of a single image
field provides no information about the motion. Consequently,
since no line process was involved in the displacement field
model, the a priori probability P(Dy, L¢|G;_1) was simplified
to P(Dy). That was a coarse approximation in the model,
because the knowledge of intensity pattern only in one image
may be helpful in displacement vector computations e.g., a
uniform intensity area (still or moving) should not contribute
to a discontinuity in a displacement field. In this work we still
assume direct independence between Dy and G;_7. However,
the observation Gy_7 is assumed to affect the displacement
process Dy indirectly through the line process L;.

Note that since the probability in the denominator of
(1) is not a function of the displacement process D; or
of the line process Ly, it can be ignored when maximizing
P(Dy, Lt|Gy_7, Gy ) with respect to (&t,it), and the MAP es-

(1)
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timate of the pair (dy, k) is the solution to the following opti-
mization problem:

max [P(Gt = gDy =dy, Ly = 14,Gy_1 = gy_7)-
(de,le) (2)

P(Dy = dy, Ly = b|Gy_p = g, 7).

2.3 -Models
2.3.1 Structural model

As it has been stated at the beginning, the displacement
fields dy are unobservable. Hence, in order to compute the mo-
tion vectors given some observed images, certain relationship or
a “structural” model between those vectors and image inten-
sity values must be assumed. Such a model is crucial to any
motion estimation algorithm. It is assumed here that over the
time interval [t — T, ] the image intensity of the true underlying
image u along the true motion trajectory d is constant. Thus
the following holds:

u(x — d(x,t),t — T) = u(x,t). 3)

Also other models e.g.. allowing linear variation of intensity,
have been devised [15], [16], but such approaches will not be
pursued here.

2.3.2 Observation model

First let us consider a simplified case. Assume that the
observed image g is related to the true underlying image u via
additive white Gaussian noise n:

9(x,t) = u(x,t) + n(x,t), (4)

and that g, u, n are temporarily defined over continuous x.
Then, incorporating the observation model (4) in the structural
model (3) we obtain the following relationship:

g(xvt) e g(x 7z, d(x’t)7t %" T) = (5)
n(x,t) — n(x — d(x,t),t - T).

The two difference terms in (5) are called the displaced pel dif-
ference (DPD) and the displaced noise difference, respectively.
Since the noise is white Gaussian, the displaced noise differences
are independent Gaussian random variables (as the sum of two
independent identically distributed Gaussian random variables).

In reality this simplified case does not hold because the
true underlying image u undergoes various transformations
and is subjected to noise influence before it becomes the ob-
served image g. The transformations include ~-correction,
spatio-temporal filtering, sampling, quantization, while the noise
sources incorporate the image sensor noise, distortion due to
aliasing, and quantization noise.

Because of the extreme complexity of the theoretical deriva-
tion of the DPD model, we have tried to establish experimen-
tally the type of probability distribution reflecting the charac-
teristic properties of displaced pel differences. We have com-
puted a number of histograms and autocorrelation functions of
displaced pel differences obtained by some existing motion es-
timation techniques. In particular we applied reliable methods
of Horn and Schunck [2] and of Paquin and Dubois [17] to the
test image used in this paper as well as to other data. The
histograms exhibited shapes similar to that of a Gaussian distri-
bution with “closeness” and variance depending on the image

material and motion estimation technique used. Estimates of
the autocorrelation functions very closely approximated a Dirac
impulse, indicating near independence between the displaced pel
differences.

" Based on the above simplified derivation and on the exper-
imental results, we will use independent, identically distributed
discrete random variables drawn from the Gaussian distribution
with variance o2, to model the displaced pel differences (5).
Due to the independence of DPDs, the conditional likelihood
from equation (1) can be expressed as

P(Gy=gDy=dy,Li = 4,Gy_r=g_7) =

Mgy =
H pnd(g(xh” o .(-](xi - d(xivt)vt = T)) =
i=1

(6)

i Ma = 2
<_2> e~ Ualouldogi-1)/(20%).
Vono

where pp, is a Gaussian distribution with variance o2, and §
denotes an intensity value at spatial location (x;—d(x;,t),t —
T')¢ Ag obtained by some interpolation method (e.g., bilinear,
biquadratic, bicubic). Consequently the energy Uy is defined as
follows:

Ug(gtlds, g1-7) = 3 [9(xi:1) = G(x; — d(x;, 1), t = ). (7)

=1

Note that U, expresses simply a pel matching problem, and

solved on its own turns out to be ill-posed.

2.3.3 Displacement field model

In most scenes the motion can be attributed to the move-
ments of rigid or almost rigid bodies. After projection onto the
image plane, the three-dimensional motion induces an optical
flow which consists of patches of similar (orientation and length)
vectors, with discontinuities at the motion boundaries. In previ-
ous work [5], [6] it was assumed that motion fields are smooth
functions of spatial position x (fixed t), and a 2D vector Markov
random field (VMRF) D; was used to model the motion fields
d;. This assumption, however, is violated at the boundaries of
moving objects. With this simple model the motion vectors in
the vicinity of a motion boundary become oversmoothed. For
example, if two vectors are positioned on the opposite sides of a
motion boundary, the 2D VMRF model will enforce smoothness
regardless of the fact that the two vectors may belong to two
differently moving objects. In other words, smoothness is en-
forced homogeneously across the whole displacement field. In
order to reduce this effect, we assume that the discontinuities
ly of a motion field d; exist and that they can be modeled by
another (coupled) MRF Ly, also called a line process. With
such a two-layer model, the same two vectors can be decoupled
by introducing a line element between them. In this way the
smoothness is enforced (spatially) inhomogeneously. The idea
of modeling the discontinuities by a coupled MRF has been in-
troduced by Geman and Geman [9] for image restoration, and
subsequently used for boundary detection [18] and segmenta-
tion of moving planar surfaces [12]. A deterministic version of
line elements has been used in optical flow computation [19] via
non-stochastic methods.

Let X denote a random field with samples . It has been
shown [20] that given a neighbourhood system A/, X is a MRF
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with respect to A if and only if its joint distribution is a Gibbs
distribution relative to A’. Thus the spatial properties of a
MRF are uniquely characterized by parameters of the Gibbs
distribution

rx) = 2 W )= T Ve, (8)
z ceC
where U is an energy function, c is a clique, C is a set of cliques
and 3, Z are constants. A clique is a set of sites such that for
a defined neighbourhood system every two sites belonging to
this set are neighbours. V(x,c) is called a potential function
over clique ¢, and depends only on those elements from x which
belong to the clique c. Z is called a partition function, and is a
normalizing constant such that 7 is a probability measure.

We assume that the pair x = (dy,l;) is a realization of
the 2D MRF pair X = (Dy, L;), which is characterized by the
following Gibbs distribution:

i
P(Dith) = W(dt,lt) = Ee_U(dhlt)/ﬂ. (9)

The energy function U(dy,l;) consists of two non-negative en-
ergy terms U(dy|l;) and U(ly) [9]. Consequently P(D¢|L;) and
P(Ly) are Gibbsian, and D; given L; as well as L; by itself are
Markovian. Applying the Bayes rule to the conditional proba-
bility P(Dy, L|Gy_7) it follows that:

P(Dy, Lt|Gy_1) =P(D4|Lt, Gy—1) - P(Lt|Gy_1) = (10)
P(Dy|Ly) - P(Lt|Gy—1)-
Note that the assumption that there is no direct dependence
between D; and G;_1 was used in the last line above. Later
in this section the conditional probability P(L¢|G;_7) will be
defined in such a way that it will equal P(L;) - e‘zv’l, with
non-negative potential V},. Since P(Ly) is Gibbsian and Vj, is
non-negative, P(L{|Gy_7) is Gibbsian as well. Consequently
P(Dy, L;|Gy_) is also Gibbsian.
Let P(Dy|L;) be defined as follows:

PDi|L) = (Al = e /A, )

where Z 4,34 have the same meaning as Z,3 in (8), while the
conditional energy Uq(d;|l) is defined as:

Ug(di|ly) = Y Va(dica) - [1= U<xxi>,)).

ca={xi,x;}€Cq ;

(12)

cq is a vector clique, while Cgq is a set of all vector cliques

defined over A4. In this paper we consider only two-element

vector cliques. Vj is a (non-negative) potential function, and

(< x4,%j >,t) € ¥ denotes a site of line element located
between vector sites x; and x; which belong to A4.

The energy function (12) can be understood as follows.
With every vector clique there is associated a value (cost)
Va(dy,cq) which should increase if a field sample locally de-
parts from the assumed a priori model of the field. This model
is characterized by 84 and Vg4. If, however, the line element,
separating the displacement vectors from clique cq is “turned
on” (I(<xy,%x;>,t)=1), there is no cost associated with the
- clique cq. In this way there is no penalty for introducing an
abrupt change in length or orientation of a displacement vector.

The ability to zero the cost associated with vector cliques by
inserting a line element must be penalized, however. Otherwise

54

a line field with all elements “on” would give the zero energy Ugq.
This penalty is provided by the line field model which is based
on a binary MRF L;, and described by the Gibbs probability
distribution

1
P(In|Gr_1) =n(llgr_g) = 7o~ MkloerV,

Up(llgr—1) = Y. Vill, g—1>1)s
a€l
where U; is a line energy function, ¢; is a line clique and C;
is a set of all line cliques defined over ¥;. The line potential
function V; provides a penalty associated with introduction of a
line element, and Z;, §; are constants as before.

(13)

(a) (b) (c)

X o
o X o X e e X o X
X L[]

Fig. 1 First-order neighbourhood system Ng for
vector field d; defined over A4 (a), and
associated horizontal (b) and vertical (c)
cliques (o — center vector site, ® — vector
site, x — line site).

To uniquely specify the a priori models (and hence distribu-
tions) we need to define neighbourhood systems Ny, A, and
cliques cq, ¢;, as well as the potential functions Vg, V). In this
work we use the first-order neighbourhood system Ny depicted

in Fig. 1.a, which consists of 2-element horizontal vector cliques
(Fig. 1.b):

d
Ch = {Cd = {x,-,xj} XXy = [Th,O]},
and 2-element vertical vector cliques (Fig. 1.c):
- B et L5 d
Cy = {Cd = {xiax]} XX = [07Tv]} )

where (x;,t),(x;,t)€Agq. The set of cliques Cq is defined as
the union of horizontal and vertical sets:

Cd — Ch G

Single-vector cliques, as a degenerate case, are not considered.
Note that every displacement vector has 4 vector neighbours
and 4 line neighbours. We define the potential function over cq
as follows:

Va(dy,cq) = [[d(xi 1) —d(xj )], eq = {xi:%;}, (14)
where | - || is a norm in R? e.g., L? (note that the summation
in (12) is now over ¢ and j). This particular potential cap-
tures the smoothness of the displacement field process Dy; for
d(x;,t) = d(xj,t) the potential is zero, and the probability
of such a configuration is high, while any deviation from this
equality causes a smooth reduction in the probability of such an
arrangement.

The neighbourhood system for the “dual” structure ¥; is
shown in Fig. 2. Note that since the union of shifted lat-
tices ¥; =1y, U 1y identifies positions of horizontal and ver-
tical line elements, two neighbourhood systems are defined
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(a) (b)

X X
X101 ¢ X X
X ® X X & ® o X
X8 X X X
X X

(c) (O} ety a5 ke

e X o X
X X [} 0 . X 8. X.@
e X o X

°

Fig. 2 Neighbourhood system /\fll for line field I;
defined over ¥;: neighbourhood of
horizontal (a) and vertical (b) line element,
and associated four-element (c) and
two-element (d),(e) cliques (® - center line
site, x — line site, e — vector site).

(Figs. 2.a,2.b). Every line element has 8 line neighbours and
2 vector neighbours. We define four-element line cliques as pro-
posed in [9] (Fig. 2.c), and also two-element vertical cliques
of horizontal elements (Fig. 2.d) and two-element horizontal
cliques of vertical elements (Fig. 2.e) as suggested in [11]. A
simple analytical expression for potential "V} is not possible,
hence it is tabulated as a cost associated with each configu-
ration of a clique. Possible configurations (up to a rotation)
and related costs are shown in Fig. 3.a for the four-element
clique and in Fig. 3.b for the two-element clique. Note that
such potentials encourage absence of line elements (V;,=0.0),
slightly penalize straight lines (V},=0.4) and corners (1,=0.8),
and more heavily penalize ends of lines (V1,=1.2) and intersec-
tions (V,=1.2, V},=1.2). The “double edges” and sharp turns
are discouraged by the high penalty (V1,=3.2) associated with
two-element cliques.

So far we have defined the line model based only on the rela-
tionship between the line elements and the displacement vectors.
Note, however, that the a priori probability of line process (13)

is conditioned on the observations. It means that we should take :

into account the image information gi—1 when computing the
line samples I;. If independence between L; and Gy_1 were
claimed, then only P(L;)=n(l;) could have been used, and
motion discontinuities would have been inferred- only from the
displacement field d;. We had tried this approach and encoun-
tered some difficulties. Hence, based on the following reasoning
(similar to that presented in [19]), we will use the observations

gi—7 in the line model as well. Note, that in general a 3D scene!
giving rise to a motion discontinuity will also contribute to an

intensity edge. Only under specific circumstances will a motion
discontinuity not correspond to an edge of intensity. Hence, we'
assume that an introduction of a line element should coincide
with intensity edge and we use the following potential function

for one-element clique:

Vi,(l,90-7,¢1) =
{ m “lp(<x3,%;>,t) for hor. ¢ = {xi, %5}
a

ebin lv(<x,-,x]->,t) for ver. ¢; = {xi,xj},

where [, 1, are horizontal and vertical line elements, Vi,V
are horizontal and vertical components of the spatial gradient
at position (< Xi,Xj >,t), and a is a constant. Note that
potential V}, is non-negative hence P(Ly|Gy_1) from (10) is
Gibbsian like P(L;). The above potential introduces a penalty
only if a line element is “on” and the appropriate gradient is
relatively small. For example with a=10.0 a vertical element at
a position with horizontal gradient V;,=5.0 will cause a penalty
(energy) of 0.4 i.e., equivalent to the smallest penalty of a non-
zero line element (two in-line elements).
The line field potential function can be expressed now as:

Vill, g1, 1) = Vi, (I, @) + Vi, (b, 1) + Vi, (1, 94—, 1)
where 1}, and V}, are tabulated in Fig. 3, and V}, is given above.

(a) ° ° ° ° ° l °
° ° ° l ° ° I °
0.0 1.2 04
° ° ° ° ° l °
° ' ° ° ° ° I ®
0.8 1:2 2.0
(b) ° ° ° °
® ° ° °
° ° ° °
0.0 0.0 0.0 352

Fig. 3 Costs V;,, Vj, associated with various
configurations (up to rotation) of the
four-element (a) and two-element (b)
cliques. (e - vector site, = - line element
“turned on"). -

2.4 A posteriori probability and cost functional

Combining the conditional likelihood P(Gy = ¢4|Dy =
at,Lt :Yt:Gt»T:Qt—T) from (6), the displacement a priori
probability P(Dy=d;|L;=1;) from (11) and the line a priori
probability P(L; :71|G’t_T:gt_T) from (13) via (1) we ob-
tain the following Gibbs form of the a posteriori probability

P(Dy=di, Ly = 4|Gy 7 = g_7,Gy = ¢1) =

; - le—U(anlA:,yz—T,gt) (15)
P(Gi|Gy_1) 2
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where Z is a new normalizing constant, and the new energy
function U(dy,li,9i_7,9¢) is

U(dg, 1y, 917y 91) =1 - Ug(ga|de, g 7)+
A - Ug(dylly)+ (16)

Az - Upl(lylgs—1)-

The conditional energies in the above relationship are de-
fined in (7), (12) and (13) respectively, and A} = 1/(202),
A2=1/Ba, A3=1/4;.

Having shown that the posterior distribution (1) is Gibbsian,
it follows that MAP estimation can be achieved by means of the
following minimization

min Ay - Ug(gelde, g1 7) + A2 - Ug(de|le) + A3 - Up(lelgi—1)
{dhll}
(a7
Note that the functional under minimization is in a regular-
ized form, where Ug(gi|at,gt_T) describes the original ill-posed
problem, Xy - Ug(ds[%;) + A3 - Uy(ly|g;_7) is a stabilizing func-
tional and 1/)\; is a regularization parameter [1]. This shows
that regularization is a special case of Bayesian estimation,
where the a priori probabilistic knowledge of the quantity being
estimated is reflected in the stabilizing functional.

The objective function in (17) is similar to that used in
[19], which is derived from the original formulation of Horn and
Schunck [2] with additional deterministic motion discontinuity
model. We pursue stochastic approach by using two coupled
MRFs and also we use the displaced pel difference to solve the
2D correspondence problem instead of the motion constraint
equation. We also use slightly different line cliques, and the
penalty for introducing a line element is continuous (inversely
proportional to the squared magnitude of the spatial intensity
gradient) rather than binary [19]. Most importantly, however,
we will use a stochastic relaxation algorithm for minimization
(7). .

Note that we make no assumptions about the image prop-
erties (model), since the probability distribution of the image
P(G) has been used only as an intermediate step in our deriva-

tion, and is not necessary for the estimation of the displacement
field itself.

3. SOLUTION METHOD

The minimization (17) involves 2MjMy+ M (My—1)+
(M;—1)Ms unknowns, thus exceeding 10° for a 512 by 512
image. A method which is able to find the global optimum for
such a complex problem is simulated annealing [10]. It is based
on the idea of chemical annealing used for determining the low
energy states of a material by a gradual lowering of temperature.

Geman and Geman [9] showed that for a MRF, if one starts
with any initial configuration and keeps updating all sites x;,
visiting one at a time, according to a pre-computed Gibbsian
transition matrix, then the joint distribution will converge to
the Gibbs distribution 7(-) as ¢ — oo, regardless of the initial
state. The above procedure, called the Gibbs sampler, generates
samples of a MRF such that after infinitely long evolution, the
states of the samples are distributed according to that Gibbs
distribution. The Gibbs sampler, along with the Metropolis
algorithm [8], are examples of stochastic relaxation, a class of

methods seeking the equilibrium state of a stochastic process
by allowing new states to increase the overall energy as well as
to reduce it. This sporadic energy increase (or “hill climbing”)
allows stochastic relaxation methods to escape local minima.

Since by Theorem A from [9] the scanning order is irrelevant
for the convergence of 7(-) to some steady-state distribution,
we organize the unknowns so that first the d's are updated
and then the I's. In order to implement the Gibbs sampler the
marginal conditional a posteriori probabilities for displacement
vectors and for line elements must be known. Note that due
to the Markovian property the condition that j#1 is equivalent
to j Enx,, where 7x, €N denotes a neighbourhood at spatial
position x;. It can be shown that for the potential function (14)
the conditional probability of displacement vector at location x;
can be expressed as follows:

P(D(x;,t) = d(x;,t)|D(x},t) = d(x;,t),5 # i, 11, 91_T+9t)

o= Ua(d(xi,t),l,ge-7.,9¢) pepeis %
T e_[]:j(zvlhgi‘Tigl)’ ieee el :
2E5)

. (18)
where the local displacement energy function U] is defined as

Ué\(zy ltagt—T7gi) 2=
)‘l ' [g(xivt) =gt~ T)]2+
dpe Y 2= Al )P - (1 =T(<xi, x>, 8)].
3 %; €

Due to the non-quadratic (data-dependent) form of the energy
Ufj it is not possible to use a standard variate generation algo-
rithm followed by a simple transformation. To generate samples
from the probability distribution (18) the conditional probabil-
ity for each candidate a(xi,t)eSa must be computed. Since
a(x,-,t) is a 2D vector, a 2D array of probabilities is obtained.
Accumulating this probability array in one direction (e.g., hor-
izontal), and then sampling according to this accumulated 1D
(vertical) distribution, and after that sampling according to the
appropriate row (horizontal) distribution will generate a needed
sample vector.

Similarly it can be demonstrated that for the line potential
function Vj(ls, 9;_T,c;) the conditional probability of a line el-
ement at spatio-temporal location (y;,t) € ¥; can be expressed
as follows

P(L(ylat) :7(yzat)lL(y]7t) :’l\(yj)t)uj # i)ahgt—T) =

e*Uf(l(ynt),angt—T)

3% e—U,’(z,d,,gt_T)v (yz )7()’], ) 1

2€S]
(19)

where the local line energy function Uli is defined as

Uli(Z,at,gt_T) —
Ay Y A, t) - d(xa, )17 - [1 - 2]+

cg={xm,xn}:
<Xm,Xn>=y;

’\3' Z Vl(z7g'th’Cl)‘
cryi€a

Samples from the probability distribution (19) are obtained by
computing the probabilities associated with possible states of
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a line element (0 or 1), and generating a variate according to
these probabilities.

Minimization of the energy function can be obtained by
a gradual lowering of a “temperature” parameter (annealing
schedule) as the process generated by the Gibbs sampler evolves.
After each iteration (a complete scan of the displacement and
line fields) the “temperature” T is modified, hence producing
an inhomogeneous Markov chain (inhomogeneous simulated an-
nealing). In this work we use the logarithmic annealing schedule
proposed in [9] for simulated annealing based on the Gibbs sam-
pler. The initial “temperature” Ty of this schedule has to be
sufficiently high in order to assure the convergence to the global
optimum. If the “temperature” is too low, the process does not
have enough “potential” energy to climb all encountered “hills”
and will be very likely trapped in some local minimum. The
theoretically sufficient initial “temperature” is so high for most
of the problems that it would take prohibitively many iterations
before the process converges. In practice one has to choose a
lower T experimentally, so that the result is not too severely
degraded and the computation time is acceptable.

4. RESULTS

We tested the MAP estimation described above on image
sequences containing natural motion. We used standard televi-
sion signal with 2:1 interlace and a temporal spacing between
the fields 7=1/60 s. The signal contained some inherent cam-
era and aliasing noise. No pre-processing of the images was
performed. As the observations g we used the luminance fields
extracted from this signal and quantized to 8 bits (the effective
luminance range was 40-200).

Fig. 4 Test image with natural motion.

Fig. 4 shows one frame from a sequence with such a natural
motion. The window indicates that part of the image field
(170 by 70 pixels) to which motion estimation was applied. For
improved clarity the vector fields displayed in the sequel show
only 25% of the estimates obtained (subsampling by 2 in each
direction), unless otherwise indicated. -

To perform the minimization (17) we must know the values
of weights A1, A and )\3. The constant \; reflects the amount
of noise expected in the observations g. The less confidence

we have in the accuracy of the data, the smaller \; should be
(higher noise variance o2). The constants Ay and )3 control
how well the estimate (aijt) matches the displacement and
line models. At this point we have no means of estimating
the A's, but we recognize the importance of their values for
the quality of the estimates. Since the ratios of )\'s rather
than absolute values matter in the total energy expressions,
we defined Xy to be equal to 1.0. Then, we experimentally
found the other two values which produce (subjectively) good
estimates. The results presented below incorporate the motion
field model based on the potential described by (14), and the line
field model from Fig. 3. The constant a from the one-element
line clique is set to 10.0 to significantly penalize introduction of
line elements in the areas where magnitude of the corresponding
gradient is much smaller than 10.0. The initial value of the
“temperature” parameter T(p=1.0 in simulated annealing has
been also identified by experimentation. Even fields of the
TV sequence have been used as the data, hence the temporal
spacing T is equal to 27.

Fig. 5 shows the MAP estimate of motion from the test im-
age (Fig. 4) based on the displacement model presented in [5]
with A;=0.01, after 200 iterations. This model does not take
motion discontinuities into account (A3=0.0). Note that the
displacement field is very smooth, generally very well reflect-
ing the movements of objects, but the motion vectors at the
object boundaries are oversmoothed. It is noticeable especially
around the palm of the hand, the face and below the forearm.
Due to the strong requirement of motion continuity (small A1)
the neighbouring vectors cannot have significantly different ori-
entations or lengths even if they belong to objects moving in
different directions (the face and the palm of the hand).

Fig. 6 shows the MAP estimate based on the same vector
model (potential and );), but with the motion discontinuities
model from Fig. 3, A3=0.3 and a=10.0, after 250 iterations.
The line elements representing motion discontinuities detected
by the algorithm are presented in Fig. 7. Overall the displace-
ment field from Fig. 6 is similar to that from Fig. 5. Note, how-
ever, that in spite of the global smoothness enforced by small )\,
locally neighbouring motion vectors have different orientations
and/or lengths. This situation occurs at the motion boundaries
e.g., contour of the palm of the hand or of the arm against
the background, and in the occlusion areas e.g., contour of the
face occluding the hand. To examine more precisely the motion
fields with and without the discontinuity model, Fig. 8 shows
sub-windows of the motion fields from Fig. 5 and Fig. 6 with
no horizontal or vertical subsampling. Clearly the algorithm did
not extract all of the motion boundaries present in this image
(Fig. 7). The stronger ones were estimated correctly, however
the less pronounced ones (the top edge of the forearm) were not.
This effect can be explained by the very small intensity gradient
between the object and the background, and also by relatively:
small motion in this area. Unfortunately a modification of )3
and «a, so that the motion boundaries of such indistinguishable,
slowly moving objects were visible, makes the algorithm too
sensitive to variations in motion and intensity. This results in
numerous motion boundaries in the areas where they are not
present. Such a behaviour is very characteristic of many im-
age processing algorithms, and cannot be easily avoided. We
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are planning to investigate the possibility of*estimating these
crucial parameters.

In the example presented above, the inability to estimate
the motion boundary around the forearm may have an impact
on application of the motion estimates. If the line elements are
supposed to guide an image segmentation process, the results
will be quite disastrous. If, however, the vectors are going to be
used in motion-compensated interpolation of image sequences
(e.g., frame-rate conversion of TV images), the degradation will
be unnoticeable. This is due to the fact that the background
and object intensities are similar anyway, and if they are con-
fused slightly (motion estimates are still reasonable) no major
artifact will arise. The same confusion at an occlusion of two
significantly intensity-different objects will result in quite unac-
ceptable errors. There, however, the intensity gradient is large,
hence our algorithm will have no difficulty with correct separa-
tion of the two motions.

5. CONCLUSIONS

This paper has presented an extension to previous results
in Bayesian estimation of motion. The 2D VMRF model for
displacement fields has been augmented with a binary 2D MRF
model for motion discontinuities to deal with the very impor-
tant problem of motion boundaries. Such extension permits the
enforcement of smoothness constraint across the displacement
field in an inhomogeneous fashion i.e., it breaks a “bond " be-
tween neighbouring vectors if there exists a line element between
them. This new model has been shown to improve the quality of
motion estimates at moving object boundaries and in occlusion
areas. The line elements, responsible for the ability of motion
vectors to depart from the a priori vector model (smoothness in
this case), have been also associated with intensity gradients to
improve reliability of the estimates.
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Fig. 5 MAP estimate of motion from the image in Fig. 4 without motion
discontinuities model.
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Fig. 6 MAP estimate of motion from the image in Fig. 4 with motion
discontinuities model.
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Fig. 7 MAP estimate of motion discontinuities from the image in Fig. 4
computed jointly with motion field in Fig. 6.
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Fig. 8 Enlarged sub-window of motion field from Fig. 5 (a) and from Fig. 6
(b); no horizontal or vertical subsampling of vectors.
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