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Abstract

This paper describes how the theory of pseudo-
Euclidean embedding can be applied for effective
multi-class texture classification. The textures are
classified according to the nearest neighbour rule
based on our recently developed texture metric. Our
objective is to significantly reduce the amount of
computation from an exhaustive search scheme. For
this purpose, a distance preserving vector space rep-
resentation of the texture data base is constructed.
This representation facilitates the selection and or-
ganization of a small subset of class prototypes so
that the search for the nearest class can be car-
ried out economically. This methodology is demon-
strated by experiments on 720 texture samples be-
longing to eight classes. On average, a reduction of
close to 70% is achieved.
Keywords: pseudo-FEuclidean spaces, distance pre-
serving embedding, multi-class texture classification

1 Introduction

The effectiveness of a supervised classification scheme de-
pends on what distance function is used to discriminate the
samples as well as how the search for the correct classes are
conducted. For multi-class texture classification, we have
recently developed a texture metric which has been demon-
strated to be highly effective in discriminating perceptually
similar textures of real objects[1,2]. In our original ap-
proach, classification is performed by simply computing the
distances of the texture to be classified to all of the samples
in the texture database. This exhaustive method is clearly
un-economical when the database is large. In this article we
will propose an improvement of the exhaustive method by
addressing the issue of effective search. Our methodology
employs a distance preserving vector space representation
of the texture data. This representation facilitates the se-
lection of a small subset of class prototypes which furnish
all essential spatial information for nearest neighbour clas-
sification. Accurate and economical classifications can then
be achieved by comparing against these prototypes alone.

In order to identify such prototypes, one must first have
an overall picture of the database. If we could visualize our
data geometrically, we would be able to describe them in
terms of the relative locations of the classes, as well as their
shapes and boundaries. By treating the texture elements
as a finite metric set [4], we can embed them (i.e. repre-
sent them as points) in a pseudo-Euclidean vector space.
The geometric configuration arising from the representa-
tion space would then provide the basis for the selection
of prototypes as well as the development of a hierarchical
classification scheme.

Though our present application is specifically on texture
classification, it is in fact an illustration of a new approach
to a very general class of problems. Provided we have a
good metric, our methodology can be generally applied to
any type of data which cannot originally be represented as
pattern vectors in a feature vector space.

2 Pseudo-Euclidean Representation
of Texture Data

For completeness, we will briefly describe the theory leading
to our methodology. The reader is referred to the original
references [3-6] for complete details.

2.1 Basic Concepts and Definitions

Let our texture metric be denoted by f. It has been shown
in [2] that f satisfies the following properties:

reflexivity for all texture samples t;,t;, f(t;,t;) >0 with
equality iff ¢; = ¢;,

symmetry for all t;,t;, f(t:,t;) = f(t;,t:),, and
triangle inequality for all t;,;,t ,
f(thtk) S f(tistj) ok f(tj’tk)'

Let § = {to,...,tn} be a set of N + 1 texture samples.
S, together with f, is referred to as a finite metric set.
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Our objective is to represent § as a set of vectors in some
vector space V so that the distances between elements are
preserved under the representation. More precisely, we wish
to find a distance preserving mapping

A:8§ -V
such that
1A (t:) = A@)lv = f(ti,t;) Ve t; € S.

In the above mapping, V is at most an N dimensional vector
space (since § has N + 1 elements) and || - ||lv is the vector
distance function defined on V.

It is well known that in order to measure distances in a
vector space, it must first be supplied with an inner prod-
uct. In general, the familiar class of Euclidean inner prod-
uct spaces cannot represent an arbitrary finite metric set.
Instead, a larger class known as pseudo-Euclidean spaces
is required. A pseudo-Euclidean space is a vector space V
together with a real valued inner product (+].) such that for
allf,ﬂ',iinVandallcinR,

L (24719 = (@l9) + (19,
2. (e2l§) = c(2]9),

3. (&19) = (313).

In standard coordinates, the inner product of £ and ¢

in an N(= p + g)-dimensional pseudo-Euclidean space can
be expressed as

ElD=zipn +...+ TpYp — Tp+1Ypt1 — -+ — TpiqUptq,

or equivalently,
t

A, L
0 _Iq . 3

Yp+q

Z
(zly) =
Tptq

where I, and I, are identity matrices of ranks p and q re-
spectively. The square of the vector distance between # and
¥ is defined as

2 - 91 = (Z - 912 - 9).
We will denote such an inner product space as R(P9). (p, q)
is known as its vector signature. The familiar N dimen-
sional Euclidean space corresponds to the special case p =
N and ¢ = 0.

The ezistence of a distance preserving embedding of a
finite metric data set into a pseudo-Euclidean space follows
from a theorem due to I. J. Schoenberg (3] and a full proof
by L. Goldfarb [4]. Presently we will provide an equivalent
proof which explicitly describe the construction process.

2.2 A Simple Constructive Proof

Our objective is to determine the signature (p,q) of the
representative pseudo-Euclidean space and the coordinates
of A(t;), 0< ¢ < N,in R®9), Let 7, = (=}, v, o)ibe the
yet to be determined coordinates of A(t;). Without loss of
generality, A(¢o) can always be chosen to be the origin, i.e.
Zp = (0,...,0). The distance preserving condition implies

tha.tforOSiSjSN,

.’t'.—lj
L £ 1. 1
0 -1, .

i J
IN — TN

; ; t
t J
Tim Ty

= f(ti,t;). (1)

i J
In — Ty

Equation (1) can be expanded and simplified so that for
1<4,5<N,

.

z

where

(M) 3= 5 {0 to) + £t510) - P00t}

Note that M is symmetric because f is symmetric. In more
compact form, equation (2) can be expressed as

Xt([, 0

. _Iq)X:M, 3)

where X, with (X),; = «}, is the matrix whose columns are
the representation vectors for ¢;.

Thus our problem amounts to factoring M into the form
of the left hand side of equation (3). Since M is real and
symmetric, a well known theorem in linear algebra assures

that it can be factored (for example via the well known QR
algorithm) as

M=E diag {A;...,\y} E*
with
E! = E,
In the above expression, ); stands for the ith eigenvalue of
M and the ith column of E is the sth unit eigenvector, i.e.
¢ oo bely=1, (4)

In general these eigenvalues can be either positive (in-
cluding zero) or negative. p and ¢ correspond to the num-
bers of positive and negative eigenvalues respectively, With-
out loss of generality, we can rearrange the coordinate sys-
tem so that the first p eigenvalues are positive. The matrix
diag{A; ..., Ax} can thus be further factored as

diag{z\l...,)\N}zA({;’ —OIq )A,

where
. 1
Azm%“MPWUMMﬂ.
Combining the results of both factorizations,

X = AB*, (5)

We have thus constructed a representation for § in R(P:9)
via the distance preserving embedding A:

A(to) = the origin,
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A(t.‘)=('A1|%e,'l,...,IAN|%C;N)t, ISZSN (6)

Equation (4) implies that |e;;| < 1 and it follows from
equation (6) that the magnitude of every jth coordinate

of Z; is at most |\;|7. Hence dimensionality reduction can
be achieved by dropping the dimensions associated with
small eigenvalues. In particular, dimensions corresponding
to zero eigenvalues can be discarded without any loss of
accuracy.

With these ideas in mind, we now proceed to describe
how the texture classifier is actually constructed.

3 Construction Procedure

Let our data set § be made up of classes Co,...,Cg. To
formalize our discussion, we first introduce a few definitions.

Definition 1 The center, c;, of class C; is the element of
the class whose sum squared distances to all elements of C;,
i.e. Yviec, f2(t,¢i), is minimum.

Definition 2 The radius of C; is max;ec; f(t,¢;).
Definition 3 The intra-class distance is ]—cl:—', Yicc. St ).

Definition 4 The inter-class distance between C; and C;
is defined to be f(ci,c;).

3.1 Ranking Information Contained in the
Data

In principle, no matter how large N (the size of §) is, an
ezact representation can always be constructed by the way
described in the constructive proof. However, the dimen-
sionality of the representation space would be very high be-
cause the distances between all pairs of elements are treated
as equally important. The key to an approzimate represen-
tation with low dimensionality lies in keeping only those
dimensions arising from the subsets of distances which con-
tribute significantly to the separation among the classes.

In order for an accurate and low dimensionality repre-
sentation to be possible, the following assumption is neces-
sary.

Assumption 1 The metric f defined on S yields intra-
class distances which are significantly smaller than the inter-
class distances.

Suppose an exact representation of $ has indeed been con-
structed. Assumption 1 implies that the classes would form
distinct clusters in the so constructed high dimensional
space. After the insignificant dimensions are discarded, the
large separations between clusters would be retained while
minor variations within clusters would be smoothed out.
Next consider a non-center element #'; i.e. t' € § \ C,
where Cis the set of class centers. Let ¢’ be the center of the
class to which ¢' belongs. Since by assumption the distance
from ¢’ to ¢’ is small, it may be significantly altered by
dimensionality reduction while the distances from #' to all
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other class centers should be relatively unaffected. Finally,
let ¢" be another non-center element. The exact distance
from t" to t' is restricted by the triangle inequality to within
a limited range:

f(t",CI) LSS f(C,,tl) S f(t",tl) S f(t",c') + f(C',tl).

Note that the amount of uncertainty is twice the value
of f(¢',t'). Thus we expect in general that dimension-
ality reduction would cause the greatest changes in the
distances between non-center elements, less so in the dis-
tances between centers and non-center elements and the
least changes in the inter-class distances.

The above observations suggest that our data set, which
can be conceived of as simply a collection of distances, be
divided into three categories in decreasing order of impor-
tance:

1. 01:= {f(c,c’)IVc,c' = C}i
2. G2:= {f(t,c)|[vt € § \ C and Ve € C} and
3. Ga:= {f(t,t")|V¢t,¢' € § \ C}.

1 contains the most important information because in
knowing the distances between the centers, the locations
of the classes relative to one another can be estimated. G2
is of secondary importance in that it provides the infor-
mation to position each non-center element relative to the
centers. Intuitively, this enables us to determine the general
shapes of the classes. Finally, since any distance f (¢",t') in
Gs lies in between f(t",c') £ f(t',¢'), which are both dis-
tances in §,, §s carries little additional information. More
specifically, §; contains the information about ezact shapes
of the classes which can be reconstructed at the expense of
high dimensionality.

The above ranking suggests a natural way to ‘build up’
a representation starting with the most important compo-
nents of a data set. Figure 1 gives an overview of the iter-
ative embedding process.

3.2 Iterative Formation of Multi-Class Rep-
resentation

As Figure 1 indicates, our basic approach is to first deter-
mine the positions of the class centers. The locations for
the remaining elements are then determined one at a time.

3.2.1 Determine the Locations of the Centers

We begin by embedding, using the method described in
Section 2.2, the K41 class centers co, ..., cx into the vector
space R("% based on the information contained in 1. Let

/\12"'2AP>0>AP+12"'ZAP+G (p+qSK)

be the eigenvalues obtained in this construction and let #,
0 < ¢ < K, be the representation vectors for the class cen-
ters. We have assumed, without any loss of generality, that
all the eigenvalues are non-zero. This preliminary repre-
sentation will be referred to as the skeleton upon which
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Figure 1: iterative embedding process

additional details concerning the various classes will be at-
tached.

3.2.2 Determine the Shape of Each Class

Next, we ‘fill in’ the shape of each class by successively
embedding the remaining elements around their respective

class centers. Let ¢ be the current element to be embedded.
From §;, we know the distances from f to the class cen-
ters. Geometrically, these K 4 1 distances determine the
position of £ in a K + 1 dimensional space which contains
the skeleton as a K dimensional subspace. The component’
in the (K + 1)th dimension is negligible because f is much
closer to its class center than to the other centers. We
can therefore obtain an approximate representation of ¢ by
dropping the (K + 1)** dimension. This process is known
as the orthogonal projection of { into the skeletal space.
Figure 2 illustrates this idea with a two dimensional
skeleton. Points O, A and B are respectively the locations

@‘mﬁtted in practice

‘approximate
representation

further
reduce
the
skeleton

final
representation

R(0)

of class centers ¢y, ¢; and ¢, on the X — YV plane. The
distances tio, dy and d, from { to the centers fix the position
of { to be at T. P is the projection of T onto the plane.
|TP|, the length of the component in the Z dimension, can
be estimated by |T R, the height of AOBT. (Alternatively,
we can also use AOAT.) Clearly |TR| is insignificant if
|OB| > |OT)|. In this case, P would be a good approximate
representation for ¢.

In general, let ¢ (illustrated by OT in Figure 2) be the
exact vector representation of { in some higher dimensional
space, and £ (O_P) be the projection of 9 onto the skeletal
space R®9, It can be easily verified that Z and ¢ have the
same orthogonal projection (OQ) on #' (OB),for 1 <i <
P+ g. Since the orthogonal projection between two vectors
is given by their inner product,

(#|7) = (/7). (7)
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X A

Figure 2: incorporating a new sample into a two dimensional skeletal space

The R.H.S. can be rewritten as
e e e | =i A m e
(@12 = 5 {Gl9) + (&1&) - (o - #o - )}

We recognize that the three terms inside the braces are the
squared distances f%(f,co), f2(ci,co) and f%(f,c;) respec-
: ; i L0
tively. The L.H.S. of equation (7) is simply £* ( (;’ _I

q
Thus equation (7) can be expressed in the matrix form

tf I 0 A
X(O B T =0

(0 i= S { (o) + Fleiveo) = flEre)}. ()
In other words,
A Ip Y t\-17
1:__<0 —Iq)(X) b. 9)
In the above formulation, X is the coordinates matrix for
the class centers as defined by equation (5). Thus we have
obtained an approximation representation # in R(®% for
{. The same process then repeated to incorporate another
element.
Physically the projection of elements into the skeletal
space can be interpreted as a ‘local flattening’ of the actual
representation space around the class centers. This ap-

proximation causes an squared representation error €(t;,t;)
in representing the distance between elements ¢; and b

Pleat) - ()= 4w (5 ) (e - 4.

—

where

In the above expression, A(t) is the vector representation

of t and f(t;,¢;) is of course contained in ;. Thus O3 is
useful only in determining the errors in the representation
and does not enter explicitly in the construction process.

3.2.3 Further Reduction of the Skeleton

At this stage, we have already significantly reduced the di-
mensionality because K < N. However, it is very advanta-
geous to make the dimensionality of the final representation
as small as possible. Thus we would seek to further reduce
the skeletal space. For this we need another assumption.

x.

Assumption 2 Let A\; > ... > Ag be the eigenvalues ob-
tained from the construction of the skeleton. Also let a pre-
scribed threshold € < 1 be given. There is a small integer s
such that

Lensisk|M| _

Licicxl|X| ~
If Assumption 2 holds, the dimensionality of the skeleton
can be reduced from K to s while maintaining a prescribed
degree of accuracy.

3.3 Extracting the Class Prototypes

The main advantage of a vector space representation is
that it offers explicit geometric information about the whole
data set. The spatial locations of the elements provide a
geometric ordering which is not available by simple inspec-
tion of the pairwise distances. Presently we will discuss the
extraction of prototypes for supervised nearest neighbour
classification. Since the usefulness of our representation de-
pends on its geometry, we will restrict our attention to a
geometry with which we are most familiar.

Assumption 3 The most significant eigenvalues associ-
ated with the skeleton are all positive.

This will ensure that the final representation space is Eu-
clidean.

With an Euclidean representation, we can define the
class polyhedron A; to be the smallest convex polyhedron
which contains all the elements in class C;. The set V; of
vertex elements consists of all the elements located at the
vertices of A;. For each point on each face of the polyhe-
dron, we find the class element closest to it. The collection
of all such elements is identified as the set of prozimity el-
ements to the surface of the A;. The closest element in C;
to any given point T outside A; must clearly be one of the
vertex or proximity elements.

Figure 3 illustrates this idea in two dimensions. The
solid semi-circle is centered at the midpoint of the edge
connecting vertices V; and V;i;. The set of all potential
proximity elements to that edge, denoted as P; ;,,, must lie
inside this semi-circle because any other element, e.g. I,
is clearly further away from every point on that edge than
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Vi or Vjy,. Similarly, the dotted semi-circles show that
I1, though inside the solid semi-circle, is not a proximity
_ element because it is further away from every point on the
edge than P. Since the exterior point T lies even further
~ to the other side of the edge, we can rule out Iy and I, as
candidates for the closest element to 7.
Class polygons and the associated prototypes can be
easily determined in two dimensions. In principle, the same

can be accomplished in an arbitrary p dimensional Eu-
clidean space with various algorithms [7,8]. However, the
number of prototypes increases rapidly with dimensionality.

The class center, the vertex elements and the proximity
elements for a given class are collectively referred to as its
class prototypes. It is clear that the prototypes can natu-
1ally be organized into a hierarchy with each class center
pointing to a set of vertices and each pair of vertices in the
same class pointing to a set of proximity elements. Using
these prototypes, a 3-step search strategy can be developed.

4 Search-Effective Strategy

For simplicity, we will present our strategy for a two dimen-

sional representation space. Let f be the unknown texture
to be classified.

‘begin{classification algorithm}
"}Step 1: {eliminate classes using hyperspheres}

1.1) for (0< i < K) do
compute from frequency diagrams of
and ¢; the distance 4 = f(f,c)

)

1.2) find jpyn such that A= mineg;<x df;

Figure 3: Proximity elements derived using class polygon; P is the closest element to T

1.3) M=o,
for (OS]'SK) do
il di —r;) then

Jwmin

eliminate class C; from search;
else

M=M+1,;

M = J;

1.4) if (M = 1) then
classify £ to class G
STOP;

Step 2: {eliminate classes using vertex elements}

Let Q = {C,|; = G15--+,qm} be the classes left over from
Step 1.

2.1) for all C; € Q and all vl €Y

compute dj, := f(f,v]);
2.2) identify ;. and kmin such that

Biata s, = DG Y
2.3) L=0; i

for all C; € Q and all neEY;

if (d;'...xn.kmi.. <d3y — f(v}, Vi41)) ;
eliminate the edge Joining v} and
U4y from search (Vv 41 = vi);

else
L=1L+1
R =j;
B =k;
2.4) ifi R1 = == RL — jmin then

classify £ to class €
STOP;
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Figure 4: Step 1 in classification algorithm:

Jmin = 2; Co and Cy are eliminated

Step 3: { Compare against proximity elements}

3.1) foralll € [1,L] and all p, € PEﬁ,l,EL+1
compute dg, g, = f(t,P,);

3.2) identify ming, g, s dr, E,. and record corre-
sponding class number /pn;

3.3) classify £ to class Cy,,,;
STOP;

end{classification algorithm}

Twice in this algorithm, the triangle inequality is used
to eliminate prototypes from further consideration. For ex-
ample, Step 1.3 is illustrated by Figure 4 and is briefly
explained as follows. The texture distance between t and
class C; is

d(¢,C:) := min F&,t) = f(tstin)s

where t; ,, is the element in C; closest to t. According to
the nearest neighbour rule, £ is classified to C; iff

d(,C;) = mind(f, C;).
1
Since f satisfies the triangle inequality,

d:: = f(t_,ci) S d(t-, C")+f(t.‘mm,c") = d(f, C,‘)+T,', 0 S l S K.

In other words,
di=r, < dCy)) 0<i < K.

Hence if
ds < df Z

Imin —

then
d; < d(fs Cs)

min
and we can eliminate from our search all such classes C;.
The rationale for Step 2.3 is similar and will not be de-
scribed in detail here.

i
I
gl

1

i

1
i
i
T
I

Figure 5: actual texture appearance

5 Experiments

Our methodology is tested eight classes of textures taken
from Brodatz’s album[9] (Figure 5). They are: reptile skin
I (D3), pressed cork (D4), woven aluminum wire (D6), her-
ringbone weave (D16), French canvas I (D20), French can-
vas II (D21), reptile skin II (D22), and wood grain (D68).
Some of these classes are very similar. For example, woven
aluminum wire (D6) is similar to French canvas IT (D21) in
terms of directionality, French canvas I (D20) is taken at 4
times the magnification of French canvas II (D21) and rep-
tile skin I (D3) and reptile skin IT (D22) only differ from one
another in that they are photographed under different light-
ing conditions. The actual photographic images are digi-
tized to produce the line and circular frequency diagrams.
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intra-class || inter-class | D3 D4 D6 | D16 | D20 | D21 | D22 | D68
distance distance ‘
0.054 D3 0.170 | 0.647 | 0.356 | 0.190 | 0.149 | 0.022 0.297 |
0.039 D4 0.170 | 0.500 | 0.194 | 0.218 | 0.153 | 0.191 | 0.180 |
0.077 D6 0.647 || 0.500 0.321 | 0.466 | 0.658 | 0.655 | 0.412
0.037 D16 0.356 || 0.194 | 0.321 0.316 | 0.341 | 0.372 | 0.147
0.054 D20 0.190 || 0.218 { 0.466 | 0.316 0.250 | 0.195 | 0.270 ||
0.038 D21 0.149 0.1534[ 0.658 | 0.341 | 0.250 0.169 | 0.317
0.044 D22 0.022 [ 0.191 [ 0.655 0.372 | 0.195 | 0.169 0.308 |
0.059 D68 | 0.297 || 0.180 | 0.412 [ 0.147 | 0.270 0.317 | 0.308
Table 1: inter-class and intra-class distances
A]. A2 AG i Al | ’\5 AG A7
3.97x 107" [ 542 x 1077 [3.72x 1077 | —1.91 x 107 | 7.34 x 10~3 | 2.45 x 103 8.06 x 10~* |

Table 2: eigenvalues for the skeletal representation

Altogether there are 720 texture samples. To make most
efficient use of our data, the m-method[10] is used. Ten in-
dependent experiments are performed. In each experiment,
10% of the data is randomly withheld. The remaining tex-
ture elements are then used to construct the classifier. The
proposed classification scheme is then used to classify the
withdrawn samples. This procedure is repeated, i.e. with
another subset randomly withheld and a new classifier con-
structed, until every texture sample has been withdrawn
and tested.

5.1 Construction of the Classifiers

The classifiers are constructed according to the procedure
outlined in Section 3. Table 1 displays the overall compar-
isons between the inter-class distances and the intra-class
distances. With the exception of the two reptile skins (D3
and D22), all the intra-class distances are small comparing
to the inter-class distances. Thus our data is in reasonable
agreement with Assumption 1.

The eigenvalues arising from the pseudo-Euclidean em-
beddings do not vary significantly between different exper-
iments. Table 2 displays the seven largest eigenvalues from
one of the experiments. Only one of the eigenvalues is neg-
ative. Furthermore, the three most significant dimensions
are Euclidean with

EZ=4 IA'I

E;{=1 ’ ’\il
Thus Assumptions 2 and 3 are satisfied and we conclude
 that our data can be well approximated by a 3-dimensional
Euclidean representation. In order to further simplify the
- computations, we decided to retain only 2 dimensions. The
error incurred is still within acceptable limits:

EZ:S 'A‘,

Et'?=1 I’\t"

=~ 5.8%.

~ 12.9%.

5.2 Results and Evaluations

~ The results from the 10 experiments are summarized in

Table 3. Recall that an exhaustive scheme would require
720 X 90% = 648 comparisons for each sample classified.
The high classification rate is not surprising since under

class | classification average # % of exhaustive
rate of comparisons search |

D3 96.7% 256.6 39.6 \
D4 100% 292.6 45.2

D6 100% 82.1 12,7

D16 100% 226.1 34.9

D20 100% 203.3 31.4

D21 96.7% 193.7 30.0

D22 100% 209.0 323

D68 100% 147.0 22:7

average percentage 31.1%

Table 3: m-test results

an one-to-all comparison scheme, our texture metric pro-
vides a better than 98% classification rate for a similar set
of experiments[2]. Further examinations of our current re-
sults show that 3 samples out of 90 in D3 (reptile skin I)
are mis-classified to D22 (reptile skin II) and 3 samples in
D21 (French canvas II) are mis-classified to D20 (French
canvas I). Clearly, the 2-dimensional approximation has in-
troduced errors in the discrimination among these two sets
of very similar textures. Overall, our results do confirm
that the Buclidean embedding is indeed a very accurate
representation. The most important conclusion is that the
proposed methodology does yield significant reduction in
classification time (68.9%) as compared to an exhaustive
method.

6 Conclusion

In summary, we have proposed a search-effective algorithm
for multi-class texture classification. It is demonstrated
that a vector space representation and a three steps search
strategy lead to a significant reduction in the number of
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comparisons. Provided Assumptions 1-3 hold, the pseudo-
Euclidean embedding method provides an effective way to
handle data of very general types. Our future research will
investigate possible generalizations of our methodology un-
der more relaxed conditions. We also hope to make further
use of our texture metric by developing a hierarchical vec-
tor space representation so that an efficient data manage-
ment scheme can be constructed for an even larger texture
database.
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