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Abstract

In this paper, parallel VLSI implementation of the
Kalman filter is developed for digital image restora-
tion. The original image model and the degrada-
tion model are both represented by Roesser’s 2-D
SISO state-space models, a simple composite dy-
namic structure based on a cascade technique is ob-
tained. From this composite model, the Kalman fil-
tering equations are established by defining a proper
state vector. To speed up the recursive estima-
tion procedure, the computational independence be-
tween the samples along the diagonal lines in a first-
quadrant system is examined and the diagonal filter-
ing scheme is used. Finally, a dedicated VLSI ar-
chitecture for high speed applications is proposed, it
results in estimation of one pixel in each multiplica-
tion/addition time period.

1 Introduction

The Kalman filter has been one of the most widely
applied techniques. There are many successful ap-
plications, such as adaptive controls, signal process-
ing, target tracking and communications. Recently,
considerable effort has been devoted to the applica-
tion of the 1-D recursive Kalman filter to restore the
noisy and blurred 2-D images. By using a state space
model, the unknown state vector is estimated recur-
sively for each new observation. It has been shown
that the Kalman filter is an optimal estimator for
image restoration.

There are several problems in extending the stan-
dard 1-D recursive state filtering techniques to the
2-D case, such as: how to establish a suitable 2-D re-
cursive model by defining a proper state vector; how
to reduce the dimensionality of the resulting state
vectors by reasonable approximation; how to speed
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up the Kalman filtering procedure by processing sig-
nals in parallel.

In recent years, image modeling and reduction of
the orders of the Kalman filter for image restoration
have been received considerable attention. Several
different filtering schemes, such as line-by-line filter-
ing, vector filtering, strip filtering and block filtering,
have been proposed [1-9]. Woods and Radewan [4]
have proposed two 2-D Kalman processors for the
images degraded by noise. One, called the strip pro-
cessor, updates a line at a time; the other, called the
reduced update Kalman filter (RUKF), is a scalar
processor. The RUKF scheme was shown to offer
significant reduction in the total computation load.
Angwin and Kaufman [6] proposed the reduced order
model Kalman filter (ROMKF), which is based on a
low-order state-space model of an image. The low
dimension of this system results in decreased com-
putation times. In [7], Suresh and Shenoi proposed
the Kalman strip filtering with modeling the blur by
a 2-D state-space structure. Wu [8] employed three-
dimensional state-space models to develop another
strip filtering model for the degraded image with
a nonsymmetric half-plane support. Later, Azimi-
Sadjadi and Wong [9] presented a two-dimensional
block Kalman filtering. This 2-D block state-space
model takes into account the correlations of the im-
age data in successive neighboring blocks and reduces
the edge effects. However, the optimal Kalman filter
for strip observations as well as the one for the block
observations are characterized by complexities and
large computational requirements.

The processing of a Kalman filter requires ma-
trix/vector operations such as multiplication, addi-
tion, subtraction, and inversion. Among these, ma-
trix inversion is the most difficulty to implement. Es-
pecially in the 2-D case, the dimensionalities of the
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matrices are much larger than the 1-D case. For-
tunately, with the rapid development of VLSI inte-
grated circuits, it is feasible to implement Kalman
filters by parallel array architectures. Recently, VLSI
implementations of the Kalman filters have been
given by several authors [10-12]. However, it is still
a problem to realize the Kalman filter for image
restoration by simple means and at real-time speed.

In this paper, a diagonal 2-D Kalman filtering
scheme which models both the image and the lin-
ear spatial invariant (LSI) blur by 2-D state-space
structures is proposed. We start with a brief review
of digital image restoration. Next, for simplifying
the filtering procedure, 2-D state-space structures for
autoregressive (AR) image generation model and LSI
blur model with the quarter-plane region of support
are introduced. Then, these two state-space struc-
tures are cascaded to form a composite state-space
dynamic model and the Kalman filter equations are
established. Finally, to achieve a real-time process-
ing speed, an efficient VLSI implementation with the
diagonal scheme is presented.

2 Image Restoration

In many practical imaging situations, blur is a distor-
tion which affects the image in a deterministic man-
ner, while noise is a stochastic phenomenon which
corrupts the image. Therefore, the observed image
pixels for a blurred and noisy image can be modeled
as the output of a linear filter, which is described by

y(m,n) = i jer, hij(m,n) f(m —i,n — j) + v(m,n)

(1)
where h;;(m,n) represents the space-varying degra-
dation function or point spread function (PSF) with
support denoted by R,; f(m,n) represents the un-
corrupted image of size M x N; y(m,n) is the ob-
served image; and v(m, n) represents the observation
noise. The noise which is a stochastic phenomenon,
in most practical situation may be considered to be
white Gaussian. For LSI blur, (1) can be written as:

y(m, n,) =5 zi,iieﬂxhijf(m — .7) -+ U(m’ n) (2)

The original image can be modeled as an autoregres-
sive Gauss-Markov process driven by uncorrelated
Gaussian white noise, described by

f(m, n) = zkylenqcklf(m —k,n— l) + u(m, n) (3)

In this equation, f(m,n) represents the original im-
age; cy; represents space-invariant model coefficients;
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u(m,n) is the noise process accounting for the er-
ror in the model; and R, represents the support re-
gion. The block diagram representation of the input-
output model of the degraded images is given in
Fig.1.

The image restoration problem is to estimate
f(m,n) from the observed image y(m,n) according
to some optimality criterion. There are two cases,
one is given the PSF of the LSI blur and some sta-
tistical knowledge of the noise as well as image co-
efficients obtained from some available set of similar
images. To use a recursive spatial domain estimator,
i.e. the Kalman filter, we incorporate the blurred
model and image model into a state dynamic model.
The Kalman equations are then established and the
system matrices are derived according to the PSF
and the image coefficients. In other case, image pa-
rameters are not available. It is necessary to consider
the implementation of an adaptive 2-D estimator to
identify and estimate the images. This paper is con-
cerned with the former case.

3 State-Space Modeling

3.1 Image Generation Model

In order to use Kalman filter to restore the image,
we first have to know the correlations between pixels
of the original image. When the previous pixels are
estimated, the current pixel can be predicted based
on the correlation. Then, using the current obser-
vation, we correct the prediction to get the optimal
estimation.

The image generation model has been propcsed
by several authors. Basically, the image is mod-
eled as an autoregressive Gaussian-Markov process
driven by uncorrelated Gaussian white noise [4,5]. In
[7,8], Suresh and Azimi-Sadjadi modeled images as
a causal quarter-plane vector AR process. However,
the correlation between pixels which lie on the same
column in the strip is not incorporated. Here, the
Roesser’s 2-D state-space model [13] will be used to
represent the image AR model with a quarter-plane
region of support.

Consider an image process that starts from the
upper-left-hand corner of the image and then pro-
ceeds horizontally line-by-line. The current output
pixel of the image process only depends on the past
pixels. Assume the image pixels are produced recur-
sively by a first- quadrant or “causal” system.
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Then, we have Roesser’s state equations for equa-

tion (3)
R,(m +1,n) = 44 R, (m,n)
Su(m,n + 1) At e Su(m,n)
Bl
+ | 5 ] st @)
R, (m,n)
= 1 2 )
f(m’ n) 5 [ Cu, C-u [ Su (m7 n) :I
+ Dyu(m,n). (5)
where m = 0,1,...,.M-1,n=0,1,..,N—1. u(m,n)

and f(m,n) are the driven noise and the output im-
age, respectively. R, (m,n) is the horizontal state-
space vector component of dimension r, x 1, and
Su(m,n) is the vertical component of dimension
s, x 1. A,,B,,C,, and D, are (r, + 8,) X (7 +
8u )y (Ta+84) X 1,1 x (74 +3,), and 1 x 1 matrices. r,
and s, are the number of dependent pixels respec-
tively in the horizontal and in the vertical directions
related to the current pixel. Notice that the current
state vector is calculated by the following equation:

R R b
[ Samn ]

s

where
e [ Az ay ] ’ .
RS i ®)
B! :[%ll 133]. (9)

When the image coefficients in equation (3) are
found, the system matrices in (4) and (5) can be
easily derived by using a signal flow graph mapping
method [14]. For example, if

flmyn) = ciof(m—1,n)+ corf(
ciif(m—1,n— 1)+ u(m,n),

and the state variables are chosen as the outputs of
the delay operators, as shown in the signal low graph

Fig.2, the matrices A, B,,, C,, and D,, for Roesser’s
model are as follows:

_ | 1o 1

e em

AL
Au = [ A2‘1

m,n —1) +
(10)

12
Au

A% ] ; (11)
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1
B, — [ ]:[0]; (12)
C.,, = [ C,i 03 ] = [ C10 ] ) (13)
D= (14)

3.2 LSI Blur Model

Qur aim now is to obtain a model of blurs, the de-
terministic degradation. 2-D state-space models for
linear image processing have been proposed by sev-
eral authors. Here, we will use Roesser’s 2-D state-
space model again since it is more general one. Let
f(m, n) be the scalar input, the pixel element gener-
ated by the image process mentioned above. y(m,n)
represents the blurred pixel at the same location. A
vector R¢(m,n) is defined as the horizontal state,
which is assumed to convey information in the hor-
izontal direction. Similarly, a vector Sy(m,n) can
be chosen as the vertical state to convey information
in the vertical direction. The vectors R¢(m,n) and
Sf(m,n) together are called as the local state since
they are propagated locally and can only determine
the output pixels next to them. For a infinite impulse
response (IIR) system or a finite impulse response
(FIR) system, the state vectors can be chosen as the
outputs of the delay operators. In general Roesser’s
local state-space equations are:

[R,«(m—i—l,n)] > [A.“

A12
Sg(m,n+1) Aél

Agz Ry(m,n) ]

St (m,n)

o AT CE D
ol i, 61 it |
+ Dy f(m,n). (16)

where, Ay, By, C¢, and Dy are system matrices of
appropriate dimensions.

For a known linear spatial invariant blur, h;;, a
local state-space realization can be obtained by in-
specting the relationship between the input, the out-
put and the state vectors of the signal flow graph.
Then, given values for the boundary conditions (such
as all zero) and the input f(m,n), the equations
produce an output state vector and an output pixel
value, and the image is processed recursively.

4 Kalman Filter Formulation

To implement the Kalman filter, we must incorpo-
rate the image generation model and the LSI blur
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model into a composite state dynamic model, i.e. a
state update equation and a state-dependent output
equation. In other words, we have to determine the
elements of the state vector for the whole system such
that the following equations can be obtained:

x(m+1,n) = Ax(m,n)+ Gw(m,n)+
Hu(m,n)) (17)
y(m,n) = Cx(m,n)+v(m,n) (18)

where x(m,n) represents the state vector; w(m,n)
denotes a deterministic input vector; u(m,n) is a
noise vector; and A, C, G and H are system matri-
ces. The terms v(m,n) and y(m,n) have been de-
fined previously. ;

As shown in Fig.3, the image generation model
and the blur model are cascaded to form the whole
system, and a white noise v(m,n) is added as the
observation noise. Let

SEa (m,n)
R(m,n) = [ TR (19)
g Su(m, n)
S(m,n) = [ B lemin ] (20)
thus, we have
R(m o+ 1, n) A11 A12 R(m, n)
S(m,n+1) Axr Aalg S(m,n)
B,
+ [ B, ]u(m,n) (21)
R(m,n
ymmn) = [C1 C: | [ Sém n)) ]
+ Du(m,n)+ v(m,'n) (22)
where,
All 0 A12 0
wo = | iy ay J 4= | sye ap ]
AL 0 A22 0
an = [y | [ e ]
B, AN
m = [ ab. ]| .
¢ 22 PP, OL 0] W0y = [ D;C2 C} ]

D = DfD'u.

By comparing equations (17,18) and equations
(21,22), we find that there are two problems to be
solved. First, the input random process u(m, n) ap-
pears in the observation equation of (22) but not
in (18). Thus, the equations of the conventional
Kalman filter gain and the error covariance matrix
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can not be used directly. Second, since the local
state propagates horizontally and vertically, the state
at (m + 1,n)th position depends on the states of
positions of (m,n) and (m + 1,n — 1). Therefore,
we modify the state vectors of the system by in-
cluding u(m, n) and the state vectors for (m, n) and
(m+ 1,n—1) in it. Let k = (m, n), and define:

m,n 4 ,
)= [ R(mRJ(r 1’,n)— e 1
k) = [ S(msj(LnI’,Z)— 1) W (24)
AR [ u(m”i"l",?_ 1) | e
R(k+1) = [R(Ifr(tn-:;,tﬁ)l)w (26)
Sk+1) = [S(ig”l;’tf)l)w (27)
um n 1 >
Uk+1) = [u(n(wg,;’_)l) (28)
S = [ u(:(zr:;,m)l) ] b
The state vectors are then defined as
[ R(k)
x(k) = | S(k) (30)
| U(k)
[ R(k+1)
x(k+1) = | S(k+1) (31)
| Uk +1)

Now, the problem left is that the state vector x(k +1)
can not be represented in terms of x(k) since R(m +
2,n—1) and S(m+2,n—1) are not related to x(k--1).
We approximate these values by their most recent
estimates with the uncertainty represented in a noise
term. Let

Rm+2,n—1 :
T = [ ng+2,n— 1; } w2
i R(m+2,n—1) 5
Wb [S(m+2,n—1)] 5
Then we have:
x2(k) = w(k) + wa(k) (34)

where w(k) indicates the best available estimate of
the state vector, x;(k), and wy(k) is the noise in-
cluded to account for uncertainty in this approxima-
tion. The equations (21) and (22) are changed t >

x(k + 1) = Ax(k) + GX2(IC) + Fuz(lc) (35)
y(k) = Cx(k)+ v(k) (36)
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where
[ A;; 0 4,2 0 By 0
S A R LR e
e 0 Azl 0 A22 0 BZ
§ e (7 o0 d8hLE et in i 1T
@G CEE g g Bvaps 01
e = e g Amga Sy
A O T e
G:_000100] (58]
r T
0000 10
F“_000001} (29)
e [ G106 200050, ] (40)

where T denotes the transpose of the matrix. Finally,
by substituting w(k) and wa(k) for x;(k), define
u(k) = [ wa(k) uz(k) ]T,andH =G eF | the
desired equations as (17) and (18) are obtained:

x(k+1) =
y(k)

Therefore, we can use the conventional Kalman fil-
tering formula to estimate the state x(k).

Ax(k) + Gw(k) + Hu(k) (41)
Cx(k) + v(k) (42)

Il

x(k|k—1) = Ax(k—1]k—1)+ Gw(k) (43)
P(klk—1) = AP(k—1|k—1)AT +
HQ,(k — 1)HT (44)
K(k) = P(klk—1)CT{CP(k|k - 1)CT +
Q. (k)} ! (45)
P(klk) = {I— K(k)C}P(klk—1) (46)
%(k|k) = %(klk—1)+ K(k) x
{y(k) — Cx(k|k — 1)} (47)
- h R (k
fm =-tet al|E@]

where P(k) is the error covariance matrix and
K(k) is the Kalman filter gain. Qu.(k) =
E{u(k)uT(k)},Q,,(k) = E{v(k)vT(k)}, and f(k) is

the optimal estimate of the image.

5 Parallel VLSI Implementa-
tion

In this section, we propose a VLSI Kalman filter ar-
chitecture for image restoration. As shown above,
the Kalman filter is computationally intensive since
in each estimation, many matrix operations are per-
formed. In our scheme, the filter is a scalar processor.
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The dimension of {CP(k — 1|k — 1)CT + Q,} ! is
1 x 1. As a result, the matrix inversion is avoided.
However, matrix-matrix multiplications and matrix-
vector multiplications still prevent the potential ap-
plication of this Kalman filter to high speed process-
ing.

In order to accelerate the Kalman filter process-
ing speed, highly parallel VLSI systolic structures
have been proposed by several authors to perform the
Kalman filtering [10-12]. Here, based on the analysis
of our image model, we will give a very fast imple- '
mentation architecture.

First, the matrices of the Kalman filter equations
are highly sparse and in effect, not all components
of the state vector x(k) have to be updated. Only
the state components for pixel at (m, n) need to be
calculated, while the state components for pixel at
(m+ 1,n — 1) are already generated. Therefore, the
computations for equations (43) and (47) can be re-
duced. Due to the same reason, the implementations
of (44), (45) and (46) can also be simplified.

Second, for the first-quadrant image model, the
pixels along the diagonal lines are computation-
ally independent. They can be processed concur-
rently. Thus, to achieve high speed and high uti-
lization of the systolic array structures, the diago-
nal scanning method is used [15,16]. That is, im-
age is divided into horizontal strips. The width
of the strip, W, depends on the number of de-
lays between the input and the output of the im-
plementation. Let us consider the process of one
diagonal segment within one strip, which starts
from the nth line. As shown in Fig.4, when the
state vector of pixel (m — 1,n), x(m — 1,n) =
[ Rim—1,n) S(m-—1,n) u(m-—1,n) ]T,
enters the array processor, the prediction of the state
component,R(m, n) can be calculated. At the same
time, $(m, n) is generated based on the initialized or
previous estimated values of the state vectors of pixel
(m,n—1),x(m,n—1). Next, x(m—2,n+1) is ready
to enter the array for producing R(m-— 1,n+1). And,
at same time, the state vector x(m—1,n) can be used
to calculate the vertical component S'(m —1,n+1),
and so on. Therefore, for each pixel, the horizontal
and the vertical state components can be computed
simultaneously. And for the pixels along the diagonal
lines, they can be processed concurrently or sequen-
tially without waiting time.

Third, the Kalman gain evaluation is determined
by the model parameters and the statistics of the
random process, Q, and @Q,. Hence, K(k) can be
calculated before estimation is carried out since it
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does not depend on the measurements [17]. Further-
more, since the Kalman gain converges to a steady-
state solution after a certain number of iteration, it
can be evaluated off-line until it converges and then
can be used in the real-time state estimation.

Although, in (45), gains are updated recursively
as the estimation proceeds. To implement (44), (45)
and (46), it is time consumable since they can not be
performed in parallel. Fortunately, when the diago-
nal estimation scheme is used, the gain generated at
kth iteration will not be used by the next iteration.
It will be used by the processing of the pixel at the
same line of the next segment. That is, the gain K(k)
is related to K(k + W) not to K(k +1). Therefore,
the Kalman gains,K(k), K(k + 1), KW= 1)
can be calculated in parallel based on the results of
the previous diagonal segment.

The implementation of this Kalman filtering con-
sists of two parts: the state vector update part and
the error covariance and Kalman filter gain calcula-
tion part.

The state update part is shown in Fig.5, which
performs (43),(47) and (48). In this design, we as-
sume that vertical and horizontal state vectors for
the boundary are initialized to zeroes. A simple sys-
tolic array is used to generate the predicted estimate
of the state vectors. Next, a one-dimensional array is
used to obtain the measured error between the obser-
vation value, y(m, n), and the predicted value. Then
another 1-D array is followed to correct the estimated
states to the optimal values.

To begin the operations, the state vector of pixel
(m - 1Ln) x(m - 1,n) =
[ R(m—1,m) S(m—1,n) u(m-—1,n) 154
enters the prediction of the state
component,fi(m, n) can be calculated. At the same
time, S'(m, n) is generated by the initialized or pre-
vious estimated values of the state vectors of pixel
(m,n —1),x(m,n — 1). Then, x(m — 2,n + 1) en-
ters the array for producing ﬁ(m —1,n+1). And,
the state vector x(m — 1,n) propagates to the right
for calculating $(m — 1,n + 1), and so on. When
the boundary of the strip is reached, the generated
state vectors have to be stored in buffers for process-
ing the next strip. The estimated state vectors of
the last strip stored in the buffers are popped to the
array for processing the next segment. It takes one
cycle, which is equal to W clock times, to process one
diagonal segment. It is clear that every cycle one ini-
tial state vector for the first line of the strip needs
to be retrieved from the storage, one generated state
vector for the last line has to be stored. Notice that

the array,
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in this design at every clock one pixel is estimated
and the clock period depends on the time in which
the K (k) can be generated.

The implementation of the Kalman filter gain cal-
culation part is given in Fig.6. It is a direct real-
ization of (44), (45) and (46). We use the rectan-
gular systolic arrays and one dimensional systolic ar-
rays to implement the matrix-matrix multiplications,
matrix-vector multiplications, and divisions. Note
that the latency for this implementation is not small.
But, the inputs for one segment can be pipelined into
the array, the outputs come out from the array at ev-
ery clock time. When the delay of the state update
part is equal to the delay of the gain calculation part,
one pixel can be estimated at every clock time. It re-
sults in real-time processing.

In the proposed Kalman filter array processors, be-
sides the delay and the multiplex, there is one divi-
sion processing element. All the others are the basic
processing elements, that is, they perform the mul-
tiplication and accumulation operations. After the

initialization, the processor utilization efficiency is
100%.

6 Conclusions

This paper gives a real-time implementation of 2-
D Kalman filtering for image restoration. 'The
Roesser’s 2-D local state space model is used to rep-
resent the image process and the blur process. As a
result, a simple procedure to establish the Kalman
filter equations is obtained. This scalar filtering al-
gorithm provides a computationally feasible proce-
dure for the restoration of large images. To real-
izing the Kalman filtering procedure, a VLSI sys-
tolic array structures is presented. For higher speed
and higher utilization of this processor, a diagonal
scanning method is suggested. The proposed filter
scheme can be extended to the causal image model
and the causal blur with nonsymmetric half-plane
support.
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Fig. 1 Block diagram representation of the image generation
model and the degradation model.
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Fig.2 The flow graph of AR image model for first-quadrant
support region with first order.

Fig. 3 The cascade of two 2-D state space models. The first

one is for image generation and the second one is for
the LSI blur model.

Fig. 4 The diagonal estimate process within each horizontal
strip.(W = 4)
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Fig.5 The architecture for state update part of the Kalman filtering.
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Fig. 6 The implementation of the error covariance and Kalman gain calcluation.
All the processing blocks are systolic arrays.
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