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Abstract

A number of 3-D thinning algorithms are examined.
There are three approaches reported for the thinning of
3-D binary patterns based on the notions of path-connec-
tivity, connectivity number, and topology. Their merits
and demerits are described and suggestions for improve-
ment have been included wherever possible. The algo-
rithms published so far seem to be inadequate in one re-
spect or the other. One common problem is that either a
necessary or a sufficient (but not both) condition has been
used to determine whether a voxel can be removed or not.
A necessary but not sufficient condition leads to incorrect
results while a sufficient but not necessary condition means
that more voxels could have been removed in any iteration.

Keywords: 3-D thinning, skeleton, connectivity, erosion,
interior voxel.

1 Introduction

Skeletonization (or thinning) of 3-D binary patterns can
be performed iteratively by removing, in each iteration,
voxels on the surface of an object until the object is re-
duced to a set of lines or curves of unit width!. In other
words, skeleton should consist of just enough voxels neces-
- sary to maintain connectedness of the object. When con-
sidering the removal of a voxel from the pattern, the fol-
lowing should be observed:

[] Topology is preserved i.e. the number of components,
holes, and cavities in the object, and in the comple-
ment must be the same before and after the iteration.

[ii] Excessive erosion is prevented i.e. end-points of bran-
ches are detected as soon as possible, and retained, so
that the length of protrusion in any direction repre-
senting a true feature of the object is not shortened
excessively.

3-D pictures are not uncommon these days. They can
be obtained by advanced techniques like computed tomog-
raphy (CT), echocardiography, and magnetic resonance
imaging (MRI). 2-D time varying images may also be trea-

!Some algorithms define skeleton as the set of medial surfaces.

ted as 3-D pictures where third dimension is time. Thin-
ning can be used as a pre-processing step in object char-
acterization and recognition. Some thinning algorithms
are reversible and can be considered as a topological data-
compression technique to be followed by other standard
data-compression method to achieve very high compres-
sion ratios [15]. It will also be useful in efficient manipula-
tion of solidly-modeled objects in computer animation. A
thinning algorithm will be useful in space management and
planning in robotics. It may have applications in volumet-
ric modeling for mechanical engineering design, quantita-
tive microscopy, analysis of grain microstructures in rocks
and metals, and in crystallography 8].

The applications of thinning are limited by the fact that
it is intended for solid binary objects. Unless boolean op-
erators on objects are of significance, 3-D objects are more
conveniently represented as a set of polygons. Skeletons
are not unique. They are not well-defined for nearly spher-
ical or cubical objects (objects with almost same length,
breadth, and depth) but provide a good representation for
elongated solids.

The paper assumes familiarity with the concepts like
neighborhood, path-connectivity, and surface-connectivity
in 3-D digital pictures. Detailed descriptions of these can
be found in [4, 6, 9]. Some of these concepts are discussed
briefly in Section 3. In this paper, 26-connectedness is
assumed for the object and 6-connectedness for the com-
plement.

2 Desirable Properties

Skeleton is a representation of the shape of the original
pattern. From the number of iterations it took to skele-
tonize we should get an idea of length to thickness ratio of
the object. Although, a thinning algorithm can be appli-
cation specific, the following properties are desirable in a
thinning algorithm:

[a] The algorithm should be isotropic i.e. [i] no matter
what the configuration of the object in the 3-D digi-
tal space be, the final skeleton should almost be the
same, transformed and rotated according to the ini-
tial configuration of the object, and [ii] if an iteration
is divided into a number of sub-iterations, the order
of sub-iterations should have a little influence on the
shape of the skeleton.
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[b] An iterative algorithm will usually reduce an object
into a thin surface. If the skeleton is going to be a
set of lines, further erosion should take place along
the edge of the thin surface. An object may be a thin
surface to begin with or it may be reduced to a surface
after a number of iterations. This will ensure uniform
erosion of objects and will be useful in applications
like computer animation where an object shrinks step
by step.

[c] The property of reconstructibility will be very useful
in many applications. In this case the algorithm is
reversible: we should be able to get back the original
object from the skeletal voxels. One obvious advan-
tage will be the reduction in memory space needed to
store the essential structural information present in
the pattern. It should be noted that reconstruction
is not trivial for 3-D images, simply because [i] for a
thinning algorithm, in general, many configurations
can lead to same skeleton, and [ii] a voxel may be
removed under many local configurations, hence, to
get back this configuration would require encoding of
a lot of information. Some reconstruction issues are

discussed in [15].

[d] The algorithm should be robust and without any loo-
pholes. There should be no scope for reasons like
“such patterns are quite rare” because misinformation
due to a loophole may be enormous, and consequences
unacceptable depending upon the application.

[e] The skeleton should be immune to the noise in the
digitization process.

3 Terminology

3.1 Neighborhood

A 3-D binary pattern can be described by a 3-D array
of voxels (i.e. volume elements) P = {p(i,7,k) | 1 <
1 < L,1 <3< M1<k< N} where L, M and N
are positive integers and each point p(z, j, k) has a value
either 0 or 1. The objects, which form the foreground S
of the pattern are represented by a set of “dark points”
while the complement C = P — S corresponds to the set
of “white points”. The 3 x 3 x 3 neighborhood (referred
to as l-window in this paper) of a point v are shown in
Figure la. For convenience, six directions?, N, S, E, W,
T, and B are associated with the coordinate axes as shown
in Figure 1b. The 6-neighbors of a voxel v = p(z, j, k) are
those points {p(l,m,n) | ||—i|+|m—j|+|n—k| =1} and
the 26-neighbors are points {p({,m,n) | max(|l — i|,|m —
Jl,In—k|) = 1}. A dark voxel which has at least one white
6-neighbor is called a boundary (or border or edge) point.

If deletion of a border point does not affect the topology
in the l-window, it is called a simple (/-removable) point.
The points that belong to the skeleton of an object are
called the final points.

2Acronyms for north,
respectively.

south, east, west, top and bottom
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Figure 1: (a) 3 x 3 x 3 neighborhood of a voxel or the I-window. (b)
Six directions associated with a voxel. (c) Three-layer representation
of the l[-window.

3.2 Approaches

In many cases, thinning is an iterative process. Rosenfeld
et al. [1] classified thinning algorithms as being sequen-
tial or parallel. A thinning algorithm is parallel if all the
boundary points (of the objects) satisfying removal con-
ditions are deleted simultaneously, and is sequential if the
boundary points are processed and removed one after the
other. With parallel algorithms, only result from the pre-
vious iteration affects the decision to remove a point in
the current iteration, making it suitable for processing by
parallel hardware such as a cellular array. A sequential al-
gorithm, on the other hand, uses the results from previous
passes plus the results obtained so far in the current pass
to process the current voxel. In many cases, it is necessary
to divide each iteration into a number of sub-iterations
to process border voxels in specific directions, in order to
preserve connectedness.

3.3 Topology

Rosenfeld and Morgenthaler have extended the concepts of
2-D digital geometry to three dimensions. They published
a series of research reports on 3-D digital topology, curves
and surfaces in 3-D digital pictures, and on thinning [4,
5, 6, 7]. Topological invariance implies that the number
of components, holes, and cavities in the skeleton are the
same as in the original object and that the basic shape is
preserved. A localized version of this principle operates
on the I-window of a voxel. The voxel is removable if its
removal does not change the number of components and
the number of holes in the [-window.

3.4 Path-connectivity

This is an extension of the concept of connectivity in 2-D
digital pictures. If a voxel v and any of its 6-neighbors
(or 18- or 26-neighbors) are dark, these two are said to
be 6-connected (or 18- or 26-connected). If vy and vn,
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are two dark points that belong to the same object, there
exists a path, which can be described as a chain of dark
points vo, vy, ... vm, with each pair of voxels, v; and v;4;
(1=0,1,... m — 1), being neighbors of each other. If 6-
neighbors (or 18- or 26-neighbors) are considered, vy and
Um are said to be 6-connected (or 18- or 26-connected).

3.5 Connectivity Number

The concept of connectivity number rests on the notion of
Euler number for 3-D digital pictures. Euler’s formula says
that there is a fixed relation among the numbers of vertices,
edges and faces of a simple polyhedron: V — E + F = 2.
where, V, E, and F denote the number of vertices, edges,
and faces of the polyhedron respectively. More generally,
when an object contains tunnels, Euler’s formula has been
extended to V—E + F = 2 — 2P, where, P denotes the
number of tunnels and 2 — 2P is called the Euler charac-
teristic of the surface. The connectivity number N of the
objects in a 3-D digital picture is defined as the sum of Eu-
ler characteristics, N = 2i(2 —2P,), over all polyhedrons.

3.6 Surface-connectivity

The connectivity number approach is linked to the topo-
logical approach by the concept of genus. The genus G
of a 3-D pattern is defined as O — H + C, where O is the
number of components, H is the number of holes, and C is
the number of cavities. Essentially, genus and connectivity
number represent the same criterion [8]. It can be shown
that for simple polyhedra, connectivity number is twice
the genus. These two approaches together are referred to
as surface-connectivity approach. It should be noted that
surface-connectivity is related to path-connectivity. It has
been shown in [9] that preservation of surface-connectivity
implies preservation of path-connectivity but the converse
is not always true. In fact, the two approaches can yield
same results if some constraints are applied.

4 Critical Problems

4.1 Simple Points

The main problem in thinning is the definition of a simple
point. Different algorithms differ in their removal criterion
(i.e. definition of simple points), definition of end-point,
and the type of window they use in determining a simple
point. Very few algorithms have succeeded in this objec-
tive. Some algorithms treated a necessary condition to
be a sufficient condition [2, 13]. Some algorithms do not
work because of the parallel nature of the algorithm [2,9].
In some algorithms, the quality of skeleton was degraded
by the fact that sufficiency of a condition does not imply
necessity and hence some voxels which should have been
removed were not removed, e.g. stage 1 of [9], [13], [14].

*The final skeleton depends on how the end-points are defined but
the inherent problems should be obvious from the example.
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Figure 2: Examples of thin surfaces.

4.2 Thin Surfaces

Thin surfaces pose another difficulty in 3-D digital geome-
try. A single surface can have voxels with different type of
six neighborhood. A few examples of surfaces are shown in
Figure 2. The problem that parallel algorithms face in pro-
cessing thin surfaces is that a whole surface can be reduced
to a point in one iteration (for example, when the surface
in Figure 2c is being processed). A sequential algorithm,
when processing a surface may give one of the borders of
the surface as the skeleton instead of the medial line, and
that too in a single iteration®. Some algorithms stop as
soon as the object has reduced to a surface [7, 13, 14].
Some algorithms have two stages. In the first stage, an
object is thinned to a surface which is further thinned to
its medial axis in the second stage [2, 9].

4.3 Holes

Another problem in the extension of 2-D digital geometry
to 3-D is the concept of a hole (tunnel). The equivalent of
a hole in 2-D is a cavity in 3-D. A 3-D hole may or may
not change the number of components in the complement.
The problem of detecting formation of a hole is essentially
that of detecting a ring around the central voxel in the
[-window. Alternatively, a 6-path between two white 6-
neighbors (which lie on different sides of a surface) will
not exist if removal of central voxel results in a hole. Both
these problems are quite complex.

Two approaches have been adopted to prevent the mak-
ing of a hole in the object.

1. The definition of genus can be used conversely to cal-
culate the number of holes [7].

2. Checking for connectivity on two orthogonal planes
prevents formation of a hole [10]. The proof of this
fact has been included in the appendix.

The second approach is simple to implement but is not a
necessary condition. Not all voxels that are removable
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Figure 3: Counter-examples to Srihari’s algorithm (a) Stage 1 (b)
Stage 2.

satisfy this condition. Therefore, algorithms using this
approach result in surfaces [9, 13] and further processing
is needed to get a proper skeleton.

4.4 End-points

The skeleton is very sensitive to the definition of an end-
point. Many algorithms define end-point as a dark voxel
with at most one dark neighbor [2, 9, 13]. Obviously, par-
allel algorithms will fail to detect an end-point for two lay-
ered objects whereas a sequential algorithm may or may
not yield an end-point depending on the order of sub-
iterations. Morgenthaler [7] generalized the concept of
end-points to take into account the difficulties arisen from
the parallel nature of algorithms. All the points on an
arc, curve, or surface are defined to be “ends”. Tsao and
Fu [10] improved on Morgenthaler’s “ends” definition and
used 5 x 5 x 5 window to define end-points to give medial
axes as the skeleton.

5 Different Algorithms

In this section, we discuss the algorithms on 3-D thinning
in the order they were published. The emphasis is on ap-
proach rather than on actual removal criterion. The papers
should be referred for exact details on definition of simple
and end-points. All the algorithms are parallel in nature.

5.1 Srihari et al. (1979)

Srihari et al. (1979) presented a 3-D thinning algorithm
based on the concepts of path connectivity. This is the first
reported attempt for thinning 3-D digital patterns. The
algorithm is divided into two stages. In the first stage, the
object is thinned into its medial surface, which is thinned
to medial axes in the second stage. Removal condition just
ensures that the number of components in the I-window
will not change. This condition is far from being sufficient
to preserve topology because of the following reasons:

e Holes are not checked for. The number of holes may
increase.

e It is possible to construct patterns where this algo-
rithm will fail. The objects can be disconnected or
even removed completely because of the parallel na-
ture of the algorithm.

The object in Figure 3a will be disconnected by stage 1 of
Srihari’s algorithm whereas whole object in Figure 3b will
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Figure 4: Examples to show that connectivity number is not a suffi-
cient criterion to maintain connectedness.

be deleted by stage 2 of the algorithm [9].

5.2 Verbeek et al. (1980)

Verbeek et al. [3] described a local removal condition for
3-D thinning (1980) based on the idea of connectivity num-
ber N. A voxel v belonging to an object can be deleted
when this deletion does not cause a change in N. This
implies determining N before and after deletion of v. It is
shown that the I-window of v can be considered as eight
partially overlapping 2 x 2 x 2 cubes (centered around each
nodal point j of v) for which the contributions N; to N
are computed separately.

It is found that the removal criterion is a necessary but
not sufficient condition to maintain connectedness. Figure
4 serves as an example in support of this fact. Because
V- FE+ F =2—2P, if increase in the number of com-
ponents is same as the number of tunnels (holes) created,
this number will be invariant! Hence, if we remove the cen-
tral voxel in Figure 4, connectivity number remains same
although connectivity is broken and hole(s) created. In
Figure 4a removal of central voxel creates one hole and
one new component in the [-window whereas in Figure 4b
two holes and two new components are created. The crite-
rion can be made sufficient by applying a constraint that
the number of components in the [-window after removal
should be one (number of components before removal is
one in any case). It should be noted that although this
condition is necessary and sufficient to preserve topology
locally, it still cannot distinguish between the cases of for-
mation of a hole, and breaking of connectivity.

5.3 Tsao and Fu (1981)

Tsao and Fu [9] modified the algorithm presented in 2]
and tried to make it complete by imposing some extra
constraints as the conditions in [2] were not sufficient to
prevent the making of a hole. The imposed condition is
sufficient but not necessary and hence results in a surface
after stage 1. They proved that their algorithm will pre-
serve 26-connectedness of the object. They based their
claim on the correctness of their criterion in the I-window.
In their algorithm, the difficulty is not with the removal
criterion but with the parallel nature of the algorithm.
Figure 5 serves as a counter-example to their algorithm.
All the voxels in Figure 5e will be removed if stage 1 of
their algorithm is executed in parallel. However, their al-
gorithm should work if points are examined sequentially or
if the end-point definition is modified. Also, the algorithm
will give undesired results for thin surfaces as it fails to

Vision Interface ‘91



11| 12] 13 mifm2| @ |t4|15]t6 t1] 123

ta| 15| 16 Cle|lel |O|®|@® ta| 5] 16

7] 18] 19 ® @ m b4 | b5 | b6 t7 ] 18| to
b

mi(m2| @ mi|m2| @

@ @O m m9
@ |@®|m3| [bafbs|obs
bi | b2 | b3 b1 [ b2 | b3
ba | b5 | bs . b4 | b5 | b6
b7 | b8 | b9 b7] b8 | b9
a e d

Figure 5: Counter-example to Tsao and Fu’s algorithm; lettered
boxes denote white voxel. (a) I-window of p. (b) Planes z = k and
y = j before removal of p. (c) Planes z = k and y = j after removal
of p. (d) I-window after removal of p. (e) The plane being processed.

distinguish between interior voxels and border voxels in a
surface. For some surfaces thinning can be six times faster
than for a parallelopiped.

5.4 Morgenthaler (1981)

Morgenthaler (1981) gave the most general condition for
determining a simple point [7]. The algorithm is moti-
vated by all three previous attempts. A point is simple in
an l-window if its removal does not change the number of
components and holes in the object and the complement.
What this means is that four numbers have to be com-
puted. There is no simple way of computing the number
of holes. The number of components, number of cavities
and the number of holes are linked by the concept of genus.
It is used conversely to find the number of holes. A de-
tailed description can be found in [7].

There is no suggestion as to how these numbers can be
calculated easily. It is shown that I-window is not suffi-
cient for isotropic parallel thinning operations. Some of
the conditions in [7] can easily be improved. For example,
number of holes in the object before removal (in l-window)
will be nil. So, we have to just check that there is no hole
after removal. Similarly, the number of components before
removal is one. So, we have to check that the number of
components after removal will be one. The algorithm takes
care of the difficulties associated with the parallel nature
of the algorithm by generalizing the definition of an end-
point. All points of an arc, curve, and surface are defined
to be “ends”. Hence, thin surfaces are not processed at

all.

5.5 Tsao and Fu (1982)

Tsao and Fu (1982) improved on Morgenthaler’s simple
and end-point definitions to get a proper thinning algo-
rithm [10]. The problem of computing four numbers sep-
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arately was eliminated by the concept of genus. They
showed that if the genus of the object is same before and
after removal of the voxel being processed, then if no holes
are created, and the point is not an end-point, the voxel
can be removed. Formation of a hole is tested by checking
two orthogonal windows. This condition is not necessary
and hence will not remove all removable points. Morgen-
thaler’s end-point definition has been modified so that the
algorithm yields medial axes. It requires checkinga 5x5x5
window.

5.6 Hafford and Preston (1984)

In 1984, Hafford and Preston came up with the idea of
using tetradecahedral neighborhood in the face-centered
cubic tessellation. This is an extension of Golay’s 2-D sub-
field concept using hexagonal tesellation. It allows use of a
localized parallel operator for determining simple points in
three dimensions using six subfields. It makes use of a table
of action corresponding to each of the 2!2 cases. It suffers
from the formation of undesired rings in the skeleton. It is
not clear from the published work how the algorithm will
preserve the original topology of the object as a whole.
The problems due to the parallel nature of the algorithm
and excessive erosion of thin surfaces in an iteration are
not taken care of.

5.7 Mukherjee et al. (1989)

Mukherjee et al. [13] (1989) gave an extended safe point
thinning algorithm (ESPTA) based on 2-D SPTA by Nac-
cache and Shinghal [12]. The authors claim that the 18- (6-
) connectivity in 3-D' can be ensured through the enforce-
ment of 8- (4-) connectivity in two 2-D orthogonal planes.
It is shown that ESPTA preserves 18-connectedness of
objects. However, in order for the object and the com-
plement to be well behaved mathematically, 6- and 26-
connectedness provide a neat complementary relationship
in the sense that if 6-connectedness is being considered for
the object, 26-connectedness should be considered for the
complement and vice versa. For the case of 18-connected-
ness there is no such relationship at all between the object
and the complement.

The basic idea is to apply the boolean equations for 2-D
SPTA to two of the three 3 x 3 orthogonal planes. These
two conditions are then combined to get the boolean equa-
tion representing the deletion criterion. The algorithm
checks for 2-D connectivity on two orthogonal planes. No
check is performed on the third orthogonal plane. This
is therefore not a sufficient condition in the i-window to
maintain connectedness, and the number of components.
Figure 6 shows an example where this algorithm will fail.
The algorithm will preserve 18-connectedness if some con-
straints are applied on the third orthogonal plane. The
patterns are thinned to a surface biased towards a cer-
tain direction because in SPTA voxels once marked as safe
cannot be removed in any successive iteration. Moreover,
their claim of 100% reconstructibility is not correct be-
cause SPTA is not exactly reconstructible.
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Figure 6: Counter-example to ESPTA; lettered boxes denote white
voxel. (a) I-window of p. (b) Two orthogonal planes on which pis
same type of border point. (c) Same planes as (b) after removal of
p. (d) Formation of two 18-connected components in the i-window
after removal of p.

5.8 Gong and Bertrand (1990)

Gong and Bertrand (1990) improved on Morgenthaler’s
characterization of simple points. They also defined new
topological predicates which characterize simple points an-
d are simple to calculate. They showed that their pred-
icates include the predicates in [7]. The conditions for a
point to be simple are sufficient but not necessary. Hence
the algorithm results in a surface which is very difficult to
foresee. In fact, it removes less points compared to [7] but
has the advantage of simplicity. The difficulties associated
with the parallel nature and thin surfaces are still there.

6 Conclusion

In 2-D, a parallel algorithm without sub-iterations fails for
two-pixel wide lines. However, a local removal condition
together with four sub-iterations is a sufficient condition
to guarantee connectedness globally. A sequential algo-
rithm without sub-iterations will preserve connectedness
but a two-pixel wide line may reduce to a point?. A se-
quential algorithm with sub-iterations will again work but
may yield spurious end points.

In 3-D, a parallel algorithm without sub-iterations will
fail for two-voxel thick lines and planes. Unlike in 2-D,
a local removal condition along with six sub-iterations is
not a sufficient condition to preserve global connectedness
in 3-D. Consider the simple configuration in the window
shown in Figure 4. Both z and y may be processed in
the E sub-iteration, and are I-removable individually (be-
cause their removal will not result in disconnectivity, nor
will it form a hole in the respective I-windows), but ob-

4Sequential algorithms, in general, preserve connectedness but
suffer from the inability to process two pixel (voxel in 3-D) thick
configurations—a problem commonly referred to as ducting.

18

O|0|0 O|0|0 O|O0|O O0|0|0
@)e]|e (@1G] e O|O|0O O|0|0O
O|0 | @ O|C|e O|0|@ O|0|®
O|0 |0 @M @1e) OO0 |0 O|0|0
®| x|O ® OO0 [ N X¥e) ® OO
®| vy |O ® e O ® OO ® OO0
O|0|0o O|0|0 O|0|o O|0|0o
O|0|0O O|0|0 O|0 |0 O(0|0
O[0]|0O O|0|0 O|0|0O Ol0]|0
a b c d

Figure 7: Example configuration which shows that preservation of
connectivity in I-window does not imply preservation of connectivity
globally. (a) Initial configuration: both z and y are dark. E is
towards the right edge of the paper. (b) Configuration if only z is
removed. (c) Configuration if only y is removed. (d) Configuration
if z and y both are removed.

viously, the object is disconnected if both the voxels are
removed. So far, it was assumed that the preservation of
topology in the I-window preserves the topology globally.
A sequential algorithm without sub-iterations will preserve
connectedness but as in 2-D case will be inadequate in pro-
cessing two-voxel thick configurations. A sequential algo-
rithm with sub-iterations will also preserve connectedness
but may result in multilayer erosion from a unit voxel thick
surface. It may lead to a skeleton with many branches and
spurious end-points.

Considering the general difficulties associated with the
approaches so far, ‘we suggest the following:

1. Directionality should be incorporated in the process-
ing of an individual voxel, i.e. if it is a multiple
type of border voxel it should be processed in ex-
actly one direction. This will prevent algorithms from
processing multiple-type border points in the wrong
sub-iteration. For example top layered voxels in Fig-
ure 2c should not be processed in the south sub-
iteration although they are south-type border points
also. This will take care of multilayer erosion in thin
surfaces. Some algorithms have taken care of this
partly [2, 9, 14]. Incorporating directionality also
helps in simplifying the end-point condition.

2. A distinction should be made between border and in-
terior voxels on a thin surface. Voxels interior to a
surface should be detected and they should not be
processed in any subsequent sub-iteration.

3. Thinning of 3-D digital patterns requires a tremen-
dous amount of processing. Therefore, a parallel al-
gorithm is a suitable choice. On the other hand, def-
inition of simple points and end-points is not easy in
parallel algorithms. So, a sequential algorithm is the
alternative. Neither parallel nor sequential approach
alone is sufficient for the kind of algorithm desired—

Vision Interface ‘91



both approaches should be merged to get a proper
thinning algorithm.

3-D thinning is a difficult problem. This paper intends to
clarify some of its difficulties and stimulate research in the
field.
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Appendix

Consider a voxel v(z = i,y = J,2 =k); z is EW axis,
y is NS axis and z is TB axis. Consider 26-connectedness
for the object and 6-connectedness for the complement.
Then given that:

e one of the six neighbors of v is white i.e. v is a border
voxel, and

e removal of v preserves 8-connectedness on two other
orthogonal planes i.e. if v is E or W border point, 8-
connectedness is preserved on planes y = jand z =k,

we can prove the following proposition.

Proposition 1 Removal of v cannot make a hole in the
l-window.

Proof. Consider the window shown in Figure 7Ta. A O
means a white voxel. Let us say that m4 is white to begin
with (i.e. v is at least E type border point). A hole is a
6-path in the complement surrounded by a ring which may
have its axis parallel to any one of the three axes z, Yy, or
2. We have three cases corresponding to these:

1. m4 — p — t5 equivalent to m4 — p— b5
2. md—p—mb

3. m4 — p — m2 equivalent to m4 — p—m8

We do not have to consider any other combination as ¢5 —
P—b5 or m6—p—m2 because these are equivalent to cases
2 and 3 respectively.

C1: Consider m4 — p — t5. Two orthogonal planes on
which 8-connectivity is preserved are shown in Figure
7b. The ring axis is parallel to z-axis. Since, m4 is
white, ring can only be completed if #4 is dark but if
t4 is dark removal of p will disconnect ¢4 from 6 or
m6 or both (one of these should be dark to complete
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Figure 8: Figure for proof of Proposition 1. (a) Top, middle, and
bottom layers in l-window of p. (b), (¢), and (d): Configuration of
planes z = k and y = j for cases 1, 2, and 3 respectively.

the ring).

C2: Consider m4 — p — m6. Two orthogonal planes on
which 8-connectivity is preserved are shown in Figure
Tc. The ring axis is parallel to z-axis in this case. Now
because one of t4, t5, t6 and one of b4, b5, b6 should
be dark to complete the ring, connectivity cannot be
preserved between these two dark voxels in the second
window.

C3: Consider m4 — p — m2. Two orthogonal planes on
which 8-connectivity is maintained are shown in Fig-
ure 7d. The ring axis is parallel to y-axis this time
which means m1 should be dark. But removal of p
will disconnect it with m3 or m6 or both (one of these
should be dark for completion of the ring).

Hence, under given conditions, removal of v cannot make
a hole in the [-window.

Q.E.D.
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