Hierarchical Maximum Entropy Partitioning of Visual Feature
Frequency Matrices for Texture Classification

D.K.Y. Chiu
Department of Computing & Information Science

University of Guelph
Guelph, Ontario, Canada N1G 2W1

C.Y.C. Bie

H.C. Shen

Department of Systems Design Engineering
Univeristy of Waterloo
Waterloo, Ontario, Canada N2L 3G1

Abstract

In this paper, a new representation scheme is pre-
sented for tezture images. Tezture is represented by
feature frequency matrices. The feature frequency ma-
irices are then partitioned into a set of feature subma-
trices by hierarchical mazimum entropy partitioning.
The feature frequency matrices for four important vi-
sual teztural properties are investigated. The efficacy
of the representation is tested by tezture classification
ezperiments.

1 Introduction

Texture is a very useful surface feature in image

analysis such as classification and segmentation of
image regions. Three aspects are important in tex-
ture analysis, namely, representation, classification
and segmentation of texture images. The purpose
of texture representation is to capture the essential
information to reduce the need of extensive compu-
tation for further analysis such as classification and
segmentation. Thus, a compact, efficient and reli-
able texture representation is the basic requirement
for texture analysis. Many researchers have developed
different texture features [4]. Texture features corre-
sponding to human visual perception aspects such as
coarseness, contrast etc. have been explored by many
researchers. Juless [5} began working on visual pat-
tern discrimination of textures. Tamura et al. [10]
developed a set of textural features corresponding to
some visual perception. Amadasun et al. [1] proposed
a new set of textural features corresponding to certain
textural properties. Shen and Bie [8] used 2-D feature
frequency matrix (FFM) to measure four important
visual properties (coarseness, contrast, directionality,
and line-likeness).

2-D FFM is proven to be an efficient measurement
of visual textural properties [8]. However, the large
amount of data in the representation makes it diffi-
cult to be used. It is necessary to develop a compact
form of 2-D FFM. In this paper, a set of 2-D FFMs
will be used to measure the visual texture features
including coarseness, contrast, directionality and line-

liness. Then, a hierarchical maximum entropy parti-
tioning scheme (HMEP) applied to the 2-D FFMs can
identify peaks and valleys of sample frequency obser-
vation in a compressed form. It is based on a dynamic
selection and compression of relevant texture charac-
teristics with minimum loss of expected information or
entropy ]!):il Instead of using a single numerical value,
the HMEP scheme on a 2-D FFM represents the vi-
sual texture properties in terms of their statistical and
structural relationship. Classification experiments has
been conducted to demonstrate the effectiveness of the
proposed representation.

2 The FFM Representation

In [9], we have proposed a scheme of representation
of textures, i.e. a set of feature frequency matrices
(FFM) of different dimensions at various resolution
levels. In this section, we shall briefly give the defini-
tions of feature frequency matrices. It is believed that
images at different resolution levels include different
information for texture differentiation [7). Given an
image at certain resolution level, a set of operators
can be used to extract the corresponding features. By
applying one operator to the image, a feature image
can be obtained. From the feature images, feature
frequency matrices in different dimensions can be ex-
tracted and they are defined as follows:

Definition 1: Feature Image, (F)

Given an (N1 x N2) image S at any res-
olution level and an n x n feature extraction
operator OP, a feature image F is obtained
by convolving OP over the image S.

Definition 2: 1-D Feature Frequency Matrix

Given a feature image F, the 1-D fea-
ture frequency matrix is defined by a vec-
tor FFM,, where the element f _fm{i) is the
number of pixels with feature value i in F.
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Definition 8: 2-D Feature Frequency Matrix

Given two feature images, F'1 and F2, the
2-D feature frequency matrix for 1 and F2
is defined as a matrix F ¥ M3 where the ele-
ment ffm(%, j) is the number of pixels with
feature value i in F'1 and feature value j in
F2.

3 FFM Representation of Visual Tex-

tural Properties

Visual textural properties are reflected by the dis-
tributions of image features, or simply, the changes of
the interrelationship of grey levels under certain struc-
tural constraints in an image. There are many pro-
posed visual textural properties. Four of them here
are considered to be very important for visual per-
ception [1, 10]. They are: coarseness, contrast,
directionality, and line-likeness.

3.1 Coarseness

Coarseness is probably one of the most fundamen-
tal visual property of texture. It is resolution depen-
dent, i.e. the coarseness characteristic changes accord-
ing to the size of the neighborhood in the evaluation.
Coarseness can also be measured based on its “ed-
geness” and the extent of repeatedness per unit area.
From these intuitive ideas, we design the following op-
erators. We define the deviation over a local window
and the edges per unit area to measure the coarse-
ness. One deviation operator and four edge operators
are used to extract coarseness information.

Deviation operator calculates the grey value devia-
tion over an m x m window on the original image. By
applying the operator to the original image, deviation
feature image D, is obtained. The deviation at pixel
(3, 7) is computed by:

| HHmoD/2 jHm-1)/2

Gii=s ) >

k=i—(m-1)/2 I=j—(m-1)/2

|lg(k, 1) — i 5] (1)
where
1 i+(m-1)/2 j+(m-1)/2

Bi= oz D >

k=i—(m—1)/21=j—-(m-1)/3

gk, ) (2)

and g(k,1) is the grey level at pixel gc:,l) Four edge
detectors for 0, 45, 90, 135 degree directions shown
in Figure 1 are used to detect edge response in every
pixel of the original image. The maximum response of
the four edge detectors in a pixel is the edge response
in the pixel. One threshold is set for edge response. If
the edge response is larger than the threshold, the out-
put of edge detector is ‘1’; otherwise the output is ‘0°.
Therefore, by applying the four edge detectors to the
original image, we obtain an edge feature image with
pixel value either ‘1’ for large edge response or ‘0’ for
small edge response. Then we apply an edge-per-unit-
area operator on the edge feature image. The opera-
tor simply counts the ‘1’s in an m x m region. Thus,
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Figure 1: Four edge detectors

the output of the edge-per-unit-area operator epa; ; is
between 0 and m?. From the output of the edge-per-
unit-area operator, we obtain another feature image
of edge-per-unit-area D.pqs. From D.,, and D,, the
2-D FFM F,,, can be obtained.

Independently, (o; ;) and (epa;,;) both measure the
coarseness information. Jointly, i.e. represented as 2-
D FFM, they provide the statistical-structural infor-
mation about coarseness (epa; j,o; ;). (0%,;) to some
extent is related to Sepa; j)- However, two pixels have
the same epa value does not mean they have the same
o value, and vice versa. If texture is coarse, o; ; should
be relatively small indicating large primitives. Edge-
per-unit-area value should be small too. Therefore,
the peaks of the FFM, in this case, will occur close to
the origin of the axes.

3.2 Contrast

Two operators are used to extract contrast infor-
mation. One operator extracts information about the
local dynamic range of grey levels Dg,g, the other ex-
tracts the grey level information at each pixel D.
From the 2 feature images, a 2-D FFM for contrast
measure F,,, can be obtained.

Let s1,33,..., 8,3 represent the m x m grey level
values in observation neighborhood of m-window at
(3,7). The grey value is between 0 and L — 1. The
output of dynamic range operator is defined as:

drgig =~z 3 D lon = a5] (3)

k=1p=1

where 0 < drg; ; < L/2—1. The 2-D FFM for contrast
isa Lx L /2 matrix. While the dynamic range operator
measures the local contrast, the grey level distribution
reflects the global contrast. If the texture has a high
local contrast, the dynamic grey level range have high
values. If the texture has a high global contrast, the
dynamic range of grey values will be relatively low and
the peaks of grey level distribution will be far apart.

3.3 Directionality

Directionality measures the directional property
of grey level change. Directionality can be measured
based on the gradient operators, e.g. the Sobel oper-
ators as shown in Figure 2. In general, two (m X m)
gradient operators can be defined to extract gradient
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Figure 2: Sobel Operators

information (magnitude and directionality) for a m-
window. Then the magnitude and directionality can
be normalized to P and K. Therefore, from the mag-
nitude feature image and directionality feature image,
P x K 2-D directionality FFM Fy;, can be formed.

If texture image has a high directionality, F,
should have some “banded” areas corresponding to
the normalized directionality values. The extent of
grey level changes in certain direction is reflected by
the normalized magnitude.

3.4 Line-likeness

Line detectors and line-likeness detector can be
used to detect line-likeness. Line detectors will find
how sharp the edges for the texture are and line-
likeness detector will find how edges are distributed
in the texture. Four line detectors are used to de-
tect lines in the directions: 0° , 90°, 45° and 135°.
For (3 x 3) window, the four operators are defined in
Figure 1. The outputs of four line detectors at (i, 7)
are denoted as Eo&.‘i), Eoo(i, 3), Eas(3, 7), Elasg, 7)-
Traditional methods use one edge detector to obtain
one edge image. We combine the four edge feature im-
ages as one edge feature image, E(i, j), and together
with a line-like feature image, B(i, 7), to form a 2-D
FFM. The edge feature image, E(, 5), is defined as the
maximum of {EO('aJ » Eoo i)j)) E45(i1j)s E],ss(i, Jg}
and is normalized to between 0 and (L — 1). From the
edge feature image, we obtain an edge register image,
R(3, j), which is defined as :

E(3,7)<T

E(i, 3) = Eo(3, 7)
B(i,3) = Eys(iyj
E”J = Ego isj
E(3, 5) = Erss(3, 7)

R(3, 3=

W =O

where T is a threshold for edge response. Line-like
operator will reveal how the edges are distributed in a
W x W local observation window over R(3, _p If pixel
(3,7 is very line-like, the directionality o edges in
the window will be relatively consistent. If the edges
in the observation window are in different directions,
then it is not very line-like at pixel (4, 5) since the edges
may ‘cancel’ each other and tend to form blobs. To
account for the cancelling effect within a window, we
define the line-likeness detector, B(%, 5), at pixel (3,9)
in the following way:
Let K be the maximum value in the edge register im-
age;

7k be the number of pixels in the W x W window
with edge register value k; and
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a function B(k) be defined as

0
Ak} = { Bk — 1) — |

=0
>0

Then,
B(3, j) = B(K).

B(3, j) is between 0 and W?2. If the texture within the
window centred at (i, ;) is more line-like, the direc-
tionality will be relatively consistent and B(, j) will
be relatively large. If the texture is more blob-like, the
directionality will be relatively evenly distributed and
B(i,5) will be relatively small. Thus, the 2-D FFM
formed based on E(3, j) and B(3,5) is a L x (W2 +1)
matrix.

If an image is not line-like, line-like response will
be relatively low, Fj;, will spread out along the low
value line-likeness frequency axis. If an image has
strong edge response, Fy;, will spread out over high
edge value areas. Usually, line-likeness response will
be more spread out if there are more edges or if the
edge responses are high.

4 HMEP of the Visual FFM

As demonstrated in [9], the 2D-FFM representa-
tion scheme is very for analyzing textures. The
major disadvantage of the FFM representation is that
the dimension of the matrices can be very large aS_lin
the order of 256 by 256) and the matrices are usu y
sparse. In [9], we have computed moments from the
FFM and used them as features in the classification
process which reached over 90% correct classification
rate. The moment as a feature can be used to provide
statistical information of the distributions. However,
as feature vector for classification, much information
is not retained from the FFM. Therefore, we propose
the approach based on a hierarchical maximum en-
tropy partitioning scheme &3] The scheme partitions
the FFM into submatrices dynamically to attain max-
imum entropy. Further partitioning of the submatri-
ces can be performed to refine the partitions. Hence,
a recursive algorithm is developed to performed the
partitioning process. The end result of the scheme is
a set of sn%matrices which encapsulates the original
FFM.

The detailed theoretical development of the hierar-
chical maximum entropy partition (HMEP) scheme is
described in [3]. In this section, we shall adapt the
scheme to be applied to FFM. Let FFM(, _2 be a
2D-feature frequency matrix with dimensions N; and
N; and FPM(i,5) be the corresponding probability
matrix, defined by

FFM(i, j)
T T2 FFM(i,5)

The entropy of FFM is defined by Shannon’s entropy
measure,

FPM(i,j) =

H(FFM)=— g: i FPM (i, j)logF PM(i, j).

=1 j=1
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The partitioning process is to determine the number
and locations of intervals (K, K3) in N;, N3 respec-
tively ( K1 x K2 € N; x Nj) such that the set of
(K1 x K3) submatrices attains maximum entropy. By
maximizing the entropy in the partitioning process,
the distribution of FFM will be characterized by the
submatrices. In order to dynamically compress the
FFM, K; and K; must be sufficiently small. Mathe-
matically, the process can be formulated as a dynamic
programming problem. The problem can be stated as
maxmizing the objective function H(FFM):

K, K3
maz H(FFM) =~ Y FPM(R,)logF PM(Ry,q)
=1 g=1
subject to
2<K1<M
2<K3;<N;

K1XK3<<N1XN3

where R, q is the submatrix corresponding to the ot

and ¢** intervals and FPM(R, ) is the probability
associated with the submatrix.

Therefore, any suitable software to solve dynamic
programming problem can be used to determine K,
and K5 and corresponding partitioning. Alternatively,
we employ the hierachical maximum entropy parti-
tioning scheme which is based on the principle that
if we partition the FFM into n submatrices with max-
imum entropy, each submatrix will have the same
frequency. The partitioning is performed recursively
with the initial values of K; and K3 (denoted by K7
and K9 respectively) determined empirically by the
following steps:

1. Calculate the entropy of the original FFM:

N1 N2
Ho(FFM)=-Y Y FPM(i,j) logF PM(s, j)

=1 j=1

2. Minimize the loss of entropy from partitioning by
computing the number of submatrices, n, such
that the entropy of the n submatrices, H, is at
least reasonably high ! of that of the original,
Ho(FFM) and

= S ll 1—1
n—“z;‘.‘oy;— og n

=1

3. Choose the smallest integers, K? and K3 such
that
K? x K3 > n.

1In our experiment, we have chosen the value to be 50% of
Ho(FFM).

Note that the above method choose an initial
small number of partitioning which minimizes loss
of entropy (on Shannon’s information). For com-
putational convenience in the hierarchical parti-
tioning scheme, we choose K{ and K3 to be pow-
ers of 2.

Once K? and K3 are determined, further partition-
ing can be performed on each submatrix, R(p, q), de-
pending on (i) its statistical significance; (ii) its size;
and (iii) the summed probability in it. The size and
the probability (or frequency) value are threshold in-
put parameters. To determine the statistical signifi-
cance of a submatrix R, 4, we consider whether the
frequency of joint features in the submatrix deviates
significantly from the expected frequency. A statistics
of the deviation can be formulated as:

() = EEH T ol v (1

where ezp(R, ¢) is the expected frequency®. A subma-
trix, Ry, q is selected if #(Ry,q) is greater than a thresh-
old 7. Otherwise, we say R(p, g) is an uncovered sub-
matrix and no further partitioning will be performed.
Since t(Rﬁ;’) is normally distributed [6], a threshold
based on the normal distribution with a presumed con-
fidence level can be chosen.

The process is applied to every submatrix gener-
ated until either it is not statistically significant, the
submatrix or the frequency is too small. The result
from the hierarchical partitioning is a set of submatri-
ces representing the original FFM.

5 Experiments

Classification experiments are conducted to demon-
strate the efficacy of the proposed texture features.
Twenty texture images from [2] (Figure 3) are used in
the experiments. Each image is digitized to 512 x 480
pixels with grey levels between 0 and 255. In order
to reduce the computational time and the memory re-
quirement, we transform the grey levels to between 0
and 63. Two hundred and ten texture training sam-
ples of size 64 x 64 are extracted from each of the
20 images (Figure 3). For each training sample, four
types of 2-D FFM are built in the experiments: FFM
of coarseness (denoted as Coa-FFM of size 26 x 32),
FFM of contrast (denoted as Con-FFM of size 64 X
32), FFM of directionality (denoted as Dir-FFM of
sise 64 x 33), and FFM of linelikeness (denoted as
Lin-FFM of size 64 x 26). A common partitioning
scheme is necessary for each type of FFM in the clas-
sification experiments. This is achieved by consider-
ing the entire training set (20 x 210 samples) as the
“texture universe”. HMEP scheme is performed on
each of the four types of FFM which is the sum of
the respective FFM in the texture universe. Thus,

3There are various ways to determine ezp(Rjp,¢). In our ex-
periment, we have chosen one from [3] based on the uniformity
distribution assumption.
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Figure 3: Twenty Texture Images from Brodats

for the four types of 2-D FFM, we obtain four parti-
tioning schemes: the Coa-FFM is partitioned into 34
submatrices, the Con-FFM to 66, the Dir-FFM to 84,
and Lin-FFM to 29 submatrices. Figure 4 shows four
types of summed FFM of texture universe and figure
5 illustrates the corresponding partitioning diagram-
matically. With this partitioning scheme, individual
samples can be characterized by the location and the
IFl‘umber of “covered” submatrices in their respective
FM.

By comparing the frequencies of the corresponding
submatrices, textures can be differentiated. We shall
treat the four partitioned FFM as feature vectors, i.e.

Coa — FFM — V,00[0,1, ..., 33]

Con — FFM — V,pn[0,1, ..., 65]
Dir — FFM — Vg,[0,1,...,83]
Lin — FFM — Vi [0, 1, ..., 28]

Where V,[i] is the summed frequency in the i** par-
titioned submatrices of the respective FFM. Taking
the Euclidean distance between two vectors as the dis-
tance measure, we can use the nearest neighbour rule
as our classification scheme.

Two sets of test samples are chosen. The first set
consists of 10 samples of sise 64 x 64 pixels taken
1andomly from each of the 20 images, i.e. a total of
210 test samples. Special care was taken to ensure

Figure 4: Texture Universes for Four Types of 2-D
FFM
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Figure 5: Partitioning based in the Texture Universe
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Figure 6: Test Image: D22

that the test samples do not coincide with any train-
ing samples. 199 test samples are correctly classified.
The one that is mis-classified is from D04 and is clas-
sified as D92. Visually, we think this is acceptable.
The second set of test samples is taken from an image
class (D22) (Figure 6) which is not in the training set
and yet is similar to three image classes in the training
set, i.e. D03, D10 and D36. 56 test samples of size 64
X 64 pixels are taken from D22 to be classified. Fea-
ture based on the HMEP scheme attained 96% correct
classification, i.e. 54 test samples are correctly clas-
sified. The remaining 2 samples are mis-classified as
D05 and D28.

By comparing with the classification results in [9],
where features are based on the moments of three 2-D
FFMs and a 100 % correct classification are obtained
for the first set experiment and 93 % correct classi-
fication for the second set, we can conclude that the
feature based on HMEP scheme captures more infor-
mation than the feature based on moments.

6 Conclusion and On-going Research

The experiments have demonstrated the efficacy of
applying a hierarchical maximum entropy partitioning
to the FFM of texture images. It has been shown that
the representation scheme generated is a very compact
representation and yet minimises the loss of informa-
tion (entropy) due to partitioning. The usefulness of
the representation scheme has been shown in the clas-
sification of texture images based on a crude Euclidean
distance measure. Currently, we are developing a new
texture distance measure which is able to take advan-
tage of the flexibility of the representation scheme and
will be reported in due time.
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