Models of Statistical Visual Motion Estimation

Minas E. Spetsakis

Dept. of Computer Science
York University
4700 Keele Street
North York, ONTARIO
CANADA, M3J 1P3

Abstract

Several models of Statistical Estimation of motion
Jfrom visual input are derived and analyzed. We
study a wide variety of models, ones that use least
Squares and ones that use Maximum Likelihood,
with several different assumptions (dependent and
independent noise, isotropic and non-isotropic
noise), spherical and planar image surfaces and
with different preprocessing (one based on corre-
spondence and one based on disparity). We do all
this analysis using only a few fundamental con-
cepts from Statistical Estimation so the relative
nwl(rzs and shortcomings of all the methods become
evident.

1. Introduction

In the recent years several papers appeared
that deal with the issue of Visual Motion Analysis
from a Statistical Estimation point of view. The
increasing popularity of Statistical Estimation is
caused by the problems posed to Motion Analysis
research by noise. The situation if something like
the following. There exist algorithms to solve a
very wide variety of problems, but most of these
algorithms do not work under even minimal noise.
So researchers turned their attention to Statistics
where a wealth of knowledge and experience has
been accumulated. Several researchers have
reported promising results [8, 9, 2]. But all these
results come fragmented in different papers, each
one derived in a different fashion and notation,
using different assumptions etc. There has been
some work on organizing and comparing them [7]
but no simple way to derive and analyze them all
with the same tools. In this paper we present a way
to derive, analyze and organize most of the estima-
tion methods, using very few fundamental ideas
from Statistical Estimation. All the methods thus
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are easy to compare based on the assumptions they
use, the difficulty of their computation and their
mathematical elegance. The intuitive and heuristic
component was kept at a minimum.

Not all of the methods analyzed here have
appeared in the literature before. But since all of
them seem to belong to a natural sequence they
were included for completeness. In section 2 of the
paper we derive and analyze several models, ones
that use least squares and ones that use Maximum
Likelihood, with several different assumptions
(dependent and independent noise, isotropic and
non-isotropic noise), spherical and planar image
surfaces and different preprocessing models (one
based on correspondence and one based on dispar-
ity).

2. Analysis of a few models

The objective in any estimation is to mini-
mize the error in some sense. For a given applica-
tion, after studying the particulars of the problem,
the nature of the noise and the needs of the appli-
cation, one can set up an estimation procedure.
’Ihisprocedmemightbeseenasminimizingthe
least square residual error or maximizing the prob-
ability that the computed solution is indeed the
actual solution to the problem or computing a solu-
tion such that the error is orthogonal to the solution
space, etc. All of the above lead to a different esti-
mator, with different properties in general. With a
notable exception. If the problem is linear and the
noise has a Gaussian distribution all the above esti-
mators are equivalent. In such a case the estimator
has most of the desirable properties: it is consistent
and unbiased and has minimum variance.

Unfortunately in structure from motion most
of the problems are non-linear so we cannot expect
many of the above nice properties. In general non-
linear estimation problems are more difficult to
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study and structure from motion is no exception.

In the next subsections we present and ana-
lyze a few estimators derived by methods like least
squares minimization and MLM (Maximum Like-
lihood Method). While MLM is clearly the most
interesting one, the others are included because
they are instructive since they are based mostly on
intuition. And it is interesting to see how much
they differ.

2.1. Least Squares Models

Least Squares models can come in a large
variety and several intuitive modifications can be
added to them. The idea here is pretty simple (and
old), but very powerful: Find an expression for the
residual error for all the data, square it and sum it
up for all data. Then try to find the values of the
unknowns that minimize the sum of the square
residuals. The values of these unknowns are the
estimates we wanted.

2.1.1. Epipolar Constraint

The simplest thing we can do is use as resid-
ual error the discrepancy of the Epipolar Con-
straint. It is obvious that in the presence of noise
there is no set of motion parameters R and T (or
equivalently matrix E) that can satisfy the epipolar
constraint for all points. We'll try to minimize the
sum of the squares of the discrepancy of the epipo-
lar constraint. The constraint has the form

Figure 2.1.1: If we extend the lines from the two views of
the same world point they should intersect. Since there is
an error in the computation of the disparity (or flow or cor-
respondence), they do not intersect. The distance of the
actual and the computed match is the error (which in gen-
eral is different from the residual).

P Epi=0

So we have to minimize

2
;{PQT E Pi}

Several methods have been suggested on how to
minimize this expression [8, 6, 5]. But as pointed
out in [8, 7] the result that comes out of it suffers
from a very noticeable bias. To see why we

2.1.1.1

rewrite the epipolar equation.
0 —t3 1,
P'iT E Pi=P'iT 13 0 -t |Rpi=
122 0
T @Tx®R p)) 2.112

It is easily seen from 2.1.1.2 that, if the p;’s form
a tight bundle then a value of T that is close to this
bundle will make the cross product in 2.1.1.2
small. This, under moderate noise, will make a
value of T close to the bundle preferable to a value
of T close to the actual solution. In practice, this
means that T will have the tendency to point
towards the center of the scene with even small
noise.

This high bias appears because there is this
cross product in 2.1.1.2 which is proportional to
the sine of the angle of the two vectors, T and
R p;. A simple way to deal with this bias is to
divide each term of the expression by an amount
equal to this sine, which is not a bad idea but
appeals only to intuition.

2.1.2. Assume Isotropic Image Noise

Now we can be more careful about how we
define the residual error. First of all let’s assume
the noise is isotropic (the same distribution in all
directions). We relax this assumption completely in
subsequent sections. Another assumption is that
the input is the disparity field. Which means that
for the points in the one frame we are given dispar-
ity vectors from which we can compute the corre-
sponding points in the other frame. The error is in
the disparity. An alternative is to assume that the
error is in locating the pairs feature points. Since
this second alternative leads to awkward formulae
we shall use it in only two models where we can
keep the math tractable. Which one of the two is
best is clearly matter of taste and the application at
hand.
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The way we attack the problem is the fol-
lowing. Since we assume rigidity the epipolar con-
straint holds. Then we try to find a correction for
the given disparities (or flow vectors or correspon-
dences) to add to them to make them satisfy the
epipolar constraint. And we try to minimize this
correction. The intuition behind this is simple. If
the error distribution is unimodal (has one maxi-
mum) and the mode is the same as the mean then
small errors are more probable than large ones. But
small errors require small corrections. So choose
the motion parameters that require small correc-
tions. For a rigorous analysis of this concept see

31

If n; is the noise vector of the disparity vec-
tor Ap; then Ap;—n;=Ap,; is the “correct” dispar-
ity. Then

Pi=pi+Ap;=p1+Api+n=p'i+n;
or

Pa=pi—-n;
where p’;; is the “correct” match of p;. It is obvi-
ous that the epipolar constraint holds for the cor-
rect p’,;.
P Epi=(pi-n) Ep;i=0 2121

Eq. 2.12.1 is a constraint on the noise. We have

then to minimize the sum of the square of the noise
under this constraint.

A Ray to thq 3-D point
Epipolar line

Actual errol

sidual e|

Figure 2.1.2: The epipolar constraint says that the cor-
rect match should be on the epipolar line, which is a func-
tion of the motion parameters. The residual error can end
anywhere on the epipolar.

2.1.2.1. Simple Model with Spherical
Image.

A simple model that gets rid of the high bias
is:
> n;" n; — min
: 2122
s.t (p'i—n) E p;=0

which is easy to solve using Lagrangian multipliers
[4]. Eq. 2.1.22 means we minimize the mean
square of the correction 7; for what we think is the
noise. The idea is simple. Form the expression

L=n"n+i(p;-n)E p;
and then get the equations by setting the deriva-

dL
tives of L=)L; equal to zero: —=0, for
i an,-,-

J=x,y,z and §7L=0. This equation has 4xi +5
1

unknowns, 3 for the correction to the noise One for
4 for each point correspondence and 5 for the
motion parameters. Luckily the 4xi unknowns are
local and can be eliminated. Then we have to solve
for the 5 motion parameters only. So we eliminate
all but the 5 unknowns by considering each L; sep-
arately. Solving the equations we get

+ T

Pi Ep; 1
=0 el S e 2 2123
=2 o M=z ME D

The noise vector n we computed above is a func-
tion of the motion parameters and satisfies the
epipolar constraint written in the form of eq.
2.1.2.1. Then all we have to do is find the motion
parameters that minimize Y L; which can be writ-

ten as

+ T
& EP")Z 2124
L;= ll,'2= _—( T
AT

This expression was derived in [8]. The experi-
mental results were very good compared to the
biased approaches in the previous section. An iter-
ative method was presented to find the solution
that used an initial guess a biased solution. With
this as a guess the convergence was quick.

It is easy to see that 2.1.2.4 can be trans-
formed to
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n?=p' cos’(angle(p';, E pi))

where angle(-,-) returns the angle between its two
vector arguments.

2.1.2.2. Tangential Model with Spheri-
cal Image. v

The above model is good up to error of 5-10
degrees (well... this is more than what we want
anyways since on a wide angle camera this is
20-40 pixels). Another model, that would be
preferable in some cases, is one that restricts the
noise to be tangent to the image, which means nor-
mal to the p’;. To do this we add one more con-
straint and we modify the Lagrangian L; accord-
ingly by using one more Lagrangian multiplier.
Thus we have

Li=n2+4;(p'i—n) E p;+ AT p';

In the same way as before we get 5 equations that
give us solutions

pi' Ep;i
2
((E p;)xp',-)
then as before the quantity we minimize is

(P’iT E Pi)2 P
SL=r s —2— 2126
((E pIXpi

n;=p; X((E p;)xp';) 2125

] 1

It is not difficult to see that 2.1.2.6 is equivalent to:
n2=p'? cot*(angle(p's, E p))

2.1.2.3. Equal Radius Model

We can get yet another model by requiring
the moise vector to be such that both p,;” and p;’
are of the same length. So we replace the second
constraint accordingly.

L;=n2+4y;(p'i =) E pi+ 2y, (p?-p
And the solution is:
n?=2p'? (1 £ sin(angle(p’s, E p:) 2127

Of course from these two solutions we choose the
one with the — when the sine is positive and + for
the opposite.

2.1.24.

Comparison of the Three
Spherical Image Models

The three models that are described above
do not differ much when the noise is low. If the
noise is so high that these models differ signifi-
cantly then most probably it is too high to do any
motion and structure estimation. At least without
using an unrealisticly high number of points.

2.1.2.5. Planar Image Model

We’ll study two models. One with the same
assumptions, namely noise in the disparity vector,
isotropic noise and rigidity. And one that the noise
is in the position of the correspondence pair. Again
the story is the same. The extra constraint we have
on the noise is that it rests on the image plane so
that its £ component is zero. We have

Li=n2+4y; (i —n) E pi+ g ni’ ¢

Forming the equations in the usual manner we get

4oy PTEP:
HTS(E p)TZE p;
Agi=21; (E p)'Z 2128
1
n;= % IE Di
1
where = 1 . And we minimize
0
¢y T
pi E I’i)z 2129
L.= ni2 = ( .2,
zi" : 2.:' ; (E p)EE pi
Tangential Model
qual Radius Model
imple Model
Noisy image point vector

Figure 2.1.3: The three models with spherical image with
a grossly exaggerated noise.
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2.1.2.6. Planar Image Model with Noisy
Correspondence Pair

We can now examine another model where
the noise is assumed to be on both image points of
a correspondence pair. The two points have the
same noise distribution (this is not a strong
assumption since the correspondence of the two
points is established quite often using a measure of
their similarity). We now have three terms to mini-
mize on the Lagrangian

Li=ni+ 3%+ 20, (p's = mi)TE(p; — myi) +
Aginiid+ Ay nk2

Now we have three Lagrangian multipliers, but the
problem is that we have some unpleasant non lin-
earities associated with 1;;. While the equations
we get are still solvable using the program Maple,
they are too complicated to do anything useful
with them. So we get rid of all the second order

terms of the noise and then take the derivatives.
Then we have to minimize

2
(p'.-T E Pi)

X oTEE ETp'i+(E pYZEp;
where X is as before. Eq. 2.1.2.10 is the same as in
[5, 6] and it makes more sense when the corre-
spondence is established with discrete point match-
ing. It should be noted though that this is an
approximate expression.

2.12.10

2.1.3. Non-Isotropic Noise

After we studied a few cases with isotropic
noise, the next thing that comes to mind is non-
isotropic noise. How much more complicated are
the expressions? How useful it is? The answer for
both questions is not much. The complexity of the
expressions will become apparent in the next few
sections. Let us see them how much we can
increase the accuracy of the computation by using
anon isotropic model.

We can imagine the uncertainty as an ellipse.
When the noise is isotropic the ellipse degenerates
to a circle. If it is not isotropic then in the direction
of the major axis of the ellipse the uncertainty is
higher. The ellipse roughly corresponds to the area
where the endpoint of noise is most likely to occur.
It can also be seen as the ellipse defined from the
inverse of the covariance matrix of the error. As
shown in Fig. 2.1.4 when the uncertainty cloud is a

Epipolar Line
Residual Error
Cloud of Uncertainty

Figure 2.1.4: The cloud of uncertainty represents the
area where the penalty for the residual error remains low.
An elongated cloud of uncertainty will almost always pro-
vide us with a residual error, that terminates on the epipo-
lar line and is within this cloud of uncertainty.

long and narrow ellipse a quite wide range of
epipolar lines intersect it. So it does not constraint
the position of the epipolar, and hence the values
of the motion parameters, very much. And of
course when due to the aperture problem the
ellipse becomes really elongated there is no con-
straint at all.

This is not to say that the unisotropic model
does not offer anything. It might not offer much to
the computation of motion but it is very important
to the computation of structure.

2.1.3.1. Spherical Image Model

If we assume image point vectors of constant
length then the noise is a 3-D vector with an uncer-
tainty that is described by a 3x3 symmetric non-
negative definite matrix X. It is obvious that the
uncertainty cloud, is not a 3-D ellipsoid but a 2-D
ellipse projected on the sphere. So, matrix T has
one eigenvalue equal to zero; the one that corre-
sponds to the eigenvector normal to the 2-D
ellipse. The plane of the ellipse is tangent to the
image sphere at point p’;. The Lagrangian then
takes the form:

Li=n"% n;+ 24; (0’ —n) E p; +

Zin p';

The last term above, forces the vector 7 to be nor-
mal to p’;, in other words to belong to the tangent
plane. But we run into a small problem with the
inversion of X;. The matrix X; is singular, becanse
it has an eigenvalue equal to zero; the one that cor-
responds to the eigenvector normal to the tangent
plane (this eigenvector is parallel to vector D).
The easiest way to go around this is to use instead

the matrix X/ which is exactly the same as z;
except that the zero eigenvalue is now &. Then we

2.131
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let 5 go to zero. So we solve eq 2.1.3.1 as usual to
get the values for 4;, 42 and n. Then we substitute
to the L;’s

(P'iT E p; )(P'i Z'p'; )
L,' =

F

2132

where

2
F= (P'iTzi'P’i)((E p)'Z'E Pi)— (p'irzi'E Pi)

Since p’; is an eigenvector of ¥, with eigenvalue &
then we replace X' p’; with & p’; and take the limit
& — 0, Then we apply L'Hospital’s rule and set

p’iz =1 and we get:
(P'iT E Pi)z
SL=Yn"Z =2
i i

T (E p)TLE p;

which is the almost the same as €q. 2.1.29. The
only difference is that we have a different meaning
for matrix X;. Now X; is a non negative definite
singular matrix. In eq. 2.1.2.9 it was just a diagonal
matrix with two ones and a zero.

2,133

2.1.3.2. Planar Image Model

Indeed it is the same except that X; is differ-
ent

oy 02
I=| oo 03
0

All the rest is the same as above:

Li= n,-TE,-'ln,-+ lli (p’i = "'i)TE pit

2134
2.2,- ﬂ,‘rf
and after some math we get again
' T
ZL Z 5 E (P i E pz)z 2135
i= 2N = T Ny F o p.
: i T (E p)'LE pi

2.1.3.3. Planar Image Model with Noisy
Correspondence Pair

This case is very difficult, so we have to
eliminate the second order terms from the
Lagrangian.

Ly T
L;=n; Zyny+nn Ziphip+

A (P =) E(pi—m)+ Ay nii+ 2136
Ag; N3t
from which we get
;Li =2i.ﬂur)3i1'li1 +np" Zighip =

(p,l_r e p,-)z 2137
by

~ P TEZ, ETpi+(Ep)TZnEp;i

This an approximate expression as before. The
good thing is that it is not more complicated than
the one with isotropic noise. This concludes our
analysis of least squares models.

2.2. Maximum Likelihood

We have seen several least squares models.
We are moving now to Maximum Likelihood.
Instead of studying several special cases before we
move on to more general ones, we g0 directly to
the general case with planar image. It is evident
from the previous sections that the general case is
no more complicated than the special ones.

The MLM method tries to maximize the
likelihood of a solution. To see what this means
consider the following. Choose a solution at ran-
dom for the motion parameters and structure. Pro-
ject the resulting structure on the second image. If
this solution was the ground truth then this means

Figure 2.2.1: Let’s say the point is p units away in the di-
rection of p from the origin of the first (left in our figure)
image. The point then projects to p”. The original projec-
tion is p’. The distance between these two projections is
the error. To maximize the likelihood of p and the motion
parameters we have to maximize the probability of this er-
ror.
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that the distance between this second projection
and the original projection is the error. If this error
has very low probability to occur, and the same is
true for all the points then it looks like a rare situa-
tion. If on the other hand the probability of such an
error was high, it means that we are in a typical sit-
uation. Since it is natural to expect to encounter
more common situations than uncommon, we
should have preference for common ones. So a
good solution should maximize the probability of
the particular error pattern. We name this proba-
bility (or better the probability density) of the error
pattern that comes from the choice of a particular
solution Likelihood. And the method that finds
solutions that maximize this probability Maximum
Likelihood (Figure 2.2.1).

Let’s say the 3-D point P; is p; p; in the sys-
tem of reference of the first frame. We do not know
p;. The motion parameters are the rotation matrix
R and the translation vector 7. These motion
parameters also describe the relative position of the
systems of reference for frame one and two. The
position of the same point in the system of refer-
ence of the second frame is

Pi=p;Rp;+T

and the projection of this point on the second
image plane is
__Pi
1= Z‘T P'i
In general this point p”; is different than the point
p’; that is the given corresponding to p;. The dis-
tance between them is the error n=p”;—p’;.
Assuming Gaussian distribution the probability
density of the error is
1 n'X*n
270 °

where Z; is defined as before, 0=0y03— 02 and
the superscript + means pseudo-inverse. The like-

4

D 221

lihood for all the points is
1 aTX*n
=i 2
I,] 2ro £

In order to maximize this we minimize the nega-
tive log of it or

;nTZ,-*'n — min 222

Our unknowns are p; (one for every image point
pair) and the motion parameters. We can do the

same as in previous sections and eliminate the per
point parameters and be left with an equation with
the motion parameters alone. Doing this we get

T
(P'i X T) Z(TXR p;)
223

Pi=
(TxR Pi)TZi(R DiX P'i)

If we substitute 2.2.3, 2.2.1 in 2.2.2 we get, after
some simplifications

2
, T
Di Epi) 224
Ty + ( Sl
Iytn -y N =0 )
2R m=L e EE R

which is the same expression as 2.1.3.5.

The assumptions we used were Gaussian
distribution, independence of noise (since we use
one X; matrix for each point) and rigidity. The
Gaussian distribution is not a particularly strong
assumption if we are able to obtain reasonable val-
ues for the X;’s and the actual distribution is uni-
modal (has one peak). This is not the case in a
wide range of situations though (mismatches in a
correspondence based algorithm or singularities in
the computation of flow). But the alternatives we
have are very limited and come with a heavy pre-
mium on the computational cost. The assumption
of independence of the noise among various points
is a quite strong assumption but we can relax it
without major consequences.

2.3. Correlated Noise

When the noise cannot be considered inde-
pendent (e.g. is correlated), we can still use MLLM
to estimate motion. The problem is that the expres-
sions cannot be simplified. The same is true if we
use least squares and Lagrangian multipliers as in
section 2.1. Further, the representation of the
covariance matrix is not easy because non-trivial
correlations exist between pairs of flow vectors
quite far apart (in fact we could not guarantee how
far apart, without introducing more problems than
we solve).

To proceed we need to state a few assump-
tions. One is that the method that provides the ini-
tial data for the disparity field is an overcon-
strained linear method or a Newton type method
that involves a series of linear steps. So this
excludes methods based on matching. We also
assume that it makes sense to minimize the L,
norm of the residual of the overconstrained linear
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system (e.g. minimize the sum of the squares of the
residual vector). Then we use a trade off parameter
A to minimize

2
, T
(Pi Epi) 231
L=(Ax—b)2+12m—; el

where Ax—b is the residual of the overcon-
strained linear system of equations, x is the vector
that contains all the disparity vectors (or flow vec-
tors etc). Z; is either any reasonable approximation
of the covariance matrix or

in the absence of anything better. The precise
value of ¥; is not important because Ax—b is
playing exactly this role.

From a first look of eq. 2.3.1, one can tell
that it is not an optimization using Lagrangian
multipliers. It is closer to a regularization expres-
sion that uses rigidity instead of any kind of
smoothness [1]. How can we use this then? If we
have an initial guess on the motion parameters,
then we can solve for x (or for p’; which are
directly related). This involves a minimization of L
which is not a quadratic (one can drop the denomi-
nator of the expression in the summation and get a
quadratic, or solve it with successive lineariza-
tions). Assume that we can do this minimization
for a given set of motion parameters. Then Ly is
a function of the five motion parameters. The value
of x, which is the vector of all the image dispari-
ties, that minimizes L is a set of disparities that
almost fit the image data (since A depends on the
image data) and at the same time satisfy the rigid-
ity constraint if A is large enough. If we minimize
L, With respect to the motion parameters as well,
the result is a set of disparities that fit the image
data very closely while satisfying the rigidity con-
straint. :

3. Conclusions

We presented an analysis of a series of mod-
els for Visual Motion Analysis. These include
models that use planar or spherical image,
isotropic moise or non-isotropic, use MLM or the
simpler Least Squares, noisy correspondence of
noise disparity vector and independent or corre-
lated noise. Most of them turned out to be

equivalent; some of them are expressed even by
the same formula.

The question of whether some or any of
these models is optimal remains almost open. The
fact that some of them are derived from MILM is
encouraging, but there are cases that MLM does
not give an MVE (Minimum Variance Estimator),
in which case no method can give one because
such an estimator does nor exist. So the only thing
we know is that if there exists an MVE, then we
have found it because we used MLM.

Another question that remains open is the
assumption of the noise distribution. All these
methods work well with distributions that are simi-
lar to Gaussian [8] but we do not know what type
of distributions to expect in realistic situations.
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