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Abstract

We consider the problem of motion planning for a
point robot using a probabilistic model for q par-
tially known dynamic environment. The static known
part of the environment consists of point shelters dis-
irbuted in a planar terrain, and the dynamic, un-
known part is abstracted in the form of alarms that
cause the robot to leave its current (pre-planned) path
and divert to the nearest shelter. We give a proba-
bilistic analysis of the ezpected times for the dynamic
paths generated when the alarms follow a Poisson dis-
tribution with parameter ). Two strategies are pre-
sented suitable for low and high values respectively of
the alarm rate X. We also discuss ways of generalizing
the approach and possible applications.

1 Introduction

The ability to navigate successfully in a dynamically
thanging environment would be an important feature
of the behavior of an autonomous mobile robot. In the
absence of complete priori knowledge of the environ-
ment, a robot would have to rely on its sensory input
fo detect moving (e.g. [9]) and stationary obstacles
I its vicinity and adapt its path according to its cur-
rent set of goals. A large portion of the motion plan-
ning literature (see [11] for a good survey) is concerned
with planning efficient paths using models that either
assume a complete knowledge of the environment or
that simply ignore its dynamic nature. We are con-
cerned here with analyzing and comparing alternate

. motion planning strategies in a framework that cap-
tures both the dynamic and uncertain elements of the
environment.

For motion planning in a dynamic environment the
requirement that the motion of the obstacles be known
at the time of planning is fairly restrictive since it does
1ot represent a typical situation. Moreover, it also

The support of the Defense Advanced Research
Projects Agency (ARPA Order No. 6989), U.S. Army
Engineer Topographic Laboratories (Contract DACA76-
89-C-0019),IBM Graduate Fellowship and NSERC (under
grant OGP0105739) is gratefully acknowledged.

turns out that with complete information the prob-
lem of motion planning in a dynamic environment
1s computationally hard as demonstrated by various
lower complexity bounds reported in the literature [7].
These intractability results have encouraged heuristic
approaches, especially as applied to more limited geo-
metric models — for example, in [3]. However, these
models are inadequate for dealing with a dynamic en-
vironment that is known only partially.

On the other hand, considerable research has been
done in path planning with incomplete information
but where the environment is static. Typically, a
point robot is assumed to have positional informa-
tion only about the starting point and the goal point,
and is assumed to possess a sensory device, the input
from which is then used for path planning. For exam-
ple, a primitive operation of visual input or “scan” is
used in [6] to build structures based on the visibility
graph or the Voronoi diagram of the two-dimensional
scene populated with non-overlapping polygonal ob-
stacles. In [4] the two-dimensional obstacles are al-
lowed to be of arbitrary shape, and it is then shown
that for a point robot tactile sensory input is suffi-
cient to guarantee reachability of the goal. Upper
bounds on the length of paths generated by such al-
gorithms are established in terms of the perimeters
of the obstacles falling within a region. An interest-
ing lower bound result in terms of path length is es-
tablished in [4], applicable to any algorithm in the
given framework. No systematic work, however, has
been reported on how these approaches may be gen-
eralized to include a changing environment. Prob-
abilistic methods presented in the literature largely

d]eal with the uncertainty involved with the sensors [2,
1J.

A model for the uncertain dynamic environment
was presented in [8] that captures the dynamic vari-
ations in terms of alarms that obey a probabilistic
distribution. It then becomes feasible to study the ef-
fects of the dynamic events on the robot’s path, defin-
Ing some rules that guarantee safe traversals with ap-
propriate responses to the alarms. The criterion used
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to compare alternate paths is their ezpected dynamic
costs for the given probabilistic model. Using this
model an optimal solution to a local version of the
navigation problem was obtained in [8]. Here we use
the same dynamic model for the alarms — but con-
sider a terrain with a set of shelters at known loca-
tions to which the robot can head for safety whenever
an alarm occurs. Two strategies are presented and
compared on the basis of their ezpected performance
using the probabilistic model of the environment. Us-
ing this analysis it becomes possible to establish the
superiority of each of the path planning strategies for
a particular range of the probabilistic parameter.

2 Preliminaries

We consider the following model. The mobile automa-
ton (MA) is a point and moves in two modes. In the
normal mode MA moves with a constant velocity v
and in the emergency mode it moves with a velocity V
(V >> v). MA switches to an emergency mode when-
ever it detects certain events in its environment (e.g.
through its visual sensors) called alarms. The planar
terrain has a set of special locations called shelters.
Immediately following an alarm, MA moves straight
to the nearest shelter with a velocity V. Here we con-
sider the case when the plane is populated with n point
shelters with two special shelters — the starting point
(S) and the goal point (G). The spatial locations of
the shelters are assumed to be known while the times
when the alarms occur are not known a priori but de-
tected dynamically by MA. In order to analyze the ex-
pected dynamic behavior of MA for a particular path
planning strategy, we use the Poisson process to model
the occurrence of the dynamic events or alarms. (See
[8] for a justication for using this model).

Figure 1.

We further define the following:

static path: The pre-planned path, preferably one
that gives efficient performance for the model cho-
sen. This is the path computed before MA starts
moving, on the basis of a particular strategy (e.g.
the dashed lines in Fig. 1).

dynamic path: The actual path taken by MA —
starting out on a given static path and with the
occurence of each alarm moving to the nearest
shelter and continuing from there toward the goal
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(e.g. the solid, arrowed lines in Fig. 1).

The ezpected time to reach the goal following a par-
ticular strategy is used as a measure of performance.
The problem is then to find strategies which generate
the static paths from S to G with minimum expected
time. We use the term 7,.[P] to denote the expected

time to travel from a point P to the goal using a static |

path that either passes through the point r (when if
r is a point shelter) or uses a segment r (when risa
line segment). The subscripts are dropped when there
is no ambiguity in the context.

Figure 2.

3 Probabilistic Analysis

For the dynamic model used — it is useful to consider
the Voronoi diagram (see [5] for definition and Fig.2
of an illustration) for the n points on the plane that -
constitute the shelters. The Voronoi diagram incor-
porates all the proximity information needed to de-
termine efficiently the nearest shelter from any point
on the terrain. With each shelter P we can thus as
sociate a convex polygon (possibly unbounded) cailed "

V@)

Figure 3.

the Voronoi polygon V(P) having at most n — 1 sides.
If the automaton MA is anywhere in V(P) when the
alarm occurs, then the dynamic rule requires if to
move directly to P before restarting toward the goal



We now state some general properties of the dynamic
paths in the form of four lemmas, the proofs of which
are given in [10].

Lemma 1 The expected time for the automaton MA
to move out (or ‘escape’) from the Voronoi polygon
V(P) of a shelter P (Fig. 3) along a given direction
PQ is given by
1
Teeel PQ] = 5(e¥ — 1) (1)
where |PQ| =1 and Q lies on the border of V(P).
Lemma 2 The expected time for the automaton MA
to move (or ‘home’) to a shelter P from a point Q
(Fig. 4) within the Voronoi polygon V(P) is given by
1 .
Thome[@P] = $(1 = ¢ ¥) 2
where |QP| = 1.

Figure 4.
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Figure 5.

Lemma 3 If the static path of MA from s to g in-
cludes a straight line segment QR that cuts through
the Voronoi polygon of a shelter P (Fig. 5), the ex-
pected time for MA to travel from Q to the goal is
given by

Torl@l = (; +TIP)(1 - ¥) + T(R]  (3)

where T[P] and T[R] are the expected times for a path
to the goal from P and R respectively and |QR| = I.

Lemma 4 Let AB be an arbitrary line segment
(‘edge’) between two shelters A and B, lying on a static
path from A to the goal (Fig. 6). If AB cuts across
the Voronoi polygons of k£ > 0 intermediate shelters
P, Py, ... Py, such that it can be divided into k + 2
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Figure 6.

consecutive segments of length a,ly,ls,...l;,b in the
corresponding Voronoi region, then the expected time
from A to the goal via AB is given by

TuslAl= TE, [} +TIRDA - e )]+ T(B]
+i(e¥ —e W) (4)
where T[P;](: = 1...k) and T[B] are the expected

times for a path from P;(: = 1...k) and B respectively
to the goal.

4 Strategy for Low Alarm Rate

The first strategy that we consider is the direct strategy
of moving in a straight line to the goal. If and when
the alarm forces MA to move to the nearest shelter, it
again continues to move on a straight line to the goal

@
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Figure 7.

Optimality at low A. The superiority of this strat-
egy for low values of ) is established as follows. We
first show that as A — 0, the expected dynamic cost of
any arbitrary edge AB between two shelters (Fig. 7)
becomes independent of all intermediate shelters, and
varies linearly with the length AB. For low values of

A, we can use the approximation e+ o 14 %, where
the length of the path segment I and the velocity v are
both finite. Thus substituting in the expression of the
expected cost in lemma 4, we get
k
(a+b) LT[R
Tapl[Al ~ ——= + T[B] + A\ — (5

aB[4] — 4+ FlB & ; > (%)

In the limit when A — 0,
AB

The expected dynamic cost thus approaches the static
cost (time). Thus the optimal path would also be the
shortest one and hence the direct strategy (which gives
the shortest static path in this simple model without
any ‘obstacles’) becomes optimal as A — 0. This also
holds good for very low values of X with the the prob-
ability of the direct strategy being the optimal one
increasing with decreasing A. This corresponds to the
simple intuition that as the alarm rate approaches 0,
the dynamic case becomes closer to the static case.
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Convergence. We first show that once the mobile
agent (MA) can ‘escape’ from the Voronoi regions of
individual shelters (that is, emerges from the local os-
cillations) it will eventually reach the goal using the
direct strategy. This would be true for any sequence
of alarms and for any distribution of the shelters such
that the distance D from start (S) to the goal (G) is
finite. We then show that for low A the expected time
to escape the Voronoi region of any shelter for a fi-
nite value of D and v is finite thus substantiating the
practical convergence of the algorithm.

Figure 8.

As MA starts toward the goal on the line SG, for
it to get deflected to any intermediate shelter Py, the
Voronoi region of P; must intersect SG, a condition
that is true when P; lies inside the circle with SG as
the diameter (see Fig. 8). According to the Direct
Strategy, MA restarts from Py along a segment P1G
of length d; < D. The argument is applied recursively
as follows. After the ¢** alarm, the remaining distance
d; is less than d;_;, the distance to the goal after the
(i = 1)** alarm, with do = D. The condition that
must be true for convergence is that MA should never
revisit any shelter once it escapes its Voronoi region,
so that there can be no cycles in the dynamic path,
other than the local oscillations. Since the distances
(Fig. 8) to the goal for the successive shelters form
a monotonically decreasing sequence, it is clear that
no shelter can be revisited once the path escapes the
associated Voronoi region.

The expected time to escape from the Voronoi re-
gion of any shelter P along the direction to the goal G
is given by Lemma 1 as

Tesc[PG] = ;(el_"l s 1)

Or, using the earlier approximation for low values of

; b oM !
Tesc[PG] ~ ~A—(1 =+ —’U— = 1) = ;}'
with the approximation becoming more and more ac-
curate as A — 0. Now as shown earlier the distance
remaining from any intermediate shelter is less than
D, so that for all such points | < D/2 and for a finite

D and v, the time % to escape a shelter is finite. Thus

it can be shown that with probability tending to 1,
MA will escape each shelter that it visits. i

Evaluation of expected cost. The exact value for
the expected travel time can be computed as follows.
We do not use the approximation for low A because -
even though the direct strategy is proven to be opti-
mal for low values of X it may actually be used ina =
situation when that condition may not be true. Using
Lemma 4 (and Fig. 7, for b = g) we get the expected
time,

Al

TIAl = TuglS] = Tial(G + TIRDA -]
+i(e¥ —e¥) SN

since T[G] = 0. Thus T[S] depends on the computa- -
tion of T[P;] for all the intermediate points P;. Theex-
pected costs are computed using Eqn. 6 for the points
in the order of increasing distance from the goal G.
For any point P at a distance d from G, the only
other points involved in the computation of T[P] all
lie inside a circle with TG as diameter. This in turm
is a subset of all points that lie inside a circle of ra- :
dius d with G as center, for which the costs would -
already have been computed before that of P using =
the proposed ordering. Thus T'[S] can be computed
correctly using a O(nlogn) algorithm that first sorts
the n points and then computes the expected distances
using equation 6.

Figure 9.

5 Strategy for High Alarm Rate

We consider the situation when the alarm rate (A)
is high, and in particular the limiting situation when =
A — oo. Under this condition, the expected cost
(time) of crossing a path is dominated by the cost of
crossing the largest edge in the path, thus motivating
a navigation strategy that minimizes the maximum
edge in a Delaunay path from any point to the goal |
point — a Delaunay path being defined as a sequence -
of edges from the Delaunay triangulation of the plane
for the set of point shelters. See [5] for a definition -
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of the Delaunay triangulation of the plane and Fig. 9
for an example of a Delaunay triangulation and a De-
launay path (the dark line). We study the properties
of this MiniMax Delaunay Path (MDP), which can be
given by an O(nlogn) algorithm and is shown to be
suitable for high A.

Optimality at high A. The general form of the ex-
pected time for a dynamic path across an arbitrary
edge (from Lemma 4) as A — oo reduces to

Eg
(1)

by recursive substitution in equation 4 and using the

limiting conditions, e~ *% — 0 and + — 0, and where
k < n is finite and z; are the various line segments
for which MA can oscillate within the Voronoi region
of a particular shelter with the occurrence of alarms.

As the value of A increases, the expected cost is thus

Figure 10.

dominated by the term %e% maxi{z:} and as A — oo the
expected cost tends to the above (divergent) expres-
sion that involves the maximum of the line segments
z; in the path. Thus the optimal strategy for high A
is the Minimax strategy that gives a path which min-
imizes the length of the maximum edge on the path.
We next argue for the stronger condition that the op-
timal path is the minimax Delaunay path (i.e. each
edge in the path is a Delaunay edge). Suppose this
were not true, and the optimal path contains a non-
Delaunay edge ND. Consider an alternate path where
ND is replaced by a Delaunay path. Now each of the
edges that appear in this Delaunay path would have
to be traversed with a high probability (with the prob-
ability — 1 as A — co) in the original path. Thus the
expected cost of the new path is at least as high as
that of the original path. However, by choosing from
all possible Delaunay paths one that has the smallest
maximum edge to replace ND, the expected cost of the
new path can be decreased. Thus the minimax Delau-
nay path (MDP) strategy that returns the minimax
Delaunay path is optimal for high \.

EMST gives the Minimax Delaunay Path. An
algorithm for MDP results by showing that a Eu-
clidean Minimum Spanning Tree (EMST) (see [5] for
a defintion) actually gives the MDP between any two
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points. An EMST would thus contain the optimal
paths from any shelter to the goal. This is especially
important since for the dynamic behavior of MA, we
would like to store the optimal path for all n shelters
since MA can restart toward the goal from any inter-
mediate shelter, beside the starting point. We observe
that an EMST is a subset of the Delaunay graph ([5]).
Next we prove that a path on an EMST between two
shelters is a Minimax path between them. Consider a
minimax path P between two points A and B. Suppose
it has an edge e that does not belong to the EMST.
Consider the EMST M and add the edge e to it. This
will introduce a cycle in the graph (Fig. 10). Let the
tree M’ be formed by removing the largest element f
in the resulting cycle. Let P’ be the path between A
and B formed by replacing the edge e in P with the re-
maining part of the cycle. There are two possiblities.
If e was not a largest edge in the cycle, then M’ will
be a spanning tree with a lower cost, contradicting the
fact that M was the EMST. If e was a largest element
then the new path P’ is also a Minimax path. Thus a
path confined to an EMST will give a Minimax path.

An EMST can be constructed in O(n) time when
a Delaunay triangulation of the plane for the n points
is available. The Delaunay triangulation itself can be
done in O(nlogn) time (See [5]), so that given the lo-
cations of n shelters, the computation of EMST takes
overall O(nlogn) time. Thus for the MDS strategy
the static path from any shelter to the goal is simply
the unique path on the EMST from that shelter to the
goal.

Evaluation of expected cost. The exact value for
the expected travel time can be computed as follows.
Again we do not use the approximation for high A be-
cause the MDP strategy may be used for lower values
of A though it may not be the optimal for that range
of A\. The computation of the expected cost for each
edge becomes simple, using Lemmas 3 and 4. If the
minimax Delaunay path has k < n edges with lengths
a1, as, . ..a respectively, the expected cost of the dy-
namic path from S to G is given by

k
1 Aaj _ ey
T[S]=XE (e —e ).
=1

6 Generalization

The model used in the previous case can be modified
to allow for known polygonal obstacles in the environ-
ment, thus formulating a more general motion plan-
ning problem. The dynamic response of the robot to
an alarm at a point is to move to a shelter in the mini-
mum possible time. This would correspond to moving
toward a shelter to which the shortest path from that
point, while avoiding the obstacles, is the minimum
among the n shelters. In Fig. 11, the dark line repre-
sents a dynamic path generated for a single alarm and
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for the static path shown with broken lines.

Figure 11.

Strategies can be given analogous to those for the
case with no obstacles [10]. However, both the com-
putation and the proofs become more involved. A
new structure is being considered that generalizes the
Voronoi diagram for points, to include the effect of
the polygonal obstacles on the proximity information.
Note that this is different from other generalizations
of the Voronoi diagram that expand its definition to
include lines and polygons since we treat the polygons
(obstacles) differently from the point (shelters). An
application of this model would be a service robot in
a factory that may be called upon to report to the
nearest of many centers at random times (e.g. for
recharging its batteries, when the consumption is not
predictable), while it attempts to minimize the time
to reach a goal point.

The strategies presented in this paper are heuristics
in the sense that that the paths are confined to be
piecewise linear, with each linear segment being the
line connecting two shelters. When we do not impose
this restriction we must seek the optimal solution as
a function of the location of the n shelters and the
parameter % The problem appears to be hard for
the dynamic model chosen and proofs of convergence
of the different strategies appear to be difficult. On
the other hand, restricting ourselves to a subset of
the solution space yields analytical results that should
serve to give some insight into the overall behavior of
the dynamic path planning problem. In particular, the
resulting strategies for limiting values of A (for a fixed
v) should serve as a good heuristics for the optimal
solution.

7 Conclusion

We have presented a model for a hazardous environ-
ment and demonstrated its use in evaluating alternate
strategies for navigation using a rule for evading dan-
ger by re-routing to the nearest shelter. While the
model is simple, it serves to provide insights into the
influence of the probabilistic parameters of the dy-
namic environment on path planning. It may be con-
sidered as a step toward treating more general and
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realistic environments in which all static components
(e.g. the obstacles and the shelters) are known while
the dynamic components that also influence the path
are unknown and can only be detected online.
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