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Abstract

This paper proposes to solve the attitude determi-
nation problem in robot vision using the support func-
tion and the two curvature functions for convez bod-
tes. Mathematical background for these functions is
surveyed. The problem of attitude determination is
defined as finding a rotation that rotates a measured
object to a model. The problem is transformed into
constrained optimization problems utilizing the com-
binations of the support function and each of the two
curvature functions. Ezperiments have been conducted
on synthesized shapes. Eristing numerical computa-
tion packages are employed to solve the optimization
problems. The experimental results show that the ap-
proach is promising for practical applications.

1 Introduction

This paper proposes to solve the attitude determi-
nation problem in robot vision using the support func-
tion and the two curvature functions for convex bod-
ies. Attitude determination is a subtask that a robot
vision system needs to perform. The support function
and the two curvature functions are orientation based
representations of shape.

Earlier mathematical results on the support func-
tion and the curvature functions have been exam-
ined. All mathematical background for this research
has been established decades ago (see Bonnesen-
Fenchel [1] and Busemann [2]). The problems of
attitude determination by the support function and
the curvature functions have been formulated as con-
strained optimization problems for which solutions ex-
ist. Experiments have been conducted on synthesized
shapes. The experiment results show that the pro-
posed approach is promising for practical applications.

Nalwa [6] proposed the use of the support function
in computational vision, but gave no suggestion about
how. The Extended Gaussian Image (see Horn [4] and
Little [5]) is a special case of a curvature function. It
is the second curvature function of a convex polytope.
The work presented in this paper deals with dense,
instead of sparse, representations of shape.

This paper is organized as follows: Section 2
presents the mathematical background for the support
function and the curvature functions. Section 3 defines
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Figure 1: The support function of a convex polygon.

the problem of attitude determination and proposes
an approach to solve the problem using combinations
of the support function and each of the two curva-
ture functions. Section 4 describes the experiments
on synthesized shapes. Results of attitude determina-
tion by the second curvature function and the support
function and by the first curvature function and the
support function are presented. Section 5 summarizes
the present work and provides pointers to problems
that we are now working on.

2 Mathematical Background

The support function of a compact convex set K
in R? maps a vector u € S9! (S9-1 denotes the unit
sphere in RY) to the signed distance between the ori-
gin and the support plane of K with outer normal u.
Figure 1 shows a convex polygon and its support func-
tion. The value of the support function at u € S? is
the distance between the origin and the dashed arc
along the direction determined by wu.

Definition 2.1 Let K C R? be a nonempty set. The
support function H(K;v) of K is the real-valued func-
tion defined by

H(K;v) = sup{(z,v) | € K} ,

for all v € R for which the supremum is finite.
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The following properties of the support function
show that the support function is a good representa-
tion of convex shapes. Support functions are additive,
positively homogeneous, and convex. If a set K is ro-
pa.ted, its support function rotates in the same way,
ie.,

H(R(K);v) = H(K;R™'(v)) - 1)
The support function is unique for convex sets, le., if
K1, K are nonempty compact convex sets in R% such
that H(K1;v) = H(Ka;v) for every v € R4, then
K; = K,. In fact, a compact convex set K can be
represented by its support function as

K = {z|(z,v) < H(K;v) for allv € D},

where D is the domain of H(K;v). A non-convex
polygon and its convex hull have the same support
function. This proves that only for convex sets is the
support function unique.

A linear function is the support function of a point.
A piecewise linear function is the support function of
a polytope. The support function of the unit ball with
center at the origin is ||v]|. The support function of the
cube having edges parallel to the axes with edge length

2 and centered at the origin is Z?__.l |vi|. Let Eqpc

denote the ellipsoid determined by f; + %;— + %:— =che
The support function of Eq 3¢ s

BB )= \/a"’vf + 5203 + 202, ®)

for v = (v1,v2,v3) € R3.

Let K be a convex body. Suppose the support func-
tion H(K;v) of K has continuous second derivatives.
Let (H;;) denote the Hessian matrix of H(K;v), ie.,

Define F;(K;u) to be equal to the sum of all i-rowed

principal minors of (H;;) evaluated at u, i =1,... ,d—
1, and call it the i-th curvature function of the convex
body K.

For u € 891, let z(K;u) be the point on
the surface of K with outer normal u. Let
Ri(K;u), Ro(K;u), -+, Ra-1(K;u) be the radii of
principal curvature at z(K;u). It is known that

Fi(K;u) = Rl(K;u)+~--+Rd_.1(K;u),
Fi1(K;u) = Ri(K;u)Rz(K;u):--Ra-1(K;u) .

When d = 3, there are two curvature functions, F3
and F», which are the sum of radii of principal curva-
ture and the product of radii of principal curvature,
respectively. Note that the second curvature function
is the reciprocal of the Gaussian curvature, and that
the first curvature function is equal to mean curvature
divided by Gaussian curvature.

From the support function of ellipsoid Eqp, the
curvature functions of E, 3 . are obtained:

a?b2c?(u? + u? + u?)

Fyo(E 3 = )
2(Eapei¥) (a2u? + b2u? + c?u3)?

®3)

Fl(Ea,b,c; u) =
a2b?(uf + ud) + b2c?(ud + uj) + a’c®(uf + ud)
(a?u? + b2u3 + c?ul)3/2 :

4

The notion of mized volume plays an important
role in the studies of convex bodies (see Bonnesen-
Fenchel [1] for definition). Let V(Kji,...,Kq) de-
note the mixed volume of convex bodies K1,...,Kq
in R%. It does not depend on the order in which K;
appears. The following mixed volume combines the
support function and the curvature functions of the
convex bodies:

V(Kl,g{g,...,K%,pd,...,@ =

d—1-3

=
l( d'._ 1 ) H(Ky;w)F;(Ka;w)dw ,
d 2 Sd—l

o 4

i=1,2,...,d -1, where B9 denotes the unit ball in
RY. When d = 3, there are two such mixed volumes:

1
V(Kl, Kz,Kz) = g[gd—x H(Kl;w)Fg(Kz;w)dw ) (5)

1
V(I{I,Kz,Bs) = g/d ; H(Kl;w)Fl(Kg;w)dw . (6)
Sa—

Let V(K) denote the volume of K. The following
two theorems are fundamental to our solutions to the
attitude determination problem.

Theorem 2.1 (Minkowski’s Inequality, see page 48
of Busemann [2].)

VUKo, K1, ..., K1) > V(Eo)V4 1 (Ky) -

If Ko and K; do not lie in parallel hypersurfaces the
equality sign holds only when Ko and K, are homo-
thetic. (Two sets P and Q are said to be homothetic

if P = {a} + A\Q,a € R% 1 >0.)
Theorem 2.2 (Busemann [2] page 49.)

Vz(KOa Kl) K{’ . -7K¢Ii—2) _>_
V(Ko, Ko, K}, ..., Ki_s) - V(E1, K1, K1, ..., Ki_o) s

with equality if and only if Ko and K; are homothetic.

3 Problem Definition and Solutions

Generic tasks that robot vision systems perform
are [9]: 1) recognition 2) localization and 3) inspec-
tion. Attitude determination is a subtask of localiza-
tion.

Definition 3.1 The attitude determination problem
is defined as finding a rotation R such that R(K') =
K, where K is a model, K’ is a measured object that
is resulted by an unknown rotation from K.

210 Vision Interface '92



Let K1, K5 be convex bodies in R3. By Minkowski’s
Inequality (Theorem 2.1),

V3(K1, K2, K2) > V(K1)V3(Ks) , )

the equality holds if and only if K; and K>, are homo-
thetic. By Theorem 2.2,

V*(K1, K2, B®) > V(K1, K1, B3)V (K3, K2, B%) , (8)

the equality holds if and only if K; and K> are homo-
thetic. It is known that d - V(K,..., K, BY) is equal
to the surface area S(K) of K. Combining equations
(5) and (6) with inequalities (7) and (8), the following
conclusions are obtained.

1. Among all convex bodies K; of volume 1, those
that are homothetic to K5 yield the minimal value
of

/ H(K;;w)Fy(Kqjw)dw ;
52

2. Among all convex bodies K; of surface area 1,
those that are homothetic to K5 yield the minimal
value of

/ H(K;;w)Fi(Kojw)dw .
S2

Let K; and K> be two convex bodies that have
the same volume or the same surface area. Define
functions of rotation R:

R = /S HRE) @) Fo(Kyiw)ds, (9)

>

(,O(R) Lz H(R‘l(Kl);w)Fl(Kg;w)dw G (10)

Since rotations preserve volumes and surface areas,
functions %(R) and ¢(R) reach minima when and
only when R~}(K;) = Ko, ie., R(Kgg = K,. By
Definition 3.1, the problem of attitude determination
can be solved if and only if the minima of ¥(R) or
¢(R) can be found, and the minima are solutions to
the attitude determination problem. Recall (7), (8),
and the definition of ¢(R) and ¢(R), the global min-
imum of $(R) is 33/V?2(K2)V (K1), and that of p(R)
is 24/S(K1)S(K2). By the if-and-only-if condition in
Theorem 2.1 and Theorem 2.2, the global minima are
unique, modulo any rotational symmetries that K;
possesses. Thus the attitude determination problem
can be expressed as one of the following optimization
problems:

minimize: ¥(R) (11)
subject to: R is a rotation ,
or
minimize: ¢(R) (12)
subject to: R is a rotation .
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Equivalently, the attitude determination problem
may also be expressed as minimizing ¥,(R), ¢1(R),
¥2(R), or p2(R), which are defined as:

e

n®) & [ HEED )R 0

e1(R) 2 LzH(R(KQ);w)Fl(Kl;w)dw,

>

w®) & [ BEORERE) W,

>

pa2(R) /;a H(K1;w)Fi(R(K2);w)dw .

A rotation is represented by a triple (¢,6,9Q)
meaning a rotation by angle Q around unit vector
gsin¢cose,sin¢sin0,cos¢ . Thus ¥(R) and ¢(R) are
unctions of three variables (4,6, Q) and ¢(¢,6,Q),
the domains of which are R3. The problem of atti-
tude determination is then equivalent to the following
constrained optimization problems:

minimize: $(¢,0,2), (4,6,2) € R,
subject to: 0< <7, (13)
0<0< 27,
0<Q<r,
or
minimize: ¢(¢,6,Q), (¢,0,Q) € R3,
subject to: 0< o< 7, (14)
0<80<2m,
0<Q< .

Since the feasible regions of the optimization prob-
lems (13) and (14) are closed and bounded, solutions
to the optimization problems exist.

4 Experiments on Synthesized Shapes

Experiments have been conducted on synthesized
shapes to solve the attitude determination problem
following the approach proposed in Section 3. The
synthesized convex surfaces have been the ellipsoid
E3 59 so far. The support function and the curvature
functions of E35 ¢ are

H(E350;v) = \/911% + 25v3 + 8103 ,
N 18225(v2 + v2 + v2)
Bllasey) = (9v% + 2502 + 81v2)2 ’
954v2 + 225002 + 275402
Fi(Esse;v) = 1 = :

(9v? + 2502 + 81v3)3/2

Figure 2, Figure 3, and Figure 4 draw the second cur-
vature function, the first curvature function, and the
support function of F35 9, respectively.

Let Ry be a fixed rotation, K3 £ Ro(Ess,s). Think

of K; as a model, and K, = Boi (K= E359 as
an object for which certain measurements have been
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(b)
Figure 2: The second curvature functions of E3js,o.
(a): orthogonally projected onto yz—plane; (b%: or-
1(;hogon)ally projected onto a plane perpendicular to
10

(b)
Figure 3: The first curvature functions of Ez59. (a):
orthogonally projected onto yz—plane; (b): orthogo-
nally projected onto a plane perpendicular to (1,1, 1).
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Figure 4: The support function of E35 9. (a): orthogo-
nally projected onto yz—plane; (b): orthogonally pro-
jected onto a plane perpendicular to (1,1,1).

made. The goal of the experiments is to find Ry
through the support functions and the curvature func-
tions of K; and K,. By (1), the objective functions
for the special case of F35 9 are

'l,b(R) — ‘/;;2 H(E3’5’9; Ral(R(w)))Fz(Egls’g; w)dw y

PR = [ | H(Bssi R (RN Fa(Bos i),
1R = [ H(Bosei @) Pa(Bosoi By (),
o1(®)= [ H(Bosoi @) Fa(Bosos Ry ())o.
Ba(B) = [ H(Esso R @) FlBsssi R (@)

pa(R) = [ H(Bosoi R () Fa(Bops R ().

The Ry for the experiments is (7/6,7/9,7/4).

The roles of the model and the object are inter-
changeable depending on what measurement can be
made about the object. For example, suppose the sup-
port function of an object can be measured instead of
curvature functions. Then the role of K; and K> in
the above process can be exchanged, and we need to
know the curvature functions, instead of the support
function, of the model.

A constrained nonlinear programming subrou-
tine, NLPQL [8], has been used to solve the op-
timization problems (13) and (14). A numeri-
cal integration subroutine from [3] is used to cal-
culate the objective functions. A surface integral
f52 f(w)dw is transformed into the volume integral

ST [ f(singcos, singsind, cos)singdfds .
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Y(R) | o(R) | ¥1(R) | ¢1(R) | ¥a(R) | 2(R)
1070 | 1180 | 859 | 1178 | 982 | 1163

Table 1: Results of experiments: the number of initial
guesses out of 4096 initial guesses, from which NLPQL
finds the optimal point Rjg.

The optimization subroutine employed does not
guarantee, like many optimization packages, that the
minima found are global. Since we know the global
minima of ¥%(R) and ¢(R), we can always check
whether a minimum found by the subroutine is the
global minimum.

Optimization results have been obtained when all
functions are given by analytical expressions. The op-
timization processes have been executed 4096 times,
each time with a different input point as an ini-
tial guess of the optimal point. These points are
(01 % #0.2% 5,0.1 xk},4,5;k =135 ",31 The
triples (4,6,(Q) obtained fall into two categories: 1.
the rotation Ry; 2. a boundary point of the feasible
region. The numbers listed in Table 1 indicate the
numbers of initial guesses from which the global opti-
mal point, Ry, is found by the optimization processes.
The distribution of the two categories over the initial
guesses suggests connected regions within the feasi-
ble region, which may assist selecting favorable initial
guesses to obtain Ry. The accuracy of the solutions
can be controlled by the optimization subroutine.

As examples, the results of the optimization
processes on %(R) and ¢(R) with initial guess
(0.4,1.05,0.15? are shown in Figure 5 and Figure 6,
respectively. In the figures, the shapes in thick gray
are the models and the shapes in solid black are the
shapes obtained at different iterations.

Similar optimization results have also been ob-
tained when the curvature functions are given by sam-
pled data. Suppose F;(E35 ;&) is given by a set of
discrete samples, i.e., only at a finite set of points in
S? is the function value of F;(E3s 9; &) given. Using
an interpolating scheme [7] an estimate of F;(E3 5 o; &)
at any point £ € S? can be obtained. Denote the in-
terpolated function by F7(Es359;€). The functions to
be minimized are

HE) = /S  H(Ba,0 Ry (R(w))) F3 (s 5,030)des

oR) = [ H(Bassi R (R@))Fi (Basos)do

For 9(R), the optimization process was run with 75
different initial guesses, 44 of which lead to the optimal
point Ry. For ¢(R), 91 initial guesses were tried and
68 of them resulted in the optimal point R;.

Similar experiments on ;(R), ¢1(R), ¥2(R), and
¢2(R) are being conducted at the time of this writing.
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5 Summary and Future Research

An approach to solve the problem of attitude de-
termination by the support function and the curvature
functions has been proposed. The problem of attitude
determination is transformed into constrained opti-
mization problems by the aid of existing mathemat-
ical results. Solutions to the optimization problems
have been proved to exist. Experiments have been
conducted on synthesized shapes both when the sup-
port functions and the curvature functions are given
by analytical expressions and when the support func-
tion is given analytically and the curvature functions
are given by sampled data. Good matching results
have been obtained.

The next step is to experiment under the condition
that all functions are given by sampled data. After
that, experiments on real shapes obtained through vi-
sual equipment are expected to be conducted. It is
also worthwhile to compare the effect of the first cur-
vature function on the optimization process with that
of the second curvature function.

Although it can be determined whether a solution
found by the optimization routine is the global mini-
mum, it would be nice to be able to answer the ques-
tion of whether it is possible to find the solution that
achieves global minimum within a fixed number of tri-
als of initial guesses. If yes, what is the minimal num-
ber of trials. Theoretical investigations on the rotation
space are needed in order to answer these questions.
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Figure 5: One matching process for E3s9 using
¥(R), the combination of the support function and
the second curvature function. Rotation Rp is
7/6,7/9,n/4). Initial guess is (0.4, 1.45,1.15). From
a) to (d): Oth, 3rd, 6th, and the final matching result.

() (@

Figure 6: One matching process for E35,9 using ¢(R),
the combination of the support function and the first
curvature function. Rotation Ry is (7/6,7/9,7/4).
Initial guess is (0.4,1.45,1.15). From (a) to (d): Oth,
3rd, 6th, and the final matching result.
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