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Abstract

A mnew computational approach to interpolating
large datasets is presented. Its basic features are: (i)
formulation and implementation in three dimensions;
(11) capability to work in a binary as well as in a gray-
level environment; and (%i1) incorporation of smooth-
ing to handle the discontinuities present at an object’s
boundary. The new interpolator is first introduced in
one dimension and then extended to two and three di-
mensions. The amount of computation involved in
each case is given. Applications to the magnification
of a binary object (from a 27 x 27 x 27 raster grid to
a 2° x 2° x 2° raster grid) and of a gray-level object
(from a 23 x 28 x 36 raster grid to a 2° x 2° x 2° raster
grid) are also given.

1 Introduction

Current scanning and sensory technologies offer ex-
tensive capabilities to gather large quantities of sample
values (some representative of the surface or interior
of an object — others of a physical phenomenon in
progress). In general, these values are taken at regular
intervals in each of the corresponding dimensions, al-
though the sampling rate used for one parameter need
not necessarily be the same as for some other. Interpo-
lation between contiguous values in each of the space
coordinates is then used to reconstruct the shape or
volume of the sensed object. In this paper, we pro-
pose a novel computational technique which interpo-
lates an arbitrary number of new values between sam-
pled points.

The proposed algorithm — formulated in 3D and
tailored to volume reconstruction — stems from well-
known properties of sampling theory as well as from
a technique published in 1978 by Hatori and Taki (5]
in connection with Pulse Code Modulation for color
television transmission.

The basic idea behind our interpolator is to assume
a continuous approximation for the given set of sam-
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pled points in terms of its Fourier representation, to in-
troduce harmonics of zero-amplitude in the frequency
domain, and to evaluate the inverse Fourier Transform
of the resulting function in the frequency domain in
order to yield new, equally spaced values between orig-
inal samples.

The artifacts arising from the periodicity imposed
on the original data is counteracted by suitably repeat-
ing acquired values around the delimiting boundaries
of the sampled object, while to eliminate the ripples
caused by the presence of high-frequency components,
o-weighting [9] is introduced, with the choice of o be-
ing under user’s control.

While our global technique has been designed to
handle large sets of data, such as those, for instance,
acquired as computer tomographs, the testing has
been carried out also on well-known geometric shapes,
where the application of the above techniques and the
effect of distortions can be clearly identified and eval-
uated. Comparison with the commonly used trilinear
interpolation have also been carried out, and results
given.

The proposed 3D algorithm — implemented on an
SGI 4D/GTX in the language C — finds practical ap-
plications in the accurate magnification of acquired
data and in the creation, out of sparse data, of new
solid models for natural objects [6].

2 Fourier Representation and Trans-
forms
Given N samples z(0),2(1),...,z(N — 1) of a con-
tinuous function z(¢), its discrete Fourier transform
is

2
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If sampling occurs at a rate equal to or above Nyquist’s
frequency, then
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Another representation for z(t) ([8], page 153) is given
by

+o0 +o0

z(t) = Z z(n)sinc(t—n) = Z z(t)6(t—n)sinc(t—n)

n=—0o0 n=—oo

(3)
where z(N — n) = z(n),

sin(mt)

sinc(t) = =

)

and §() is the impulse or Dirac function defined by
+

[2 6(t —to)dt = 1.
0

3 Our Interpolation Technique: 1D

In this section we explain our basic approach which
consists of assuming a model function, sampling it at
regular intervals, and introducing new points.

Model

The model is represented by a function z(t), contin-
uous over [—00,+00] and sampled at a rate equal to or
above Nyquist’s; its band-limited Fourier Transform is
denoted by X(f).

Input Data

The given data is represented by N samples of z(t),
namely z(n),n = 0,1, ..., N—1 with (initially) N even.

Goal

To determine additional samples between any two
given ones, so that z(t) can be approximated by AN
values as follows:

z(n/h)

Method

Determine the discrete Fourier Transform of
{z(n)}, namely {X(f)},f =0,1,..N — 1, and enlarge
the frequency interval [0, N — 1] to [0,AN — 1] while
defining X (f) as follows:

h=2.3 sn=01 3N —1,

X(H= X)), £=01,..%;
L= 0 f=% 0+ M =gk
X(f)= X(f-(h=1)N),

f=hN-Z AN -Z +1,. AN - 1.

The inverse Fourier Transform of X(f) yield
z(n/h).

Ezample

Model function z(¢), sample points, spectrum
|X(f)|, enlarged spectrum and the results of interpo-
lation are shown in Figure 1.

Note that if Az is the initial spacing, the new sam-
pling interval is Az/h. With this in mind, we can
rewrite z(n/h) as #(n),n =0,1,..,AN — 1.

4 Related Work

Interpolation is one of the oldest field of numer-
ical mathematics. Two basic approaches are of im-
portance: one based on techniques formulated in the
sample space and the other dealing, at least concep-
tually, with resampling in the frequency domain and
remapping these new values in the sample space.

Linear interpolation between any two sample points
(i) and z(i + 1) simply means to approximate all val-
ues between z(i) and z(i + 1) with the straight-line
passing through these two points. Similarly, polyno-
mial interpolation of N points means to approximate
all values between z(0) and z(N — 1) with the poly-
nomial of degree (N — 1) passing through the given
samples. If the model function z(t) extends to infinity
while remaining bounded in value, polynomial approx-
imations are inadequate and a combination of polyno-
mial, rational, exponential or trigonometric functions
must be devised to fit the behaviour of each particular
z(t).

Fourier theory offers an alternative to deal with this
problem. In the frequency domain linear interpolation
is carried out by windowing X (f) with a triangular
function (or, equivalently by convolving z(t) with the
sinc? function). Different windows generate different
forms of interpolation — the most well-known being
the rectangular wave, which corresponds to convolve
z(t) with the sinc function. This form is the best
possible in the sense that, in the limit, it coincides
with model function z(t) over [—o0, +00].

Conceptually speaking, most methods formulated
in the frequency domain require: (i) resampling the
Fourier Transform and (ii) inverting the latter to ob-
tain new samples in the original space — an equivalent
approach is to convolve the given samples with the
Fourier Transform of the adopted window. References
can be found in [2, 10, 12, 13].

A slightly different approach is presented by Hatori
and Taki [5] who were confronted with avoiding dis-
tortions in the design of low-pass filters for Digital-to-
Analog conversion. Since they worked in an environ-
ment which imposed sampling frequency only equal to
Nyquist’s, these authors focused on spacing spectrum
replicas to create a guard-band wide enough to pro-
tect against aliasing during the transmission of signals.
To achieve their goal, they inserted one new value be-
tween any two given samples using the sinc function.

Our approach is similar to these authors’ in the
sense that we also enlarge the frequency domain of the
discrete spectral components. However, our interpola-
tor differs in several ways: (i) it operates directly in the
spectral domain; (ii) it inserts an arbitrary number of
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Figure 2: Interpolation of a piecewise continuous signal
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new samples; and (iil) it includes effective techniques
to counteract the distortions due to the existence of
high frequencies and to the discontinuities present at
boundaries. In practise the sample function is very
rarely continuous in [—o0o,+00]. In the case of ac-
quired data, the latter is often piecewise continuous
over a finite interval — the reason being that values
different from zero represent the signal in 1D or the
object of interest in 2D and 3D, and all other values
the background. Both value-ranges coexist and must
be taken into account.

Figure 2a gives a piecewise continuous signal. Fig-
ure 2b refers to N = 32 and N = 256 (h = 8), Fig-
ure 2c refers to N = 64 and N = 256 (h=4), while
Figure 2d shows the interpolation for N = 128 and
N = 256 (h = 2). An increase of N would not yield
any significant improvement.

The method introduced above works also for N odd
and in the case the new number of sampled points,
N, is not a multiple of N. These restrictions were
introduced to simplify the notation.

5 Distortions

The examples given in the previous section show
that, while z(n) interpolates quite well in mid-range,
at the end-intervals the presence of high frequencies in-
troduces some distortions — an effect known as Gibb’s
phenomenon. To counteract it, we adopt Lanczos o-
weighting [9] which uses

N_ 221
Fo+3 2 11 0n(8)F, exp~ P Fm 4+
- ;%;an(ﬁl)F exp~h o0 (4)

obtained by altering the Fourier coeflicients
Fo, F1, .., Fy of a given function g(s) by the ¢,(6) and
on(01) factors defined as follows:

on(0) = sinc(y), on(61) = sinc( Sy - (5)
2 2

Function g(s) is related to g(s) via the local
smoothing:

+2z

=2 [ eeroE . @

with the property that, as N, the number of terms
used in the finite Fourier series, increases, g(s) ap-
proaches g(s) [9]. :

Our interpolator smoothens the frequency compo-
nents directly in the sense that o-weighting is applied
directly to X (f). Obviously we can apply o-weighting
all over again, or, equivalently, define

o*(8) = sinc*(8) )

where k > 0, and use this directly in (4).

The example of Figure 3 illustrates the effect of o-
weighting. Originally z(¢) has been sampled at 32
equidistant points. The interpolator, applied with
h=8, generates 256 samples. Figure 3b(3c) gives the
real (imaginary) component of the new approximation
to z(t). After applying oc—weighting once, a substan-
tial smoothing is noticeable in both the real and imag-
inary part of z(t) — the latter being almost reduced
to zero (Figures 3d-e).

5.1 Boundary Effects

As mentioned before, in the applications of interest,
the given function is defined only over a finite interval.
Our resampling technique, however, produces period-
icity, with the effect that two end-sides — originally
in opposite positions — become contiguous. To ex-
amine this problem, consider the dependence of the
n — th term of z(¢) (in form (3)) on the n — th sam-
ple’s neighbors. Take, for instance, n = 2 so that this
term becomes

sin(w(t — 2))
n(t —2)

(plotted in Figure 4). A new sample between z(1)
and z(2) is influenced by z(1) and z(2), by z(3) and
£(0), and next, by z(4) and z(N — 1) — this last
value creating an unwanted wrap-around effect against
which we must provide some safeguard. To achieve
this we replicate the end-values two times. A similar
strategy is applied in higher dimensions.

z,(t) = 2(2) sinc(t — 2) = z(2) (8)

6 Interpolation for 2D Arrays

A procedure, similar to that outlined for the one-
dimensional case, can be devised to resample a 2D
image in its entireness or over a small region of in-
terest. This last operation is quite important when
we want to zoom-in to capture more details of an
acquired picture over a particular area.

Let the input data be represented by M x N (M
and N even) samples of a continuous function f(z,y),
namely f(m,n),m=0,1,,M-1,andn =0,1,..,N—
1. The discrete Fourier transform is

M-1N-

1
Z f(m, n) exp=>T (B R)

F(U,'U): m

(9)
vu=0,1,..,.M —-1;v=0,1,.,N — 1.

As before, we make the assumption that model func-
tion f(z,y) is band-limited, so that we can choose an
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M > M and an N > N to create an enlarged fre-
quency domain

m=0,1,.,.M—-1;n=0,1,.,N - 1.
The new function F(u,v) is defined as follows:
F(u,v) = F(u,v) (10)

U:O,l,..,%—l; 17:0,1,.,,%[-—1_

F(u,v) = Flu— M + M,v) (11)
u=M-¥ y-M 41, M-1v=0,1,.,5-1
F(u,v) = F(u,v — N + N) (12)

u=0,1,., 4 _1,o=N-Z N-Z+1, ,N-1

F(u,v)= F(u— M + M,v— N + N) (13)

u:M—%,M——%+1,..,M—1;
s Sl W R
For all other values

F(u,v) = 0. (14)

Figure 5 illustrates the non-zero regions correspond-
ing to (10)-(13) as well as the central region for which
F(u,v) = 0. The interpolating function can be recon-
structed by applying the inverse Fourier transform,
ie.

(u,v)expzm(%"'%) (15)

an’

M-
mn) Z

0_<_m<M ;0§n<N :

The technique of o-weighting, as introduced in [9]
for the one-dimensional case, has been extended to 2D.
Since, in this case, the discrete Fourier transform is
evaluated as a sequence of 2N one-dimensional trans-
forms, formula (4) is simply applied to each of these
in turn.

7 Extensions of the Interpolator to 3D

Assume that f(z,y,z) is sampled at N; evenly
spaced points in z, N, in y and N3 in z. The spacing
along any particular axis need not apply to the oth-
ers. We want to find an approximation to f(z,y,z).
If f(z,y,z) has been measured at sufficiently small
intervals in each direction and is band-limited in the
frequency domain, then the Fourier pair is:

N3
F(uvw)-(—DMD %
m=0 s=

f(m,n,.'s)exp'z%’57.e'_‘”')exp_’%vz_)exp_z ™ ) (16}

for 0<u< N;; 0<v<Ng; 0Sw< N3
f(m’n’s):

N;-1 Np—=1 N3-1
(S (D- (> Fluyv,w)exp’ ) exp” Fo ) exp! T

u=0 9=0 w=0
17

m=0,1,.,N;—1,n=0,1,..,N,—1,s=0,1,.., N3—1.

The brackets in equations (16) and (17) emphasize
that a series of 1D transforms can be used to calculate
both the forward and inverse transforms.

The interpolator in 3D can then be described as
follows.

INPUT
Discrete function: f(m,n,s) over N1 X N3 x N3
Interpolatlon parameters (user-controlled):
Ny, N, Ns: oF; repeat-No.

ALGORITHM

Step 1. Replicate layers of boundary values (a number
of times equal to repeat-No) to avoid the effect of
artificial periodicity

Step 2. Evaluate Fourier Transform F(u, v, w) as ase-
ries of 1D-transforms while including o-weighting

Step 3. Enlarge frequency domain as to define
F(u,v,w) over Ny x Ny x N3

Step 4. Invert F(u, v, w) to yleld the new interpolated
function f(m,n,s)

OUTPUT
Original and interpolated samples relative to f(z,y,2)
for a total of N; x Ny x N3 values.

To test the 3D-interpolator described above, a va-
riety of experiments were designed, two of which are
reported below. The first set dealt with geometric ob-
jects of regular shape for which irregularities in the
reconstruction could be easily detected. The second
set dealt with Computer Tomography data of a cat’s
head segmented to yield hard and soft tissues.
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7.1 Experiment Number 1: a Binary Im-
age

Here four solids, namely a cube, a sphere, a cylinder
and an octahedron were digitized over a 27 x 27 x 27
raster grid, as shown in Figure 6a. Using the new
interpolator, the 3D image was magnified over a
2° x 2° x 2° raster grid. A successive smoothing of
the objects can be noticed as k, of o, was increased.
Figure 6b refers to k = 0, Figure 6¢ to £ = 1, and
Figure 6d to k = 2. In the last case all major artifacts
had been eliminated.

7.2 Experiment Number 2: a Gray-Level
Image

For the second experiment we used 36 CT-slices of
a cat’s head, each consisting of 256 x 256 pixels evenly
spaced at 0.5 mm. The distance from one slice to the
next was 1 mm thus generating small parallelepipeds
of 0.25 mm?® volume. Each sample point was related
to a density in the range [0,4095]. From the original
data, interpolation was used to create four datasets.

e Dataset 1 - The given data in the form of the
original parallelepipeds.

e Dataset 2 - New slices were introduced by linearly
interpolating every two original ones yielding a
picture with 256 x 256 x 70 cubic voxels.

e Dataset 3 - Tri-linear interpolation was used to
create a picture with 512 x 512 x 128 voxels, each
being a cube of volume 0.25% mm?. Tri-linear in-
terpolation determined new samples values ob-
tained by averaging the original density data.

e Dataset 4 - The new interpolator, described
above, was used to define a 512 x 512 x 128 picture
with voxels of 0.25° mm® volume. o;-weighting
was used.

Visual comparisons were carried out in terms of hard
tissues [1216,4095] and soft tissues [0,1215] by ray
tracing the corresponding datasets. Dataset 4 is vi-
sualized in Figure 7.

8 Computational Issues

Since our goal is to interpolate a real-valued func-
tion, the Hartley Transform [1] can be effectively used
to speed up calculations. When the number of sam-
ples in each dimension is a power of 2, the same short-
cuts introduced by the Fast Fourier Transform [3] can
be adopted. Here we analyse the time complexity of
our interpolator in the case Ny = Ny = N3 = N,
Ny =N, = N3z = N and both N and N are a power
of 2.

In one dimension, Step 2 requires O(NlogN) op-
erations, Step 3 requires O(N) operations, and Step
4 requires O(NlogN) operations. All other steps be-
ing carried out in negligible time. In two dimensions,
Step 2 requires O(N2logN) operations and Step 3
requires O(N?) operations. In Step 4, O(NNlogN)
operations are required for the first 1D transform,
while O(N2logN) operations are necessary for the sec-
ond 1D transform (all zeros have been filled in by
the first transform). In three dimensions, Step 2 re-
quires O(N3logN ) and Step 3 requires O(N3) opera-
tions. In Step 4 the first 1D transform is carried out
in O(N?NlogN) time, the second in O(NN2logh),
and the third in O(N3logN) time. Thus the three-
dimensional version of our algorithm has a worst-case
run-time complexity of O(N3log ).

9 Conclusions

We have shown that the interpolator presented in
this paper can be used to magnify voxel data in a rea-
sonable manner. It works on either binary or density
data. It performs well in two or three dimensions and
has a natural extension to higher dimensions. More
extensive comparisons with other interpolators are un-
der way.
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Geometrical Shapes

S

a) original image 128X128X128

b) enlarged 512X512X512 image; k=0

<) enlarged 512X512X512 image; k=1 d) enlarged 512X512X512 image; k=2

Figure 6: Geometrical Objects

Cat’s Head - Soft Tissue

Figure 7: Visualization of Data Set 4
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