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Abstract

In this paper we study the reconstruction
properties of moment descriptors. The set of
orthogonal moments based is employed. An
asymptotic expansion for the global
reconstruction error is established. This
reveals mutual relationships between a number
of moments, the image Smoothness, sampling
rate and noise model characteristics.

The problem of an automatic (data-driven )
selection of an optimal number of moments is
considered.

I. Introduction

Moment descriptors of various forms have
been extensively employed as pattern features
in scene recognition, registration, object
matching as well as data compression, see [1],
[4], [51, [9], [10], and references cited therein.

Some examples of moments include:
geometric, complex, Fourier-Mellin, radial and
orthogonal moments.

Their invariance properties along with
numerous applications have been widely
studied in the literature. However, the
fundamental problems concerning the
robustness for noise and digitizing have been
rarely addressed [6], [9], [10]. Such issues
can be carried out by verifying the accuracy of
a reconstruction method derived from
moments. That is, how close can we recover
the original image from a finite set of moments
computed from observed data? Certainly, the
higher-order moments suffer greater
degradation due to noise. On the other hand,
they are able to supply the detail information
about the image. These two opposite factors
working against one another
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imply that there exists an optimal number of
moments yielding the best possible
representation

In this paper the inverse moment problem

of reconstruction of the image from a finite set
of moments derived from the discrete and noisy
data is examined.
We use orthogonal moments since they have
better recognition and reconstruction properties
[6], [8], [9], [10]. Nevertheless, their
geometrical interpretation is less intuitive.

The mean integrated-square reconstruction
error between the image and its reconstructed
version is evaluated . This reveals how the
error, as well as, the optimal number or
moments depend on the image smoothness,
noise characteristic, and sampling rate. In
particular, a relation between a number of
moments and sampling rate yielding the
convergence property (the error tends to zero)
is established. The rate of convergence is
computed and the optimal number of moments
minimizing the error is determined.

The further problem we address is how the
optimal number of moments can be selected
directly from the observed data record. That is,
a data-driven method of selecting the optimal
number of moments is proposed. This is
carried out by employing the cross-validation
technique [3].

II. Moments and Image Reconstruction
In this section the definition of orthogonal
moments is given and corresponding
reconstruction algorithm derived from the
discrete and noisy data is proposed.
Let us assume that an image f(x,y) is

defined over the compact region S of R2 ..
The moment of order k + / is of the form

ha = Il yiatxy) fxy) dx dy,
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0 <k, I < e, where {yy; (x,y)} is a set of
basis functions over S. Here and throughout
the paper, if not otherwise stated, all integrals
are in S.

The classical geometrical moments

correspond to the case when yy; (x,y) = xkyl
[4]. It is known the image reconstruction
problem form these moments is strongly ill-
posed [2], [8] and computationally very
expensive.

Tague [9], see also [6], [10], has
introduced the orthogonal moments employing
the theory of orthogonal polynomials of two
variables to overcome the computational burden
associated with classical moments. In
particular, the Legendre and Zernike
polynomials have been used, however other
orthonormal systems can be also utilized [7]. It
should be emphasized that the reconstruction
procedure based on the orthogonal polynomials
does not need regularization [2], it simply adds
the individual contribution of each order
moment to generate the reconstructed image.
The choice of number of moments plays the
role of the regularization parameter.

Thus, let throughout the paper {yy; (x,y)}
be an orthonormal complete basis over S, i.e.,

[[wier: xywia xy)dxdy = 1if (k, 1) = &,
I') or O otherwise. It is well known [7] that
f(x,y) can be represented by

Y v (k)

k=01=0
Hence, the reconstruction algorithm employing

(N + 1)2 moments {Ay;} is of the form

N N
Y z Ak 1Yk (X)) .

k=0 1=0
Clearly, the square reconstruction error

IN) =[] [fn(x,y) - f(x,y)]? dx dy (1)

goes to zero as N — oo, i.e., by including
higher order moments one can make the error
arbitrarily small. This has been a commonly
recommended prescription in the image
processing literature. Nevertheless, this scheme
breaks down if the image is contaminated by
noise or/and only a finite number of
observations is available and moments must be

determined from imperfect data. Indeed, in that
case an optimal number of moments exists,
giving the minimal value of the reconstruction
error, i.e., the error is initially decreasing (npt
necessarily in monotonic way) up to a certain

number of moments and then it increases as N

— oo, In order to verify such properties one
has to assume some models for the underlying
image as well as the distortion process.
Let us adapt the following simple image
observation model
gx, y) = f(x, y) + z(x, y),

for (x,y), (x,y) € {(xpy):1<i<n, 1<£j<
m} - the set of nxm nodes of the grid. Here
z(x, y) is random process with zero mean and
finite variance ©2.z(x,y) is spatially
uncorrelated process. See [6] for more general
observation models.

Suppose now that one measures moments of
g(x,y) up to the order 2N, i.e.

M= Twicr (x, y) g(xy) dx dy, 0<k, /< N.
Then, one can reconstruct f(x,y) by using
NN &

f.N(X’Y) =Z z 7\'1(1 Y1 x, Y)

k=0 1=0 S
Let us observe that EAg = Ax and
consequently Efy (x,y) = fy (x,y). However,
since only a finite number of observations is
given, one has to use a certain discrete version

of xk[.
Let
~ n m
A=, Y by (%3, ¥)) 8Cis ¥ (2)
i=1 j=1 =
be a discrete approximation of Ay; , where
{hg;(x,y)} is a weight sequence ( see for

examples below). L
That is, a linear weighted combination of
{gkx; yp), 1<i<n,1 <j < m]} can serve as an

estimate of A;.
Many prescriptions for {hy;(x,y)} are
possible. One used in this paper has the form

x; wAx 2
*2 [
hii(xi, y;) = f f Yii(x,y) dx dy,

2

(3)
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where Ax=x;-x;1, Ay= Yj-yj1 are
sampling intervals in the x and y directions,
respectively, and x;- A2_x =y;- A_zy_ =-1,
Xp + Azl = ym+ Les ; The coefficient
hy j(xj, y;) represents the integration of
Vi1 (x,y) over the pixel
Ax Ax Ay Ay
Sl oy o

It is worth to note that the integral in (3) can
be approximated very accurately using well-
known techniques for numerical integration.

These considerations yield the following

reconstruction algorithm
N N ”~
NGy =2 D M y) , @)
k=0 1=0

where Ay ; is defined by (2) and (3). As a
measure of reconstruction performance we
choose the integrated-square error

JN) = Mincoy) - fxy)l dx dy.

In the next section we give the error
decomposition and its asymptotic evaluation.
The problem of data-driven selection of N
minimizing J(N) is studied in Section 4.

III. Assessing the Performance of the
Reconstruction Algorithm
It is clear that by virtue of Parseval's
formula we have

N N (A~
=YY (ot - ) + 109, 5)

=0 1=
where I(Nl)( 1s ci)efined in (1), i.e., it is the
reconstruction error of the noise and sampling
free image. The first term on the right-hand
side of (5) can be viewed as a matching

measure between {Ay;} and {Ay;} based on

the total (N+1)2 moments. Clearly, this term
either converges to a finite number or to infinity

as N — oo . Its asymptotic behavior in the
mean-sense is given in Theorem 1 below. Our

results model the performance of the
reconstruction procedure on grids which

become increasingly fine, i.e., as AxAy — 0 .
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Furthermore, it is plain that

E (lkl : }Vkl)z = var (xkl) # (mkl = Kk1)2 .(6)
Here, the first term is due to the noise, whereas
the second one is caused by discrete

approximation of Ay;.

The asymptotic behavior of these terms is
described by the following theorem.
Theorem 1.Suppose that f is a function of
bounded variation on S with the total variation
V(f). Then

EI(N) = 6%( N + 1)?Ax Ay
+MV() N+ )2 Ax Ay +I(N),  (8)
where M =max, ) s f(x, ) .
The proof of Theorem 1 is omitted , see [6].

The terms vax(?»kl) and (Elkl - Ak from (6)
are represented by the first two leading
expressions in Theorem 1, respectively.

A special case resulting from Theorem 1 is
of a particular interest.
Remark 1. Let the image f be observed under
the noise-free condition, i.e. g(x;, yj) = f(x;,
yj), 1<i<n,1<j<m Then under the
conditions of Theorem 1 we have

JIN) = MV(f) (N + 1)? Ax Ay +I(N)
Hence, not only the noise but also the
discreteness of data yields the existence of an
optimal N which corresponds to trading off
between the first term and I(N). Note that

IN) > 0as N — e,

The first two terms in the expansion of
EJ(N) are of the same order. If, however, one
can assume that the image f(x, y) is smooth
then the second term in (8) is a smaller order
than the first one.

To understand the rate at which EJ(N) can
converge to zero and consequently to determine
the moment order minimizing EJ(N) one has to
evaluate the rate at which I(N) goes to zero.
The latter necessity requires some assumptions
about the smoothness of f(x,y). The
smoothness of f(x,y) is most naturally
expressed in terms of the order of magnitude of

moments {A,;}. In fact we have I\l — 0 as

k+1— oo,
Hence, let

Al = VM [k + 1) ¢ + D]B, ¢))
where N >0, B > 1/2.
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Functions which have "B derivatives"

exhibit such a property, e.g., B =1
corresponds to functions satisfying the local
Lipschitz condition .

Some further considerations yield the following
theorem.

Theorem 2. Let all of the conditions of
Theorem 1 hold. Let (9) be satisfied. Then for

N* = (n/2a)1/(25 +1) (AxAy)-ll(2B +1)
we have

EJ(N*) = Q (AxAy)@B-D/2B +1),
where

Q= (2B+1)(ZB_1)-1 2-2/(2B +1) (n2a2B-1)1/(2B+1)

a = 62 +MV(®.
The N* given in Theorem 2 is the moment
order which minimizes EJ(N), while EJ(N*) is
the corresponding error value.

The formula given in Theorem 2 reveals
that N* is a decreasing function of both the

image smoothness (B) and the sampling rate.
The latter denotes that a high-resolution image
requires a smaller number of moments for an
optimal reconstruction.

In practice, however, the N* proposed
above cannot be used since it involves
unknown characteristics of f(x,y) as well as the
noise process. The problem of how to choose
N directly from the observed data record {g(x;,

y;)} is addressed in the next section.

IV. Data-Driven Selection of N

The problem which we address in this
section is how to select a "good" N directly
from the available data {g(x;, y;); 1 <i<n, 1<]

< m}. Ideally, one wishes to have Nj which

minimizes the global error J(N). Notice that N

is a function of the data at hand.
This, in turn, is equivalent to taking the
minimizer of the following criteria

IN) - fIf2(x,y)dxdy = 2 z (lkz)z 22 Z Aw

k=0 /=0 k=0 =0

(10)
This, however, is infeasible since Ag;'s are
unknown. Note also that replacing Ay; with

Ax: in (4.1) yields the unacceptable solution N

= oo,
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To overcome this difficulty the resampling
technique utilizing the cross-validation
methodology has been introduced [6]. The
asymptotic optimality of such selection has
been proved.

Other techniques using discrete measures of the
estimate performance are possible. For
instance, instead of the J(N) criterion, its
discrete approximation

n m

ID(N) = AxAy ¥, ¥, (f(xs, ¥7) - Enxi, )2
i=1 j=1
can be used [3].
This measures the discrepancy between

fn(x,y) and f(x,y) only on the grid points
{(x, yj); 1<i<n, 1<j<m}, whereas J(N) is the
global criterion.

The empirical selectors corresponding to
JD(N) are of the form

n m

D) = axay Y, Y (g 9 - Intxi, yf @0
i=1 j=1

Jd.e., itis a penallzed version of the residual

error AxAy 2 2 (8 ¥y Enixs ) .
i=1j=1

see[3]. Common prescriptions for the penalty

factor ®(N) are (a) (1 - LIN)AxAy)2, (b) (1 -

L(N)AxAy), where 'L(N) is the total number

of moments used in fN e.g., L(N) = (N+1)2
for the quadratic summation, or L(N) =
(N+1)(N+2)/2 for the triangular one .

To illustrate the presented techniques for
selection of N let us consider a simple
simulation example. Figure 1 shows the
original 21x21 binary image (grey levels 17
and 12, respectively) and its noisy version. A
white Gaussian noise with variance 2 is added
producing a noisy image.

Figurel. The original image and noisy
version with white Gaussian noise of variance
2z
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The reconstruction process is shown in Fig.2
starting from the noisy image and reconstructed
1mages employing successively moments from
order 1 to 23. A triangular summation has been
used with the total (N+1)(N+2)/2 moments .
The Legendre polynomial system has been
employed .

Figure 2. The noisy image and reconstructed
images. From top row to bottom row and left
lo right: noisy image and reconstructed images
With up to first order Legendre moment
‘through up 1o twenty three Legendre order
moment.

The corresponding reconstruction error :ID(N) (
averaged on 20 runs) is depicted in Figure 3.
The error slowly decreases, reaches minimum
at N; = 8, and then it gradually increases up to
the value N = 18. From N = 18 the error
increases rapidly being , e.g., for N = 20 six
times greater than for N = 8.

Reconatruction cror JIXN)

e N

[} 20

Figure 3 .The discrete reconstruction error
versus N
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Then, the automatic selectors of N have been
calculated giving some estimates of Nj .First,
the JD(N) criterion with ®(N) = (1 -
L(N)AxAy)2 has been applied yielding the
value ﬁd = 10 . The relative error err(N;, ﬁd)
= (ID(Ny) - ID(N) )ID®Ry) of this choice s
equal to 0.42%. For the selector J/ﬁ(N) with
D(N) = (1 - LIN)AxAy)! we get Ny = 15 with
err(N;, ﬁd) = 22.8%. Finally, the selector
discussed in [6] has been implemented giving
No = 11, with the relative error 4.89% .

It is worth to note that the visual inspection of

reconstructed images (Fig.4) suggests that
acceptable solutions lie between N = 8 and N =
15
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