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Abstract

This paper presents a new method for the ertrac-
tion of a rational Bézier surface from a set of data
points. The algorithm is divided in three parts. First,
a least median square fitting algorithm is used to ez-
tract a Bézier surface from the data set. Secondly,
from this initial surface model an analysis of the data
set is performed to eliminate outliers. Thirdly, the al-
gorithm then improves the fit over the residual points
by modifying the weighis of a rational Bézier surface
using a non-linear optimization method. A further im-
provement of the fit is achieved using a new intrinsic
parametrization technique. Ezperimental results show
that the current algorithm is robust and can precisely
approrimate complezr surfaces.

1. Introduction

Creation of a geometric CAD model is usually one
of the most complex parts of computer-based design
and analysis systems. For objects with geometric reg-
ularity, it is practical to generate them interactively,
using one of several geometric modelling schemes.
However, there are many areas in which there is a
need to create a database by extracting an object def-
inition from a complex real life object, i.e., one that
already exists and which does not have regular geo-
metric properties. Examples of such objects are found
in the field of medicine (prostheses, plastic surgery), in
industrial applications (reverse engineering and cast-
ing measurements), as well as in computer simulation
(automatic definition of a mesh for finite element anal-
ysis). In order to satisfy these requirements a new re-
verse engineering package is under development. One
can find an overview of the technologies developed so
far in [1]. It is composed of an interactive acquisition
module, a semi-automatic segmenter, an interface to
CAD/CAM systems through a standard graphic de-
scription language (IGES), and an automatic replica-
tion module. This paper presents new results in one
of the key technologies necessary to develop such a
system.

Automatic segmentation methods based on his-
togram mode seeking (e.g., [2], [3]), region growing
e.g., [4], [5], [3], [6] [7]), and edge detection (e.g., [8],
9]), etc. have been proposed. One of the drawbacks
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of such algorithms is the difficulty of entering in the
segmentation process, high level requirements which
are usually defined by the field of application. This is
the reason why most commercial reverse engineering
packages are fully manual.

In this paper, a semi-automatic segmentation
method which adapts the request of users to the seg-
mentation process is proposed. Such extraction meth-
ods were previously demonstrated by Roth [10] for im-
plicit surfaces. One of the key requirements is the abil-
ity to roughly mark a region of interest and to extract
the dominant surface from this data set. This require-
ment is essential since precise marking of a region has
been known to be very difficult.

This paper presents a new method which satis-
fies the above requirement if certain assumptions are
made. The main assumption is that the original data
set can be approximately represented by a Bézier sur-
face extracted by a least median square algorithm [11].
This assumption is reasonable since a Bézier surface is
a rational Bézier with all the weights equal to one and
that the precision of the fit can always be improved
by varying these weights. The algorithm is divided in
three main parts. First, a robust fit of a Bézier surface
is extracted using a least median square algorithm.
Second, a subset of the original data set is produced
using an outlier detection algorithm. Third, from this
data set, the weights of the rational Bézier are modi-
fied using a non-linear optimization algorithm. A fur-
ther improvement of the precision is also obtained by
using a new intrinsic parametrization algorithm.

In Section 2, we will review the basic definition of
a rational Bézier surface. Section 3 will describe in
detail the fitting algorithm. In Section 4, some ex-
perimental results are presented and Section 5 gives a
summary and conclusion.

2. Rational Bézier Surface

Let us define a two-dimensional (u,v)-parameter
plane. A rational Bézier surface 5(u,v) of degrees
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(m1 x my) is defined by
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where w;; € R! and 13',-]- € R3 are called a weight and

a control point, respectively.

Let the numerator and the denpminator of the ra-
tional Bézier surface 5(u,v) be A(u,v) and D(u,v),
respectively, and define

Then Eq. (1) can be written as:
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Partial derivatives are given by
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Rational Bézier surfaces are commonly used in CAD
systems and are general surfaces capable of represent-
ing a large range of surface primitives. It is also known
that conic sections [12] can be exactly expressed by ra-
tional Bézier functions.

3. Surface Extraction and Approxima-
tion

In this algorithm, we first extract a Bézier surface
from the data set selected by the user, by setting all
the weights equal to one. The extraction routine is
based on a least median square algorithm first pro-
posed by Rousseeuw [11]. This algorithm is robust up
to 50% outliers and can be computed quite efficiently.
Following this extracted Bézier surface, we then elimi-
nate from the original data set the points considered to
be outliers. From the residual data set, we then opti-
mize the weight values using a non-linear optimization
technique. We also improve the accuracy of the fit by
using an intrinsic parametrization algorithm.
3.1. Robust Fitting of a Bézier Surface

Let {zr}rec. and {yr}rec, be a set of measure-
ments of a smooth surface and its background, re-
spectively. One can observe only {Z}rec,, where
{Zx}reco = {Zx}rec. U{k}rec,, Tk = T tek, CoU
Cy = Co, C:NCy =0, and ¢ is a random noise sub-
ject to a normal distribution with mean 0 and stan-
dard deviation o. Suppose that {f}xec, is obtained
by least median fitting and fx = zx (k € C;). Then
consider the ratio |Cz|/(|Cz| + |Cy|) when |fi — Gk| >
20 (k € C,) and the median of {|fi — Zk| ke, 18
asyrnptotica{ly less than or equal to 2¢0. The value of
this ratio for these conditions is equal to:

|C:|/(IC| + |Cyl) > 0.524.

Here the notation |C;| means the number of elements
of class C;. When |fx — 3| > ¢ (k € Cy) and the
median of {|fi — Zx|}rec, is asymptotically less than
or equal to o the same ratio is equal to:

|Cz|/(ICz| + |Cyl) 2 0.733.
Here approximate values of the propability are equal to:
2 [2(1/V2n0?) exp{—2?/(20%)}dz =~ 0.04550 and
2 [7°(1/V2m0?) exp{—2?/(20°)}dz ~ 0.3173.

The method of robust fitting of a Bézier surface of
degrees Sml x ms) based on the least median consists
of the following four steps:

1 Measure uniformly-parametrized 3-D data (o :=

Gridrieco = {[Zokt, Z1,k1, Z2,11) T Yriec,), Where
ZT denotes the transpose of Z.

2 Fort=0ton;

2.1 Randomly extract (m;+1) points {u(s)}ymo
in u-axis and (mz + 1) points {vy)}jg in v-
axis. Let Q; be {?k(,)l(t)}znz‘o',':__’o.

2.2 Calculate a Bézier surface

m; ma

f(ur v) = Z ZﬁijBi,mx(u)Bj,mz(v) by the

i=09=0
tensor product approach, which interpolates
Q:. That is, the coefficients P,

Bij = [Po,ij» PréjrP2is]"» P :=[Po, Pr, Pl;
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of the surface is obtained by the following:
1) Obtain @ by solving linear equations:

UlQo, Q1, Q2] = [20, 21, Z5), (5)
where
2,000 e 220(t)ma(t)
Zy = | Bamoer - Exa@ma)
TRt o ecs A\ mitemalt)
BO,m;(UO(t)); B Bmhml(uo(t))

U= | Bom(ui@), ooy Bmym,(vi(r))
BO,m; (uml(t))a cey Bml,ml (uml(t))
2) And obtain P by solving linear equations:

WL P P s e Or Ol T (6)

where
BO,mg (vO(t))y ceey BO,m;('Umg(t))
V.= | Buma(vowy), ooy Bima(vma)

Bm;,mg (vO(t))y ) Bmg,mg(”mg(t))

2.3 Calculate the median of residuals for the
subset Q; of Qg without ©; (in order to
calculate more quickly). Here, a selection
method based on the quick-sort algorithm
can be used [13].

2.4 If the median is smaller than the previous
least median,

then store the median as the least me-
dian until now and store P.

3 Determine the Bézier surface with the least me-
dian.

4 Regard not only the region (Q3) with
|| F(ur, 1) = Zull|? > T (7

but also sub-regions as an outliers (background),
because most of sub-regions may be intersections
of the Bézier surface and the background sur-
face. The sub-regions can be removed by usin

the opening operation of digital morphology [14],

Let suppose that the main surface region has at
least (2mg3 + 1) pixels in u-direction and at least
(2m4+1) pixels in v-direction on the (u, v)-plane.
The set €4 is obtained as a set of subscript of 1-
valued pixels of OPEN(Iz, Iy, ):

OPEN(Iz, In,) = V{TRAN(Ig, ; k,1) :
TRAN(Ig,; k,1) C Iz}, (8)

| f(ur, 1) = Zuill? < T
otherwise,

Iz(k,1) == { (1)

o < mg and |l| < my
IHn(k’I) 35 { 0 otLerWiSe,

TRAN(I(k,1);1,7) := I(k — 3,1 — j).
And I; C I, denotes that I, is a subimage of
I;. Let the result of the opening operation be

denoted by og; (_ zH) (k1 € Q4) and be called a
initial surface region.

The trial number n; depends on the ratio
|Cz|/(ICz| + |Cyl). The probability that all (m; +
1)(m2 + 1) points are extracted from C, with ex; < o

is about (%s%lg—:l[)(m““)(m”l). Therefore n; >

(7 )(m#1)(ma+1) js recommended, where 7, is the

minimum estimate of |Cz|/ SIC$| + |Cy)).

To determine the threshold T automatlcally let us
consider the least median v,. If |C;|/(|Cz|+|Cy|) =
the least median v, is expected to be the median 1/
of the absolute value of the random variable, sub-
ject to the normal distribution with mean 0 and stan-
dard deviation o. It is numerically obtained as the
point such that the integral value of the normal den-
sity function from 0 to v equals the integral value
from v to the infinity, which is about 0.674490. If
|fer = Fki| > 0.674490 (k € Cy), the least median is
equal to v, > 0.674490. If T is set to 2.50 under the
safety consideration that v, = 0.674490,

T, = 2.50 = (2.5/0.67449), 9)

is obtained.
3.2. Approximation by a Rational Bézier
Surface

In this subsection, a method for approximating the
extracted surface model in subsection 3.1 by a ratio-
nal Bézier surface is shown with proposed intrinsic
parametrization.

A Bézier surface is the special case when all
weights w;; of a rational Bézier surface are equal to
1. Here, weights w;; and coefficients §;; are deter-
mined by iterative and alternate calculations. The
weights w;; are modified by the Newton method on
the condition that ¢;; are fixed. Using the notations

=0 Fso st
w = [woo,wm,--- Wom,, W10, W11, .-+ wmlmg] y Skl ‘=

m; ma

§(ug, w), Z ZZ R := Exiea, ||5u — okil]?

1=0 j=0
and an arlthmetlc expectation operator Epieq, =

]ﬁl—[ Z , the weights w update equation is then equal

kleQy
to: T
W — @ — FIVf, (10)
3’R 3°’R
dwgodwoo ’ ¢ } OWmymgy9Woo
1
o= —2' y

8°R 8°R

8w006wm1 mo ) ih awml m;awml moy
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1 8R 05
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05 :
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Wigjo
i Bio,ml(uk)Bjo.Mz("l)
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= ZwijBi,ml(uk)Bj.mz(vl)’
ij

1 0’R
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85 05 1 8R
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The control points ¢;; are calculated by a least

mean squares method under the condition that w;;
are fixed. They are obtained by solving the linear
equation:

oAy i
E bub, Q= E b, 11
T w@= b ooy (11)
where 5
Q = [Q‘OOa q-‘Ola -"aq-‘mlmzl )
-~ Bom,(ur)Bom,(n1)
bt = [

S wi; Bim, (u) Bjma(0)
ij

Bml,m,(uk)Bmz,mz('Ul) T
> wi; Bi gy (uk) Bj,ms (v1)
ij

Uniform parametrization is robust to noise; how-
ever, the residual between the approximation func-
tion 5; and the measurements O 1s not perpendic-
ular to the tangent plane at each point §. Intrin-
sic parametrization means that each residual vector

8r1 := Ok1 — Sk1 becomes perpendicular to the tangent
lane of the surface. It was introduced by Hoschek
15]. He implemented the parametrization by itera-
tively modifying the parameter as

up — up + Deg/a, v —w + Adi/B,

T aé‘u

~T 03]
Skl ; Adl—:ékl—%‘/

05 85
ACk = 6,” —gu—/ —ﬁ £

Ou v
where « is the approximative length of the parameter
line uz= const. and J is the approximative length of

b

the parameter line v;= const. However, Qg-j-'- is not

perpendicular to %l and the ratio of the length of

the parameter to the length of a curve on the approx-
imation function is dependent on the position. In this
paper, the following modification is proposed:

up «— ug + Dug, v —v+ Avy. (12)
Let A = [Aug, A7, A, be determined by

min ||[Ju)” &gt = il

ki

where [Jii]T is a Jacobian matrix

5% 05
7 _ [05k 95
[Ju]" = [3Uk’ 3111]

which can be obtained by using Egs. (3) and (4).
Then A, is obtained by

Ay = ([TelTen™)~ [Jeal St (13)

Here [J HL[JH]T is a (2 x 2) matrix and its inverse ma-
trix can be analytically computed. The modification

value AH is the optimal estimate as far as one uses
the first derivative, however there is a possibility that

||6;1(’u,5 + Au_;s,vz a5 Avl)llz > ||gk1(uk,v1)||2. In this

case, Ay — Ay;/2 is performed.
Let us consider one cycle of iteration of the above
method:

Compute the intrinsic parametrization.
Optimize the weights using the Newton method.
Compute the intrinsic parametrization.

Refit using least mean squares method.
Compute the intrinsic parametrization.

Refit using the least mean squares method.

As a convergence criterion for the above cycle, one
can use a least mean squares error criteria

R= E Y6 — trace e b316,Y 14
G, Ot O @ G, b w)  (14)

and the mean absolute angles between the residual -
and two axes of the tangent plane

o o
—“‘-aasuk bk —J*L"’;v, bkl
HEQ arccos(—a—_,-.,——— . HEQ arccos(T ;
B € =
At | 5|8kt 3 |5 |8kl

where the numerator of the argument of “arccos” is

obtained in [sz]gkz in Eq.(13). In Section 4, the rela-
tive least mean squares error

Rnew
eSSl 15
Roa — = (15)

was used.
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3.3. Extraction of a Single Connected
Surface

In this subsection, a method of determining a fi-
nal region of the data set corresponding to the largest
connected component is presented.

The dominant region is expected to be smaller or
equal than the initial region indicated by Q4. There-
fore, a candidate region of the object is obtained by
dilation of the region (€24). It can be performed by the
binary dilation [14] of the region Q4, e.g., ms-pixel-
dilated region indicated by Q5 is obtained as 1-valued
pixels of DILATE(Iz, Iy, ):

DILATE(Iz,Im,) = \/ TRAN(Im,;k,1), (16)
(k,1)EN,

e fod e < ml
In, (k1) '_{ 0 otherwise. i

The region 5 is obtained after the robust fitting
of a Bézier surface in subsection 3.1, and the intrin-
sic parametrization in subsection 3.2 is applied. The
Newton method and the least mean squares method
are applied to the region indicated by Q4 in subsection
3.2,

For the region indicated by Q5, we consider not only
points with ||5{ug, v;)—Zi||? > T3 but also sub-regions
as an outlier (background). Here the threshold T3 is

set to, e.g., 3VR.

4. Experiments

The NRC range image data files [16] were used to
illustrate the property of the algorithm. The first im-
age used is cat#105 and contains simple geometrical
objects (see Figure 1). One can see in Figure 2 the
rough marking performed by the operator. Figure 3
shows the complement of regions named region 3 in
step 4 in subsection 3.1. Here, the threshold T was
automatically given by Equation (9). Degrees of the
Bézier surface were m; = 2 and ma = 2. The se-
lection of degrees is important, because it is directly
related to the ability to approximate. If m; = my =1
then the curved surfaces such as a sphere or a cylinder
can not be represented. If m; and my are very large,
the Bézier surface can approximate the background as
well as the dominant surface, and the background does
not become the outlier. Figure 4 shows the dominant
regions after removing sub-regions from the surface
illustrated in Figure 3 using the opening operation,
where m3 = m4 = 1. Figure 5 shows the approxima-
tion results of the data set using the rational Bézier
surface fitting algorithm discussed in subsection 3.2,
where T5 = 0.995 of Eq. (15) and ms = 3.5 of Eq.
(16). Figure 6 shows the final connected component
region where the boundary are highlighted. It is shown
from the above examples that a simple object like a
cylinder or a sphere are well extracted by the proposed
method even though a non-rational Bézier surface was
used in the least median fitting.

Figure 7 shows an example of more complex ob-
ject (telephone) from cat #028. Figure 8(a) 1s a user
specified region, and Fig. 8(b) is the extracted surface

(b)

Figure 1: Range images of cat # 105, where the darker
regions are the user selected one.

(a) (b)

Figure 2: Examples of user selected regions (£0).

(b)

Figure 3: Examples of approximation results of the
selected data set by a Bézier surface with ||f(ug, v;) —
iull? < Th.
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(b)

Figure 4: Examples of sub-regions removal from Fig.

3.

(a) (b)

Figure 5: Examples of approximation results using a
rational Bézier.

(2) (b)

Figure 6: Examples (final results) of sub-regions re-
moval from Fig. 5. The final surfaces are highlighted
by a white boundary.

Figure 7: Range image of cat # 028, where the darker
region is the user extracted one.

(a) (b)

Figure 8: (a) An example of user specified region, (b)

an example of the approximated surface using a ratio-
nal Bézier.

approximated by rational Bézier surface. Here the de-
grees of the surface and thresholds were the same as
in the previous experiments. The upper surface of the
handle was well extracted.

5. Conclusions

This paper presents a new method for the extrac-
tion and approximation of range image data speci-
fied interactively. We have demonstrated that we can
solve the hard non-linear problem of fitting rational
Bézier by the use of an inititial Bézier approximation
of the data set specified. We have also demonstrated _
a new intrinsic parametrization algorithm which guar-
anty that the fitted error is in the direction perpendic-
ular to the local surface tangent. Experimental results
show that simple surfaces like cylinders and spheres
are well extracted by a rational Bézier surface of de-
grees (2 x 2).
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