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Abstract

This paper ezamines the problem of estimating
three-dimensional trajectories of moving objects from
noisy monocular image sequences. We have built on
the basic models and formulation of Broida et al. [2] to
estimate the motion of a rigid object moving in front
of a stationary camera at constant translational and
rotational velocities. The main emphasis of this paper
is on the development of a hybrid feature/flow-based
estimation procedure in which both feature point and
optical flow measurements are utilized. We have also
analyzed abrupt changes in object trajectories and how
process noise can be used to improve the performance
of a filter in such situations. Preliminary ezperiments
have shown some very encouraging results.

1 Introduction

Recovering the three-dimensional (3-D) motion of
rigid object(s) from image sequences is a fundamental
problem in computer vision. There are two basic ap-
proaches to solving this problem, namely, the feature-
based approach and the optical flow-based approach.
- In feature-based approaches, 3-D motion is derived by
observing the 2-D positions of a set of relatively sparse
discrete features. In contrast, optical flow-based tech-
niques derive 3-D motion from relatively dense 2-D
instantaneous velocity data.

The feature-based approach can be further divided
into recursive formulations [2] [5][7] and batch formu-
lations [1]{10]. In recursive formulations, the compu-
tation of a new estimate is based only on the current
measurement(s) and estimate, thus making it suitable
for real-time applications. Silvén and Repo [7] imple-
mented a complete real-time tracking system based on
the extended Kalman filter (EKF). Iu and Wohn [5]
used the same filter but proposed a method for the es-
timation of motion modelled by an arbitrary number
of derivatives. Broida et al, 2] formulated a recursive
procedure using the iterated extended Kalman filter
(IEKF) because it is less likely to diverge than the
EKF.

In our work, we assume an environment where a
stationary video camera is used to observe a single
rigid moving object over time. Our goal is to recover
the 3-D trajectory of this object from an extended
image sequence captured by the video camera. This
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Paper begins by examining the various models that
are essential to our research, followed by a description
of how optical flow measurements can be incorporated
into the recursive formulation proposed by Broida et
al. An extensive set of simulations has been designed
and will be described in details. An analysis of the
results and a discussion of issues that require further
research will be presented. Finally, conclusions will be
drawn based on the simulation results.

2 Models
2.1 Imaging Model

The image acquisition process is modelled using
the perspective projection. Consider a 3-D point
P = (2,v,z). The projection of P on to the image
plane through the perspective transformation is de-
scribed by the vector equation
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where n, and n, represent additive noise terms that
are included to account for random errors such as
those arising from spatial quantization. Without loss
of generality, we shall assume the focal length to be
unity (i.e., f = 1) throughout this paper.
2.2 Object Model

Our goal is to observe a moving object, whose struc-
ture is unknown, through a stationary camera; there-
fore, it is useful to define a camera-centred coordinate
system (CCCS) with its z—axis pointing in the direc-
tion of the optical axis. An object-centred coordinate
system (OCCS) is also needed to facilitate the estima-
tion of the object structure. The following equation
allows the conversion from the OCCS to the CCCS:

p(t) = Pr(t) + R(t)po (2)

where po is a point in the OCCS, p(t) is the same
point represented in the CCCS, Rg:) is the rotation
matrix that aligns the OCCS with the CCCS and
Pr(t) denotes the origin of the OCCS which is not
directly observable. Due to the rigidity assumption,
there is no time dependency on po.

2.3 Motion Model

It is well-known that the motion of a rigid body is
completely characterized by its translational and ro-
tational motion [3]. The models for these two types of
motion are stated below.
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2.3.1 Translational Motion

A linear model is used to describe the translational
motion. In other words, we assume constant transla-
tional velocity (T = [T Ty T:]T). Consider a point on
the surface of the translating object and its (initial)
location at time ¢ = to. Its position at any time ¢ is
simply described by

x(t) = x(‘to) + (t - to)T (3) :

2.3.2 Rotational Motion

The unit quaternion is used to represent the orienta-
tion of a rotating object and by assuming constant
rotational velocity (w = [w, wy w,]T), it can be prop-
agated in time using

q(t) = exp[2(2 — to)]a(to) (4)
where
e
n=§ wyz iy (5)

—wy; —wy —w; 0

In addition, the rotation matrix R(t) in (2) can be
expressed in terms of the unit quaternion (see [2]).

2.4 System Model

Our system consists of a rigid object translating
and rotating continuously in time and observations
that are made at regular time intervals. This is equiv-
alent to a system having a continuous plant and dis-
crete measurements [6]. The vector differential equa-
tion that describes the continuous plant is

i‘i“i(_tt_) = f(x(t),t) + G(t)w(2) (6)

where x(t) is the state of the system, w(t) represents
the process noise and G(t) is a matrix mapping w(t)
into “state space”. Observations, y&, are described by
the discrete measurement equation

ve = h(xx) +vi (7

where h(-) is a nonlinear measurement function (due
mainly to the perspective transformation) and vy is
the measurement noise. The problem is to find X,
an estimate of x;, based on yx. Since both f(x(t),1)
and h(x;) are nonlinear, linear Kalman filter theory
does not apply. A common approach is to use an ap-
proximate nonlinear filter such as the EKF instead.
However, due to nonlinearities in f(x(t),) and the
high degree of nonlinearity in h(xz), a more “sophis-
ticated” filter, such as the IEKF or the iterated linear

All three filters mentioned above involve lineariza-
tion of f(x(t),t) and/or h(xz); therefore their deriva-

tives e df(x(t),t) 8
(x(t), ) T T(t) x(t)=%(t) ( )

and dh
H(%) = d(Tx:) X=X 1

are required. X(t) and %, denote the points about
which f(x(2),t) and h(xz) are linearized, respectively.

As in [2], our state vector consists of the image
plane coordinates of the origin of the OCCS, the “nor-
malized” translational velocity, the unit quaternion
representing the orientation of the object, the rota-
tional velocity and the “normalized” coordinates of
the feature points in the OCCS:
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The normalization factor zg(t) is used to eliminate the
unknown scaling factor due to the perspective trans-
formation [2].

3 Combining Feature Point and Opti-

cal Flow Measurements

There has been no attempt to integrate the feature-
based and optical flow-based approaches to 3-D mo-
tion estimation. The work presented in this section
may well be the first step towards such a goal. We
have included optical flow measurements, in addition
to feature point position measurements, in our obser-
vations. By measuring the instantaneous 2-D veloci-
ties at or near pixel locations chosen as “features”, we
hope to improve the accuracy of the state estimates.
The basic optical flow equations are [3]

filter-smoother (ILFS), may result in improved perfor- b L i iy Tk A 0, 11
mance. An overview of these three approximate non- o Z; = Z; 2itws + (1+ 23)wy — g, (14
linear Kalman filters has been omitted due to space 7 7
limitations but a detailed descripti be found i
o etailed description can be found in s _Z_y_ g y"'z_z. s yf)wz Crgiay b
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or in the more compact vector-matrix form,

v-[o]-zl s
[ _1+%) (1;:;3) = ] [§§ ] (13)

where a necessary sign reversal has been applied.

In order to incorporate optical flow data into our
recursive filtering framework, (11) and (12) must be
expressed in terms of the existing system states. First,
we need to establish the following relationships

+
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Then, we express (11) and (12) in terms of the system
states defined in (10). We now have
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where i = 1...M with M denoting the total num-
ber of feature points. The matrix H %xk) described in
the previous section will have to be expanded as there
are now 2 extra observations at each feature point lo-
cation. To compute H(xx), (19) and (20) must be
differentiated with respect to each state.

4 Simulation Results

In order to study the benefits of including optical
flow measurements as observations, simulations have
been performed. We have designed a more compre-
hensive collection of experiments than those outlined
in [2]. First of all, all simulations are carried out in
Monte Carlo fashion. Secondly, the experiments are
designed to evaluate the proposed method under a
wide variety of conditions. Moreover, unlike most of

the existing work in this area, three filters (the EKF,
IEKF and ILFS) are considered because the relative
performance of non-linear filters is highly dependent
on the particular problem at hand [9].

Due to space limitation, the following strategy is
used to reduce the number of graphs that have to be
presented. Since we are only interested in the position
(1 - 2) and velocity (3 — 5,10 — 12) states, we omit
the quaternion (6 — 9) and structure (13 — 24) states
in our presentation, reducing the number of graphs to

‘8. Among these 8 remaining graphs, a representative

one is chosen to show a position, translational velocity
or rotational velocity state.

4.1 Implementation Details

Our “synthetic world” consists of a room of size
20 x 25 x 10 cubic units, a stationary camera and a
moving cube of size 3 x 3 x 3 cubic units. Four of the
corners of the cube are used as feature points, that is,
M = 4. Each simulation is made up of 30 trial runs
and each trial run consists of 100 image frames. Unless
otherwise specified, the motion parameters used in this
paper are T = [0.15 0.2 0.05] and w = [0.05 0.05 0.05].

Errors in the initial state estimates are chosen to be
between 20% and 40%. The initial quaternion states
are always error-free since we assume that the OCCS
is initially aligned with the CCCS. We pick the vari-
ance of the measurement noise to correspond to the
spatial quantization noise found in a 512 x 512 image
sequence where the object occupies an image area of
approximately 200 x 200 pixels. For simplicity, the
same amount of noise is added to both feature point
and optical flow measurements.

4.2 Comparing the EKF, IEKF and ILFS

The aim of this experiment is to compare and eval-
uate the EKF, IEKF and ILFS for the purpose of 3-D
trajectory estimation. Three factors should be taken
into consideration. First of all, it is essential to deter-
mine which filter performs the “best” under a specific
set of conditions. The best filter in each simulation is
chosen as the filter that produces the smallest mean-
squared error (MSE) the most number of times (with
a maximum of 8 times). The MSE is defined as

1 100
e $oi)2
MSE = oo > (% —x) (21)

i=11

where x; represents the true state vector in frame i
and x; is the Monte-Carlo-averaged estimate for the
i-th frame, which is, in turn, defined as

1 30
%= > % (22)
=1

The summation in (21) excludes the first 10 frames
because wild fluctuations are likely during the early
stage. For convenience, we use BC (or Best Count) to
indicate the number of times a filter is chosen as the
best.

Aside from determining the best among the three
filters, it is equally important to decide if the filters,
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EKF | IEKF | ILFS
BC 25 7 0
PEA | 94.2% | 91.2% | 90.8%

Table 1: Comparing the EKF, IEKF and ILFS

in fact, produce reasonable estimates. To achieve this
goal, we first compute an average value for each of the
8 states, based on the actual trajectory in each exper-
iment. If the MSE for a certain state is less than or
equal to 1% of the average actual value for that state,
then the estimate for that state is declared accept-
able. We use the percentage of estimates considered
acceptable (PEA) in our comparisons.

The third factor is numerical stability. The numeri-
cal instability measure (NIM) is defined as the number
of trials in which singularities are found divided by the
total number of trials. When calculating the Monte
Carlo average for each simulation it is reasonable to
exclude any trials in which numerical instability is ob-
served.

The results of this particular experiment suggest
that the EKF is the best filter. However, results from
other experiments show that the performance of a fil-
ter is dependent on the object trajectory and other
factors. We provide evidence of this claim in the the
following sections.

4.3 Adding Optical Flow

In this section, we examine the effect of including
optical flow measurements in the observations. Start-
ing with initial estimates that have errors ranging from
20% to 40% and without using optical flow measure-
ments, the EKF produces better estimates than the
IEKF and ILFS. Once the optical flow measurements
have been added, however, the ILFS emerges as the
best among the three filters. As seen from Figure 1
and Table 2, the extra information provided by the
optical flow measurements results in noticeable im-
provements. However, results from other experiments
indicate that the proposed hybrid feature/flow-based
approach does not work well when the initial state
estimates are “crude” (e.g., when errors are between
50% and 100% or when no initial information is given).
This finding suggests that a batch algorithm, such as
the one outlined in [1], should be used to obtain rea-
sonably reliable initial estimates. Without considering
experiments where no initial information is given, the
EKF has an overall NIM of 0.127, compared to 0.011
and 0.018 for the IEKF and ILFS, respectively. In
other words, the EKF is numerically more unstable
than the IEKF and ILFS when optical flow measure-
ments are used.

4.4 Making Use of Process Noise

Although our model explicitly states that the ob-
ject motion consists of constant translational and rota-
tional velocities only, it is likely that we will encounter
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Figure 1: The effect of adding optical flow

Flow zr/zR yr/2R T=/zr Ty/zr
No | 1.3x10~* | 8.5x10~% | 1.0x10~% | 1.0x10*
Yes | 41x10~¢ | 7.8x10~% | 1.0x107® 0
Flow T:/zr Wz wy wg
No | 3.2x10~% | 7.6x10~¢ | 3.9x10~% | 7.5x107°
Yes | 1.7x10~% | 6.5x10~7 | 2.4x10~% | 1.7x10"*

Table 2: The effect of adding optical flow (MSE)

EKF | IEKF | ILFS
BC 0 26
PEA | 42.5% | 99.6% | 99.6%

Table 3: Filter comparison (optical flow)
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Figure 2: Translational acceleration

less-than-ideal situations in practice. The use of pro-
cess noise (PN), in theory, can compensate for such
modelling errors. Unfortunately, since no systematic
procedure exists for determining the “proper amount”
of process noise, its magnitude is selected based on a
trial-and-error approach. For simplicity, the process
noise is assumed to be constant over time.

Two sets of experiments are presented in this sec-
tion. The first set consists of an object rotating at a
velocity while changing its translational velocity at a
constant rate. This clearly violates our previous as-
sumption of constant translational velocity. In this
case, both the IEKF and ILFS perform substantially
better than the EKF, with the IEKF giving slightly
better results than the ILFS. Simulation results also
show that the addition of process noise alone is not
sufficient. It is only when both process noise and
optical flow measurements are utilized that signifi-
cant improvements are achieved (see Table 4 and Fig-
ure 2). The acceleration used in this experiment is
a = [0.01 0.01 0.01].

In the second set, the object motion deviates even
more from the model as the object is allowed to change
its trajectory abruptly after 50 frames. Here the em-
phasis is on the accuracy of the estimates made af-
ter the abrupt change; therefore, the definition of the
mean-squared-error must be modified accordingly:

100

MSE(after) = % Y E-x)? (@)

1=61

Due to fluctuations that are likely to occur immedi-
ately after the abrupt change, frames 51 — 60 are ex-
cluded. Again, adding process noise alone does not
provide satisfactory results; optical flow measurements
must be used as well before any substantial improve-
ments can be observed (see Table 6 and Figure 3).

Flow/PN TR/zR YR/zR T./zr Ty/zr
No/No | 5.6x10~3 [ 5.0x1073 | 1.2x10~* | 7.9x10~5
No/Yes | 8.1x107% | 6.5x1075 | 1.0x10-% | 1.2x10~5
Yes/Yes | 2.0x107% | 3.4x10~® | 1.0x10-7 | 1.2x10~7
Flow /PN T:/zr wa wy Wy
No/No | 7.3x107% | 4.2x10~* | 1.3x10~* | 8.4x10~%
No/Yes | 3.4x107% | 2.1x107% | 1.6x10~% | 9.9x10-®
Yes/Yes | 1.4x10°7 | 2.5x10~% | 2.6x10-7 | 7.9x10-7

Table 4: Translational acceleration (MSE)

EKF | IEKF | ILFS
BC 0 24 14
PEA | 100% | 100% | 100%

Table 5: Filter comparison (acceleration)

Although the EKF does not perform as well as the
IEKF or ILFS before the abrupt change, it yields the
smallest MSE after the abrupt change. The motion
parameters for frames 51—100 are T = [0.1 0.12 0.025]
and w = [0.06 0.04 0].

4.5 Future Considerations

We have recently started studying the feasibility of
removing the quaternion states. The key idea is that
instead of propagating the rotation matrix using the
unit quaternion, we use the rotational velocity vector
as proposed by Young et al. [10]. Preliminary results
suggest that the elimination of the quaternion states
is feasible but further experimentation is necessary.

In our simulation, we avoid dealing with the prob-
lem of self-occlusion, or disappearance of feature
points due to object’s rotational motion. We simply
treat the object as if it were transparent. One way
to tackle this problem is to minimize the number of
image frames in which we need to establish feature
correspondences. Towards this goal, we have recently
started investigating the use of two-view motion esti-
mation (8]. The potential advantage of this technique
is that there is no need to maintain feature correspon-
dence over a large number of image frames.

We are also interested in discovering ways to obtain
“pseudo-measurements” which allow us to observe cer-
tain states more directly. For example, direct observa-
tion of the inter-frame quaternion, translational direc-
tion and relative depth is possible using the two-view
motion estimation algorithm proposed by Weng et al.
[8]. More recently, Heeger and Jepson [4] proposed a
method for computing motion and depth from opti-
cal flow data. The use of pseudo-measurements also
leads to the elimination of the structure states and
thus reduces the size of the state vector.
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Figure 3: Abrupt change in object trajectory

Flow /PN zr/zr YR/zR Ta/zr Ty/zr

No/No | 8.9x10~3 | 2.1x10"2 | 5.2x10™% | 1.2x107®

No/Yes | 1.8x10~* | 5.3x10™* | 1.2x10% | 1.8x10~®

Yes/Yes | 5.6x10~% | 3.5x10~% | 1.2x10~7 | 1.0x10~7

Flow/PN T:/zr wa wy ws

No/No | 1.9x10~* | 4.2x10"* | 5.1x10% | 3.5x10~3

No/Yes | 2.5x10~% | 7.6x10~® | 5.2x10~% | 3.9x10~®

Yes/Yes | 2.4x10~7 | 9.4x10~7 | 1.6x107% | 9.4x10~®

Table 6: Abrupt change in object trajectory (MSE)

EKF | IEKF | ILFS
BC 30 0 0
PEA | 99.2% | 89.2% | 89.2%

Table 7: Filter comparison (abrupt change)

5 Conclusions

A new hybrid feature/flow-based 3-D trajectory es-
timation scheme has been proposed. Based on our
simulation results we are able to conclude that ad-
dition of optical flow measurements to the feature-
based formulation of Broida et al. results in signifi-
cant improvements. We have also carried out a com-
parative study of three different filters for the pur-
pose of 3-D trajectory estimation. Our results sug-
gest that the EKF is not necessarily inferior fo the
IEKF and that the added complexity of the ILFS does
not justify its occasional improvements over the IEKF.
Furthermore, additional experiments have shown that
the proper use of process noise is crucial in situations
where the object motion deviates from the constant-
velocity model, for example, when the object trajec-
tory changes abruptly.
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