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Abstract

The classical approach to shape from shading prob-
lems is to find a numerical solution of the image irra-
diance partial differential equation (PDE). It is usu-
ally assumed that the parameters of this equation
(the light source direction and surface albedo) can
be estimated in advance. For images which contain
shadows and occluding contours, this decoupling of
problems is artificial. In this paper, we redefine the
shape from shading problem and we show that it is
necessary to use the image geometric structures to
address issues related to discontinuities.

1 Introduction

Shape from shading is a classical problem. Ernst
Mach (1866) was perhaps the first to establish a
formal relationship between image [10] and scene
domains, and to capture their inter-relationships in
a PDE. Horn set the modern approach by focusing
on the solution of these PDEs by classical and nu-
merical techniques [4-6], and to do so, he introduced
the image illumination equation:

E(z,y) = R(p,q) ,

where p and ¢ are partial derivatives of the surface
with respect to 2 and y. The basic assumption here
is that all variations in the image irradiance are due
to variations in the surface gradient, thus to varia-
tions in surface orientation.

Problem 1. CLASSICAL SHAPE FROM SHADING
Assuming that the scene is all the same reflectiv-
ity; the scene is illuminated by a single distant light
source; the scene is composed of a single smooth
surface; the surface is matte; the image is formed
by orthographic projection. Given the albedo p; the
idlumination X; the direction of the light source L;
the image irradiance E(z,y). Recover the surface
shape.
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The matte surface is traditionally modeled
with Lambert’s reflectance function so the image
irradiance! equation becomes

I(z,y) = pAL - N(z,y) (1)
where I(z, y) is the image intensity at a point (z, y);
p is the albedo of the surface, i.e. the fraction of the
shining light which is reflected; ) is the illumination,
L.e. the amount of shining light; L is the light source
direction; and N(z,y) is the normal at the surface
point corresponding to an image point (z, y).

Fundamental to the classical shape from shading
problem is:

Assumption 1.1 (Horn) Variations in image in-
tensity are entirely due to variations in surface ori-
entation.

Previous research on shape from shading concen-
trated on images such as Fig. 1, i.e., images of a
smooth surface of constant albedo illuminated by
a single distant light source under Lambert’s re-
flectance model. For such images, it is tempting
to decouple the surface estimation problem from
the light source estimation problem and the sur-
face albedo estimation problem. However, this is a
major drawback, because such a decoupling of prob-
lems yields algorithms whose domain of application
is very limited. To illustrate, such algorithms could
not deal with: images of scenes with shadows, i.e.
parts are illuminated differently; images of scenes in
which surfaces have different albedos (or reflectance
coefficients), i.e. the scene is not entirely the same
colour; images of scenes with surface geometric dis-
continuities, i.e. in which the scene contains mul-
tiple surfaces either abutting or not. In fact, it is
quite common to encounter such images, and it is
quite rare to encounter the classical ones.

1The image irradiance E(z,y) is often replaced by the im-
age intensity I(z,y). One assumes a linear relation between
the image irradiance E(z,y) and the image intensity I(z,y).
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Figure 1: We successfully recover a constant albedo matte scene illuminated by a single distant point
light source using the classical shape from shading assumptions. An ideal intensity image of (a) and the

corresponding recovered depth map (b) are shown here.

1.1 Analysis of a “Classical” Shape
from Shading Algorithm

Recently, new solutions of the “classical” shape
from shading problem were published [1,9,12].
We’ll use Bichsel and Pentland’s (B&P) algo-
rithm [1] to show examples of classical shape from
shading? (see Fig. 1).

In Fig. 2(a), we show an image of the sphere in
front of a plane but part of plane and sphere is in
a darker colour than the rest. The depth map ob-
tained with B&P’s algorithm is shown in Fig. 2(b).
We can observe a deformation of the sphere. Simi-
lar deformations was observed for shadows (Fig. 3).
Although the sphere seems like an extremely simple
example, this discussion illustrates how it is suffi-
ciently complex to demonstrate many subtleties in
shape from shading.

2The two key subroutines were copied directly from their
conference paper. However, it was necessary to write code for
the input/output as well as the calls for these subroutines.
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2 The General Shape from
Shading Problem

The assumptions underlying the classical shape
from shading problem are too restrictive. A hu-
man observer confronted with a static, monocular
view of a scene will succeed in obtaining some es-
timate of the shapes of the surfaces within it, even
when some of the classical setting’s constraints (sin-
gle smooth surface, single light source, no shadow,
single albedo scene) are relaxed (multiple smooth
surfaces, multiple light sources, shadows, multiple
albedo scene). Thus the classical constraints can be
relaxed in principle; but how far?

We redefine the shape from shading problem to
retain only the essence of the basic assumption 1.1,
ie.:

Assumption 2.1 For the generalized shape from
shading problem, smooth variations in intensity are
entirely due to smooth variations in surface orien-
tation.

To make the distinction clear, we emphasize the
fact that this assumption is only concerned with
variations that are smooth. Abrupt variations of
intensity can be due to abrupt variations in surface
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Figure 2: Using B&P’s algorithm, we attempt to recover a simple scene in which the surface albedo changes
abruptly — the scene is not entirely the same colour. The intensity image (a) and the corresponding recovered
depth map (b) are shown in this figure. This result shows clearly that the algorithm based on the classical
shape from shading assumptions fails to accurately recover a multiple albedo scene.

(2)

(b)

Figure 3: Another example of shape recovery attempt with B&P algorithm. (a) Parts of the sphere are
illuminated with only one light source — the upper right and the lower left parts — and the central part of
the sphere and the back plane are illuminated by both light sources. (b) the recovered depth map erroneously
shows a “valley” to account for the shading variability around the edge.
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orientation, but they can also be due to abrupt vari-
ations in the surface albedo or abrupt variations in
the lighting conditions. We examine such abrupt
changes later.

Image
Photometric Geometric
image intensity
continuous discontinuous
shading flow field  image curves

(e.g. edges)

Figure 4: An image comprises a set of pixel intensity
values. These capture the photometric aspect of the
image. An image also implicitly defines geometric
structures. These emerge from the neighbourhood
relationships of the image pixels. These structures
can describe either continuous properties of the im-
age or discontinuous ones.

The changes of intensity occurring at various
scales reveal that there is more to an image than just
the photometric aspect. The various structures are
shown in Fig. 4. Along with the intensity, we can
distinguish the shading flow field (small changes)
and the image discontinuity curves (large changes).

The significance of Assumption 2.1 for the re-
flectance function of a matte surface can be ex-
pressed by the following equation:

VI(:c,y) = p(lf,y))\(l',y) L(.’L‘,y)-VN(:L‘,y) (2)

At every point (z,y) where the image intensity gra-
dient VI(z,y) is defined, this equation implies that
the surface albedo p(z,y), the illumination A(z,y)
and the direction of the illuminant L(z,y) are lo-
cally constant. It also implies the existence of a dif-
ferentiable surface normal VN(z, y). Note that the
other terms in the total derivative VI are assumed
nonexistent according to the above comments about
scale; i.e., VL =0, Vp =0, and VA = 0. We elab-
orate on the conceptual differences in the following
sections.
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3 Local vs. Global Scene Con-
straints

The key to our approach is to reconsider the classi-
cal constraints but with a reduced range, i.e. local
constraints instead of global constrains.

The reflectance properties of the scene are only
considered locally constant; the scene is not pre-
sumed to be described with a single albedo. The
illumination of the scene is also considered to be
locally constant; the scene is not presumed to be
everywhere illuminated in the same way. The dif-
ferentiability (a local property) of the surface nor-
mal function implies that this function is continuous
(another local property). Where the image intensity
gradient is not defined, the surface normal function
can be discontinuous; the scene is not presumed to
be described by a single continuous surface.

A model with piecewise constant albedo implies
that the projection onto the image plane will be
marked by discontinuities in albedo. A model with
piecewise constant lighting also implies that the pro-
Jjection onto the image plane will be marked by
discontinuities in illumination and illuminant direc-
tion. Similarly, a model with piecewise smooth sur-
faces implies that the projection onto the image
plane will be marked by discontinuities in surface
depth, orientation and shape. All of these disconti-
nuities form contours.

Observation 3.1 The discontinuities in the scene
are marked by curves of discontinuity in the image
plane.

The relations between the curves of image dis-
continuities and the curves of scene discontinuities
provide an important insight to distinguish the var-
ious scene discontinuities. Since geometric discon-
tinuities (in curvature, orientation, and depth) are
unavoidable and their projection into the image has
a widely recognized importance [2,7], we allow for
discontinuities. We therefore assume that the scene
is composed of piecewise smooth surfaces3.

Observation 3.2 The projection into the image of
geometric discontinuities provides an additional cue
to help shape recovery.

Since we are considering local constraints for the
generalized shape from shading problem, the vector
pAL is constant only within some neighbourhood.

3Since the reflectance function depends on the existence
of a differentiable surface normal, allowing surfaces that are
nowhere smooth is clearly inappropriate.
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One should typically expect this vector to take mul-
tiple values for any given scene. The problem is
more complex and one cannot expect to extract the
vector pAL based on the statistical considerations
used for the classical problem. The problems of
shape from shading and light source estimation can
no longer be decoupled. Light sources and surface
properties must be handled concurrently; neither
problem must be solved “before” the other.
Problem 2. GENERALIZED SHAPE FROM SHADING
Assuming that colours can be present in the scene,
but are piecewise constant; several distant light
sources can illuminate the scene; the scene can
comprise several smooth surfaces; the surfaces are
matte; the image is formed by an orthographic pro-
Jection. Given the tangent field; the shading flow
field. Recover the surface shape; the illuminant di-
rection.

The scope of this shape from shading problem is
more general than the classical shape from shading
setting (see Problem 1.). The assumptions made
about the scene are less constraining. The only
given variables are the geometric structures of the
image — these can be extracted from the image in-
tensities.

4 Geometric vs. Photometric
Image Structures

To emphasize the dichotomy between the photomet-
ric and geometric structures, we rewrite Eq. 2 as
follows:

Vi(z,y) = ®(z,y) [(z,y)

where the photometric and geometric aspects of the
scene are respectively:

@(z,y)
I(z,9)

The photometric structure of the image, the im-
age intensity, is directly related to the photometric
aspect of the scene, the product of the illumination
and the albedo of the surface ®(z,y) as shown in
Eq. 1. Since we are letting both the illumination
and the albedo be functions of position, the image
intensity is a poor choice for initial data of the shape
from shading problem. The geometric information
about the scene would be confounded with the pho-
tometric.

= p(z,y) Az,v)
L(:L',y) ' VN(:L‘,y) 2

Observation 4.1 The relazration of the scene con-
straints leads to the rejection of the photometric
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structure of the image as initial data for the shape
from shading problem.

The geometric aspect of the image reveals infor-
mation of a different nature. We view the inten-
sity image as a scalar field, and derive two geomet-
ric structures from it. One of these corresponds
to the regions depicting smooth intensity changes,
or regions in which the intensity gradient is well-
behaved. This will become the shading flow field,
and it is developed later in this section. Separat-
ing these regions of smooth intensity variation are
Jordan curves of discontinuities — these correspond
to so-called “edges” in images, and they depict the
locus of positions along which surface and lighting
properties change abruptly. Note that the curves
and fields are complementary, but that they both
provide information about shape.

Observation 4.2 Occluding contours only depend
on the geometric properties of the surface with re-
spect to the viewer. The relationship between the
scene and the orientation and curvature of an edge
element is therefore independent of the the illumi-
nation model and the surface reflectance model.

At those positions where the image intensity gra-
dient is not defined, image curves can provide pre-
cious information. But if we provide the shading
information along with the line drawing, we can no-
tice details that we have missed previously. The
shading provides evidence of undulations that the
line-drawing cannot capture.

Observation 4.3 The line drawings and the shad-
ing provide complementary information about the
shape of surfaces.

5 The Shading Flow Field

If we look at the first order directional derivatives
of the intensity function,

= aN, Iy=pALa

I, = pAL.

Oz

N
dy :

or the second order directional derivatives of the
intensity function,

62 52
Ifx:pAL'b?N; IyyszLa—yz-N,
52
Iy =pA\L- N,
S T

we note that all these partial derivatives depend on
the variable illumination and albedo. Again, as in
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Figure 5: This sequence shows flow fields for which the distortion vector differs. The left most depicts a pure
curl, the right most depicts a pure deformation, and in between, the two components blend with different
proportions. Whereas the curl is symmetric with respect to a point, the deformation is symmetric with
respect to an axis. Note how the nature of the singularities differs as the distortion changes.

the image intensities, these measures confound the
scene’s geometric information with the scene’s pho-
tometric properties. Therefore, they are not appro-
priate to solve the generalized shape from shading
problem.

The directional derivatives’ information can nev-
ertheless be combined in ways that are independent
from the variable illumination and albedo. One such
way is the shading flow field.

Definition 5.1 The shading flow field is the vec-
tor field which indicates the direction in which the
tmage intensity remains constant. It is therefore
perpendicular to the image intensity gradient field.

Although the following calculations are elemen-
tary, their implications are deep.

Theorem 5.1 For the generalized shape from shad-
ing problem, the orientation of the intensity gradi-
ent field (where it is defined) is independent of the
variable illumination (\) and albedo (p). Thus the
orientation of the intensity gradient field only de-
pends on the geometric properties of the surface and
the lighting with respect to the viewer.

Proof: The orientation of the gradient field 6
is related to a ratio of directional derivatives:
tanf = I,/I.. Since both directional derivatives
are directly proportional to the product of the illu-
mination and the albedo,

a
L‘ggN %

L-Z2N

Ly

tanf = :
an I‘z

The orientation of the intensity gradient field is in-
dependent from the variable illumination ()) and
albedo (p). O

Corollary 5.1 The shading flow field (where it is
defined) is independent from the variable illumina-
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tion and albedo, and thus only depends on the geo-

metric properties of the surface and the lighting with
respect to the viewer.

We acquire two vector fields based on this orien-
tation information. We can consider the normalized
gradient field and the shading flow field as unit vec-
tor fields (direction fields).

Corollary 5.2 The curvatures of both the shad-
ing flow field and the normalized gradient field are
also independent from the variable illumination and
albedo, and thus only depend on the geometric prop-

erties of the surface and the lighting with respect to
the viewer.

The curvature of shading flow field ks and the
curvature of the normalized gradient field x, are
respectively:

2l Lloym 130y S o
(12+12)*
Iz[y (Ixx = Iyy) B I-'vy (Ig = I.t?)
(2+12)*

Ks

Kg

Since the first and second directional derivatives
are directly proportional to the product of the il-
lumination and the albedo, in both instances, the
numerator and the dominator would be propor-
tional the the cube of this product and cancel
out. We define a third “curvature-like” qlalantity,
ke = (2L Iylpy — I21yy — Iglm,) (2 + 13)_5 to ex-
press the variation of the shading flow field in terms
of a differential invariants (see Fig. 5):

def S sin(2p) = —k, + e ,
def S cos(2p) = —2k, ,
curl § = —Ks — K¢ .

Vision Interface ‘95



64

P e e, B,
Ll L S XX

GO o P P e am NN Ny,

O 77 7 7 P w W
PR R L et . O NN
VB R Lt S K N
O S S PPN\ \
I S 7P P\ \
O S F P P\ \
P S S S QN
/S r o=\

N\
ettt el & o
gl 4
ettt

Cd

et 4
\

32

S Ittt

AR e e, Tttt I I Y |

VLS S N
NSNS ———ie

PP e,y
pr e SR R

B 2P 2P 2 o s N, N, N, N, YNy,
P L e &

X

Pl a0

/
N\~frryg g f

VLl S O
-

O S PP P\ \

O Y P P N\ \
=t

16

O I PP P P e n NN\ \ \
A 7 PP P P amamamww NN\ \

NN SN~
b S S S

b A N e 4
NN NN enen s r s S ) S
AR e et PP |
t L S S S N ettt 7 4
L d TN N N et e
VNN e e T
R e el

)

0 16 32 48 64

(2) (b)

Figure 6: (a) An ideal image of a simple scene illuminated by a single distant point light source but with an
abrupt change in albedo and (b) the corresponding shading flow field.
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Figure 7: (a) An ideal image of a simple scene illuminated by two distant point light sources and (b) the
corresponding shading flow field.
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Figures 6 and 7 provide two examples of shading
flow fields.

The shading flow field can exhibit singularities.
Singularities of index one would correspond to cir-
culations, either clockwise or counterclockwise. The
shading flow field does not give rise to sinks or
sources because of the way it is defined with respect
to a scalar field — the image intensity. Singulari-
ties of index minus one would correspond to saddles.
We obtain the index of an isolated point singularity
by summing the angle differences between vectors
(divided by 27) as we follow a closed path around
the singularity in a counterclockwise fashion. Thus,
from the shading flow field, we have a straightfor-
ward way to locate singularities.

Singularities of the flow field constitute another
class of geometric structures. Point singularities are
0d-structures in a 2d-space; e.g. a specularity on a
surface — the singularity being circulation of the
shading flow field characterized by an index of one.
Line singularities are 1d-structures in a 2d-space;
e.g. a highlight on a cylinder — these structures in
the shading flow field are characteristic of parabolic
surface patch (or line [8]). Undefined regions are
2d-structures in a 2d-space; e.g. the luminance of a
flat surface — characteristic of planar surface patch,
the intensity is constant thus the gradient is null.

6 The Scenel
proach

Bundle Ap-

Having developed the notion of a shading flow field
and discussed several of its properties, we now out-
line an approach to inferring shape from it. The
approach is motivated by modern notions of fibre
bundles in differential geometry [11]. It provides
a solution to the generalized shape from shading
problem that is posed as a coupled collection of “lo-
cal” problems, the solution to each of which is that
local scene element (or scenel?) that captures the
local image properties, and which are then coupled
together to form global piecewise smooth solutions
(Fig. 8).

Given the formal specification of a local scene ele-
ment, our approach has two requirements: a mecha-
nism for inferring the scene element from the image
(or more precisely, from the image geometric struc-
tures); a mechanism for the local to global transi-
tion, i.e. for sewing the local scene patches together
in a consistent fashion. We have already described
the outline of our approach in a previous confer-
ence [3]. We will only mention insightful details of

4¢f. Pixel, voxel, ... scenel.
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Figure 8: Depiction of a Scenel Bundle over an
image. The union of scenel fibres over the entire
image is called a scenel bundle. The shape from
shading problem is formulated as determining sec-
tions through the scenel bundle. Such a section is
depicted by the shaded scenels, and represents a
horizontal slice across the bundle. Scenel participa-
tion in a horizontal section is governed by surface
smoothness and material and light source constancy
constraints.

the model and interpret our results.

We want the scene element or scenel to be a lo-
cal representation of the scene which comprises an
illumination model and a surface model. In this sec-
tion, we describe the information captured by the
illumination model and the surface model.

6.1 The Illumination Model

Restricting our shading analysis to the matte com-
ponent of the reflection allows us to use a simple
local illumination model.

Definition 6.1 The virtual illuminant is an imag-
inary distant point light source that would provide
the same surface patch irradiance as the actual light
sources. It comprises two attributes, A and L, that
can be derived considering the linear property of
Lambert’s reflectance function.

Consider a set of M distant point sources that
illuminate the surface patch. Let this set be de-
scribed by {A\iLy : 1 < i < M} where M) and
L) are respectively the intensity and the direction
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of the individual point light source. The attributes
of the virtual illuminant are given by:

AL = Z/\(;) L(,-) s

Now consider extended light sources illuminating
the surface patch. Let A(L) denote the brightness
of the light ray that is incident from direction L.
Using the linear property of Lambert’s reflectance
function to integrate the light rays coming from all
directions in the visible hemisphere #, we obtain:

Sl
AL = - /% A(L) L(Q) d2 .

The virtual illuminant thus provides a very conve-
nient representation of the illumination as it allows
complex illumination to be described simply by a
scalar and a unit vector. It is a much more general
model than that of a simple infinitely distant point
source.

6.2 The Surface Model

The surface model provides a local description of
what reflects the light. We consider two distinct
attributes of the surface model:

1. MATERIAL PROPERTIES: We have already
shown that the reflecting properties of the sur-
face are not related to the geometrical proper-
ties of the image, thus we ignore them.

2. SURFACE SHAPE DESCRIPTORS: We use a
shape representation that captures the infor-
mation of the first and second fundamental
forms’ coefficients to describe surface patches.
Two principal curvatures (1, x2) describe the
shape up to rotation. Two angles, slant o
and tilt 7, are needed to describe the surface
tangent plane orientation with respect to the
viewer’s coordinate frame. An additional angle
¢ is needed to describe the principal direction
of the Darboux frame in the surface tangent
plane. Cartan equations constrain neighbour-
ing surface model.

7 Numerical Results

In Figs. 6 and 7, the curved edges that form a cir-
cle carry two interpretations since discontinuities in
both the intensity and the shading flow field are
present: either they mark a cast shadow boundary;
or they mark a surface discontinuity. While the ar-
tificial scene is not meant to be characterized by a
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change in lighting condition, such interpretation is
not incompatible with the image. The second inter-
pretation is the one which we intend to exploit as
these edges mark in fact an occluding contour.

In Fig. 9, the visible surface of the spheres are ac-
curately recovered as well as the illumination direc-
tions of the light shining on them. The description
of the back plane remains ambiguous as multiple
cross-sections of the scenel bundle are equally sup-
ported. Each cross-section indicates the presence of
a planar surface which is accurate. The ambiguity
(which cannot be resolved) lies only in the planar
surface’s orientation.

The straight edges in Fig. 6 are interpreted cor-
rectly as an abrupt change in albedo, since a dis-
continuity in intensity is present while the shading
flow field is continuous (Fig. 9(a)).

The discontinuities in the shading flow field along
a curved line in Fig. 7 are not accompanied by in-
tensity discontinuities. Thus the curved line is in-
terpreted as an attached shadow boundary — the
surface is thus inferred to be continuous (Fig. 9(b)).

8 Discussion

By relaxing the constraints of the classical shape
from shading problem, we have given shape from
shading an entirely new structure.

The data that serves as input to classical shape
from shading algorithms has been shown to be in-
appropriate when the classical constraints are re-
laxed. The albedo and the illumination are not
known since they are functions of (z,y), not global
quantities. Consequently, the photometric values
cannot be used because of their dependence on the
albedo and the illumination.

We have shown that in order to address the new
generalized shape from shading problem, we can
make use of other properties of the image — in par-
ticular, we exploited the geometrical structures of
the image. Both the image curves and the shading
flow field can be extracted reliably from the image.
The integration of these two cues is shown to be
necessary.
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is illustrated by the surface normals. Different illuminant directions are coded with different gray levels.
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