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Abstract We present a computational frame-
work for recovering both 1**-order motion parame-
ters (observer direction of translation and observer
rotation), 2"9-order motion parameters (observer
rotational acceleration) and relative depth maps
from time-varying optical flow. We cannot recover
absolute observer translational speed or transla-
tional acceleration although because only relative
depth, which is the ratio of current translational
speed and 3d depth, is affected by these parame-
ters. Our assumption is that the observer rotational
motion is no more than “second order”; in other
words, observer motion is either constant or has at
most constant acceleration. We examine the effect
of noise — which is ubiquitous in optical flow data
— on the solution of the motion and structure pa-
rameters. This ensemble of unknowns comprises a
solution to the classical ‘structure-and-motion from
optical flow’ problem. Our complete framework uti-
lizes a simple method for interpreting the bilinear
image velocity equation by solving simple systems
of linear equations. Since our noise analysis yields
uncertainty measures for each parameter, a Kalman
filter is employed to incrementally intergate new
measurements computed as each additional frame
in the sequence is processed. We conclude by ana-
lyzing this reduction of uncertainty over time as the
system converges to a stable solution.

1 Introduction

This paper addresses the problem of robust esti-
mation of motion and structure parameters, which
describe an observer’s translation and rotation and
the environmental structure, i.e. the depth of visi-
ble 3d points, from noisy time-varying optical flow.
We do not assume a local surface model, but rather,
decouple the depth scaled speed and the direction
of translation from each other in the image velocity
equation and then solve for each separately. Since
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time-varying image velocity is used, an observer ac-
celeration model is required. We assume the direc-
tion of translation in the observer’s frame of refer-
ence is constant while the entire frame of reference
can be rotating with constant rotational accelera-
tion. There can also be acceleration in translational
speed but this only causes changes in the relative
depth values. With each added frame in the mo-
tion sequence, we solve a linear system of equations
relating these motion and structure parameters to
the time-varying image velocity in the least squares
sense. A Kalman filter [8] is then used to integrate
these parameters over time.

1.1 Geometry of Projected Motions
from 3d to 2d

The standard image velocity equation [14] relates
an image velocity measured at image location Y=
(y1,y2,1) = P/Xs, i.e. the perspective projection
of a 3d point P = (X1, X2, X3), to the 3d observer
translation U and 3d observer rotation @. Assuming
a focal length of 1 we can write the image velocity
7= (v1,v2) as

#(Y,t) = AX)a¥, )Y+ A(Y)a(@), (1)

where
A = (_(1) _(1) g;) and (2)
2
o iy —(1+y) v ) ;
2 ( 1+42) -wny -n (3)

Since we are dealing with a monocular observer
we cannot recover the observer’s absolute transla-
tion, U, or the actual 3d coordinates, 13, of environ-
mental points but rather the ratio of the two. We
define the depth scaled observer translation as

o U(t) i
uY,t) = — = ap(Y,1), (4)
[1P@)]l2
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where @ = U = (uy, U2, u3) is the normalized direc-

tion of translation and p(l-/‘,t) = ”0”: = Xaﬁ |’h is

the depth scaled observer speed at Y at time t. We
refer to u as relative depth in this paper.

1.2 Literature Survey

In recent years there has been considerable interest
in using long image sequences to recover motion and
structure [1, 9, 13, 19, 21, 23, 15, 20, 24, 6, 5, 18, 7).
Most of the algorithms use monocular image se-
quences but a few use binocular image sequences
[16, 25]. A few of the algorithms are batch (pro-
cessing all the data at once) [21, 6, 4, 20] but most
use some type of recursive estimation method (for
example, an extended Kalman filter) [4, 5, 10] or (of-
ter nonlinear) minimization or factorization meth-
ods [6, 20]. Batch methods are conceptually less
complicated but recursive estimation methods yield
a “best” answer at any given time and may be
computationally more feasible when using real-time
acquired data. Most methods are based on point
correspondences [13, 10, 23, 15, 18], feature corre-
spondences (for example corner points or straight
line segments) [5, 25, 20, 6] or simple pixel corre-
spondences [16]. Only a few of the methods in-
volve Kalman filtering of motion parameters that
are derived from optical flow. In particular, the
work proposed by De Micheli, Torre and Uras [17]
uses the optical flow method of [22] to compute flow
in long image sequences and then computes time-
to-collision and angular velocity from the flow. We
also use a Kalman filter in this paper to integrate
the computed parameters, i.e. direction of observer
translation and observer rotation and rotational ac-
celeration, over time. However, our parameters are
more general, incorporating both 1** and 2"% or-
der motion parameters (8 degrees of freedom) and
relative depth maps (1 degree of freedom).

2 Overview

We first present the solution for one frame and then

the solution for three frames. The solution using
three frames is the actual solution adopted, it uses
ideas from the one frame solution. We show how
to compute the direction of translation from a lin-
ear equation based on sums of velocities in non-
overlapping image regions. The improved accuracy
in the direction of translation positively impacts on
the calculation of rotation and relative depth. The
velocity summing reduces the noise sensitivity in-
herent in computing velocity differences for noisy
data. In order to perform the estimation robustly in
the presence of noise, we propose that this summed
velocity system be solved as a least-squares fit to
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multiple data points (velocity regions) from the en-
tire optical flow field. Given the computed motion
parameters at each time (computed from tuples of
flow fields at each of 3 adjacent times), we can inte-
grate these parameters over time by using 3 nested
Kalman filters. The result is increased parameter
accuracy and stability over time. Lastly, we demon-
strate the robustness of our solution technique on
simulated test data.

3 The Least Squares Solution

We now re-examine the temporal relationships, over
adjacent frames, for the image velocity equation
that describe the observer motion (direction of
translation and rotation) and object structure (rel-
ative depth) for sampled optical flow fields.

3.1 Using One Frame

First, we assume that either @& or & are known by
some unspecified means. Given % we follow the so-
lution technique by Heeger and Jepson [12] to com-
pute &. We first compute the normalized direction
of v as

i = e

|[A1(Y)a]]

Given d = (d,dz) we can compute d* as (dy, —d,).

Hence we obtain one linear equation in the 3 com-
ponents of &(t)

(5)

dt -7 = d* - (4,(V)a(), (6)
This equation can be solved by standard least
squares and involves solving a simple 2 x 2 linear
system of equations. If & is zero or d and A»(Y)&
are parallel, then & cannot be recovered.

Given & we can solve for 4. We can then write

(7)

The ratios of the two components of # give us 1
linear equation in (u;, uz, ug):

F=7— Ay(Y)3 = A (Y)ap||V||.

™o —ur+yius

—u2 + Yousz

8
. ®
Since only 2 components of i are independent, then
if u3 is not zero we can write
U

P —iri—
3

= 201 — 1Y
us

(9)
This is 1 linear equation in 2 unknowns. We
can construct and solve a system of linear equa-
tions based on (9) using least squares to obtain
the direction of translation (u1/us, u2/us, 1), which
when normalized yields @#. In the event wus is
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zero we can always solve for (1,u2/u;,us/u;) or
(u1/uz,1,u3/uy) in a similar manner by appropri-
ate manipulation of equation (9). These equations
are given in [3].

Note that if there is no observer translation, the
3 systems of equations will all be singular. We can
detect this situation by choosing the result with the
smallest condition number, k. We compute # all
three ways and then choose the @ from the system
of equations having the lowest condition number. If
all of the k’s are large (indicating singularity as 4 ~
(0,0,0)) then only & can be recovered by solving a
linear system of equations comprised of equations
of the form

7(Y,t) = A(Y)d(t). (10)

Results in [2] indicate this system of equations is
robust in the face of noisy data.

Finally, given 4 and &(t) each image velocity,
#(Y,t) yields two equations for u(Y;, )

7= 17— 4(V)a(t) = A (P)an(¥:, )|Vl = su(¥, 1),

(11)

which we solve for each image velocity measure-
ment as:

¥ 1 - o
Y )= —=—.
u(Yi) 5 5

(12)

If ¥ is purely horizontal or vertical at some image
location then one of s; or s, will be zero, the other
will allow u to be recovered. If both s; and s, are
non-zero we average the two computed u values:

e

3.2 Using Three Frames

Modelling uniform rotational acceleration as

1

2

r182 + 1285

My= s (13)

G(t+6t) = @(t) + bw 6t, (14)

we can write

(v2(P,12) + 02(P, 2_1) - 202(P, 10)) (53 - ,,2)

(@ )+ @) -m@ ) (L-n) o)
We have assumed that |t;;; —t;| = |t; —¢;_;| where
t; is the central frame, i.e. the flow is sampled at
every 6t. Note that in order to compute % we must
be able to measure image velocities at the same im-
age locations in three adjacent frames. In that case
equation (15) can be reformulated as a simple lin-
ear least squares problem involving solving 2 x 2
systems of equations. Once @ has been computed
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we can solve for & and p using the one-frame solu-
tion. Lastly, rotational acceleration can be found at
frame ¢ as

@(tit1) — &(ti-1)
-2 > e (16)

This type of observer motion is a generalization of
the 2"¢ type of motion considered in [2].

6‘3(#) =

3.3 Robustness through Summing

Assuming mean zero random error in the veloci-
ties, we sum (15) in 2% x 2° regions of the image
and then solve it using standard least squares. This
causes the random error in the image velocities to
cancel out on average and results in accurate im-
age velocity differences and hence a more accurate
calculation of 4. Full details are in [3].

4 Kalman Filtering

We have outlined how to recover , &, 6& and p in
batch mode given three images in a sequence. These
are computations involving the construction and so-
lution of 2 x 2 and 3 x 3 systems of linear equations.
We refer to the solutions found from these computa-
tions as the motion and structure “measurements”
at that time and subscript them with M. We com-
pute the variances in these measurements as the dif-
ference between computed and measured data (the
residuals), that is:

oa = ||[WMaiy — WBy||3 (17)

and
orms = ||WMsdy — WBs|2, (18)

where My, M3, B; and Bj are matrices/vectors in-
volved in the least squares calculations. Since % has
only two independent components we can express
them as angles, # and ¢, in a right hand coordi-
nate system with respect to the (0,0, 1) axis. We
use a Kalman filter to update the 6 and ¢ angles
rather than updating the 4 vectors directly to avoid
adding normalized vectors together in the Kalman
equations. Updating  and ¢ can be viewed simply
as moving a point on the surface of a unit sphere.

We use a series of nested Kalman filters to in-
tegrate these measurements over time. Below we
outline the steps in our filter computation for n + 2
images, numbered 0 to n+ 1, and show how we con-
tinually update the solutions for frames 1 to n. We
subscript items by M if they are measured quanti-
ties, by C' if they are computed quantities and by
P if they are predicted quantities.

1. Initialize predicted parameters to zero or co as
appropriate (see [3]).
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Motion U2 @ 17 Description
1 40.0 (0,0,0) (0,0,0) Pure Translation, Single Plane
2 40.0 (0,0.175,0) [10°] (0,0,0) General Motion, Single Plane
3 40.0 (0,0.175,0) [10°] (0,0,0) General Motion, Multiple Planes
4 15.707963 | (0.0.157,0) [9°] (0,0,0) Circular Motion, Constant Rotation
5 7.853986 | (0,0.0785,0) [4.5°] | (0,0.00785,0) [0.45°] | Circular Motion,
Constant Rotational Acceleration

Table 1: Summary of Experimental Motions.

2. Compute ips; from (15) and o2; from (17).
These are considered the measured quantities.
Compute Opr; and @pg; from dip; and 0p; and

¢p; from @p;. Then:

2 .

Kow, = =z

b %paitohrai
Oci = 0pi+ Kai(Opmi — 0p;)
dci = ¢pi+ Kai(dmi — épi)
”?:ai = Kﬁi"i{m

Kg; is the Kalman filter gain for iic; at time 1.
From 0c; and ¢¢; we can compute ic;.

(a) Given ii¢; compute @y, ; from (6) and
"'ﬁm.-,j from (18), for j = i — 1,4, + 1.
Then for each of these j values we com-
pute:

%pa; ;
K“"i.j — o2 . +o32
e e a2 : d el
R T Ko, ;(@m.; — G, ;)

63

o2 at 9Po; ;
Caij =
W T, YOMo,

(b) Compute 6&ps; from Gei—1, and Foiqy as
per (16). Compute 03,45, as 0%,  +
0'?:&.-“- This sum indicates we place con-
siderably less confidence in 6&; than we do
in &;_; and &;41. Then:

9hso
Kz, = ;
i 9psa; ToMso;
6wcl. = 6wp.. + Km‘.(éwM.. = 6(.«1}3_.)
2 9hsa,;
e %psa; ToMso;

3. Update predicted quantities:

up,,, = dg;
Olision=i9 AraiKai
5Pi+1,,‘ 5 ‘:"C.',j +6dc;,, j=i-1,4,i+1
OPoipr,; = O"é‘r)__,jKa.._J., j=it—1,47,i+1
bbp. .t = by,
TP6@is1 "?a.»Kéu‘:.-

4. i=i+1
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Since pu values are unrelated over time (the p values
at the same image location at different times cor-
respond to different 3d environmental points) they
are simply computed in batch mode at each time
using (12) or (13) and the current best estimates
for ¢ and @¢ from the Kalman filter.

5 Experimental Technique

Since we use simulated data in our experiments we
can measure the actual error in the motion and
structure parameters. In the 3 equations below, we
subscript variables with k to indicate known (cor-
rect) parameters and with m to indicate measured
(computed) parameters. For @, we compute angle
error as

0z = cos_l(ﬁm - Ug)

(19)

For &,, we compute relative or absolute error. If
either || ||2 and ||&k||2 are zero we compute abso-
lute error

05 = ||&m — G|l (20)
Otherwise we compute relative error as
65 = 19m —Gellz 1000 (21)
|12

We also use absolute or relative error to measure er-
ror, 055 in 6. We compute individual relative error
for each p value and then histogram the results.

6 Experimental Results

We used square regions of size a = 3 for velocity
summing in the results reported here, although re-
sults for @ = 4 and ¢ = 5 were similar. We per-
formed five experiments in total: (1) pure transla-
tion relative to a single plane, (2) general observer
motion relative to a single plane, (3) general ob-
server motion relative to multiple planes, (4) cir-
cular observer motion with no rotational accelera-
tion in an enclosed room and (5) circular observer
motion with constant rotational acceleration in the
same enclosed room. Table 1 summarizes the mo-
tions. All translation directions are (0,0,1) but
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Figure 1: Exp 1: Measured (solid lines) and actual and residual Kalman filtered error (dashed and dotted
lines) for (a) @, (b) & and (c) é& for 5% random error for the single plane, pure translation sequence.

have various tangential speeds, ||U]| in f units per
frame. Numbers in square brackets are the vertical
rotation or rotational acceleration in degrees. For
the first 3 experiments we use 6t = 0.1 while for
the last 2 experiments we use 6t = 1.0. This al-
lows 40 sets of parameters to be computed for each
sequence. Note that our algorithm is completely
general and can handle arbitrary translational di-
rections. The experimental motion data in table 1is
specific to autonomous vehicle motion with a rigidly
attached camera that is pointing direct ahead.

6.1 Single Planar Motion

Figure 1 show the results for the pure transla-
tion sequence. Each graph has 3 plots, the origi-
nal measured parameter error as solid lines (com-
puted from each consecutive set of 3 adjacent im-
ages) and 2 plots of the Kalman filtered parameter
error (where the parameters are 4, & and 6&). As
noted above, error in 4 is in degrees while error in &
and 6 are magnitudes (if the either the correct &
or 84 is zero) or relative error (if either the correct
@ or 64 are non-zero). One of the Kalman plots
(dashed lines) shows parameter error when the vari-
ances were computed as the actual error squared
(a “perfect” variance measurement) while the other
Kalman plot (dotted lines) shows parameter error
when the residual squared is used as the variance.

Figure 2 show the results for the general motion
sequence. Again, we have plotted the correspond-
ing data as for the pure translation case, except
this time & is non-zero and relative error is used
to measure its error. For both experiments, there
is a downwards trend in measured parameter error.
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The Kalman filter error for 4 follows the measured
error, but suppresses large error increases. For &
and é& Kalman filtering works especially well with
error reductions of 50%-100% or more.

6.2 Multiple Planar Motion

In this experiment we use the same general motion
parameters as above but use a ray-tracing program
to generate multiple planes at depth ranging from
100 to 150 f units. Figure 3 show the results for this
motion sequence. The results here are better than
those for the general motion single plane sequence
because there are 5 planes with significant depth
variation. In this case, we can recover & with only
15%-20% error (compared to about 30% error for
the single plane case).

6.3 Circular Motion

In the last 2 experiments we used a ray tracing
program to simulate an observer moving on a cir-
cular path in a room. The room is simply a
300 x 300 x 300 cube with the observer centered at
(0,0,0). This provides significant local depth vari-
ation, not present to the same degree in the other
sequences. The maximum depth was 150+/2 f units
and the minimum depth was 50 f units. The initial
observer position is (100, 0,0) (a circular radius of
100 f units). The observer cannot see the top and
bottom faces of the cube, but only the left, right,
front and back faces that comprise the 4 walls of the
room.

In the first circular sequence, the observer moved
on the circle with a constant tangential and rota-
tional motion. We generated 42 flows fields for this
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Figure 2: Exp 2: Measured (solid lines) and actual and residual Kalman filtered error (dashed and dotted
lines) for (a) i, (b) & and (c) 6@ for 5% random error for the general motion, single plane sequence.

sequence to allow 40 measurements (corresponding
to one full revolution) to be obtained. Figure 4 show
the results. From these graphs we can observe four
distinctive “spikes”. Motion and structure calcula-
tions are more accurate when there is large local
depth variations (at the corners of the room) and
very unstable for single planes (in between corners),
as we saw above. The error “spikes” correspond
to these latter calculations when 3 adjacent images
have the same single surface in them. Again, the
Kalman filter errors suppress large error increases
in most cases.

The second circular sequence included constant
observer rotation acceleration and results are in Fig-
ure 5. Because the rotational acceleration is 10% of
the rotation it only takes a little while for both the
observer’s tangential speed and angular rotation to
increase significantly. Thus only in the 1°* quarter
of the circular motion are there 3 adjacent images
with only a single wall visible (with no corners) and
this results in the only error “spike” in the graphs.
In the subsequent quarters of the circle a corner is
always present in at least every third image, yielding
more robust parameter calculations. The Kalman
filter works especially well for error in 65 with error
improving by a factor of 5.

7 Conclusions and Discussion

1. The Kalman filtered parameters are more accu-
rate that the measured parameters. For i we
see that outlier measurements are suppressed
and that the error in the filtered parameters is
a bit less than the error in the corresponding
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individual measurements. This behaviour is es-
pecially evident when the & and §& parameters
integrated over time using the Kalman filter.

. The residual variance approximation is a good

approximation to the error variance in most
cases (which, in general, we would not know),
with the exception of a few measurements in
Figures 1c, 2¢c and 4c. In these cases, the resid-
ual variances incorrectly indicate good 63 val-
ues while the actual measurements are not that
good.

. The algorithm is quite robust for random noise

data. We have shown results for 5% random er-
ror but the algorithm can handle larger errors
as well. For example, for 10% random error
and single planar motion, we typically obtain
errors of 2°-5° for & measurements but many in-
dividually computed rotation vectors have 50%
or more error (no information). Even for 5%
noise, some of the rotational error are quite
large, but Kalman filtering can reduces them
to the 15%-20% range. Rotational error of this
magnitude was also observed in [11]. For the

circular data 10% random error can easily be
handled.

. Surprisingly, the effect of more accurate mo-

tion parameters on the computation of relative
depth parameters is minimal. The error is de-
pendent on the specific motion and the error
in the image velocities but independent of the
motion parameter error and tends to remain
constant over time for each sequences.
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Experimental results for real image sequences are
presented in [3]. Future work includes a velocity seg-
mentation algorithm to process independently mov-
ing objects, an extension of our algorithm to recover
the complete set of motion and structure parameters
from binocular image sequences and a more detailed
analysis of our algorithm for motions with abrupt
changes in the motion parameters, caused by rapid
de-acceleration, swerving or bumps.
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Figure 5: Exp 5: Measured (solid lines) and actual and residual Kalman filtered error (dashed and dotted
lines) for (a) i, (b) & and (c) é& for 5% random error for the circular motion, constant rotational acceleration
sequence. Observe the good performance of both Kalman filtered plots for the noisy measurements.
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