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Introduction Motivation

In the beginning...∗

∗
H. Moravec. Obstacle Avoidance and Navigation in the Real World by a Seeing Robot Rover. PhD thesis,

Stanford University, September 1980. Available as Stanford AIM-340, CS-80-813 and republished as a

Carnegie Mellon University Robotics Institue Technical Report to increase availability.
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Introduction Motivation

Why cameras?
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Introduction Motivation

Scaling up to 3D: Expensive

http://www.youtube.com/watch?v=pZwu8_f1Lg0
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Introduction Motivation

Scaling up to 3D: Complicated∗

Fig. 1. The nodding 3D laser range finder mounted on a mobile robot

II. MECHANICAL AND ELECTRICAL ASPECTS

A. Elevation Mechanism

The LMS200 is mounted in a nodding cradle with a quick
return mechanism and powered by a motor running from a
constant voltage source (ie not exactly constant velocity).
The nod elevation profile is near sinusoidal, with a period
of 1.2s. The elevation range is from 44◦ up to 26◦ down,
giving good, rapid coverage of the environment ahead. The
maximum angular velocity occurs in the middle of the nod
sweep and is around 180◦/s. The apparatus is shown in
Fig. 1. The nodder incorporates an analogue encoder for
determination of the elevation angle.

The constant nodding scheme was chosen over a servoing
scheme for simplicity, though it does place further demands
on the data processing implementation, to ensure accurate
timing. We shall discuss this in Section III

1) Data Acquisition Hardware: The system described
here requires a computer with analogue data acquisition
capabilities for sampling the nod angle encoder and a
500kBaud RS422 interface for communication with the
LMS200. The precise set-up is not critical, but in this work
we use a 1 Ghz Kontron MOPS-lcd-VE based PC104 stack
with 1GB RAM, with a Diamond-MM-AT data acquisition
module and a CSM PCMCIA RS422 serial card. The op-
erating system is a standard Linux installation; a real-time
operating system is not required.

B. Laser Configuration

The SICK LMS200 operates by sending out infra-red laser
pulses and measuring the time taken for the reflected light
to return. The measured range is proportional to the time
of flight of the pulse. Inside the LMS200, the laser beam is
reflected by a rotating mirror, allowing measurements to be
taken over a 180◦ horizontal fan in front of the device. For
the remaining 180◦ of the scan no useful measurements are
taken because the mirror directs the beam inside the casing of
the LMS200. The mirror rotates at 75Hz and measurements

Fig. 2. The data flow for data acquisition. The signal conditioning step
takes the 24V synchronization pulse from the LMS200 and converts it into a
5V logic signal that can be used to trigger sampling on the data acquisition
module

are taken at 1◦ intervals, corresponding to a rate of 13575
measurements per second.

Usually, the LMS200 begins taking measurements when
the mirror is in the 0◦ position, stopping at the 180◦ position.
Optionally scans may be successively offset by 0◦, 0.25◦,
0.5◦ and 0.75◦, to allow higher resolution coverage of the
field of view. This mode therefore requires 4 scans to obtain
full coverage. The LMS200 is capable of a number of other
measurement modes, but the work described here uses the
180◦ scan/0.25◦ angular resolution mode, with a maximum
range of 32m at 1mm precision.

C. Serial Data Packet Capture

The LMS200 communicates over an RS422 serial inter-
face. While the mirror is in the front half of its rotation,
measurements are gathered in an internal buffer. Once the
mirror reaches the back half of its rotation, the buffer
contents are transmitted over the serial interface. If the mirror
reaches the 0◦ position before the buffer contents have been
fully transmitted then the following scan is discarded. In
order for the device to transmit all scans, communications
must be at the maximum rate of 500kBaud. This is a non-
standard serial communications speed, requiring the use of
either a USB-to-serial converter, or a special serial interface
supplied by SICK.

In order to accurately locate each range measurement
relative to the robot, it is necessary to know the precise
elevation angle of the LMS200 when each measurement
was taken. It is not sufficient to simply time-stamp the data
from each scan when it arrives in the serial buffer of the
client computer. Not only is there an unknown (and possibly
varying) delay between the LMS200 gathering data and
transmitting it, but there are also unknown latencies in the
computer servicing its serial buffer and generating a time
stamp. For an LMS200 at a fixed elevation angle, these

!

Authorized licensed use limited to: The University of Toronto. Downloaded on May 18,2010 at 12:19:11 UTC from IEEE Xplore.  Restrictions apply. 

http://www.robots.ox.ac.uk/~mobile/wikisite/pmwiki/pmwiki.php?n=Main.3DLaser

∗
A. Harrison and P. Newman. High quality 3d laser ranging under general vehicle motion. In Robotics

and Automation, 2008. ICRA 2008. IEEE International Conference on, pages 7 Ð12, Pasadena, CA, May 2008.
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Introduction Motivation

Scaling up to 3D: Cameras∗

I Landmarks are easy to
detect and track

I Calibrated stereo pair
provides metric scale

http://www.youtube.com/watch?v=pZwu8_f1Lg0

∗
G. Sibley, C. Mei, I. Reid, and P. Newman. Vast-scale Outdoor Navigation Using Adaptive Relative

Bundle Adjustment. The International Journal of Robotics Research, 2010
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Introduction Motivation

Focus of this talk: Bundle Adjustment

Dead 
reckoning 

Place 
recognition 

Localization 
and Mapping 

Image 
capture 

Feature 
detection 

Image pre-
processing 

Other 
sensors 

I It is at the core of most state-of-the-art visual slam systems

I The batch maximum likelihood method is the gold standard
estimator

I Bundle adjustment seemingly provides the best of both worlds:
efficient and accurate!
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The Problem Preliminaries

Bundle Adjustment

I Solution for structure and motion given sparse point feature
measurements and data associations

I Resulting equations are highly nonlinear with many design
variables

I Factorization of the problem possible to allow an efficient batch
solution
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The Problem Preliminaries

Notation

F−→0

x1

x2
x3

p4,0
0

p5,0
0

p6,0
0

z1,4
z2,4

z2,5

z2,6

z3,6

z3,5

F−→0 : The inertial frame.

F−→k : A frame attached to the robot at time k.

xk : Parameters representing the pose of the robot at time k.

pj,0
0 : The position of feature j in the inertial frame.

zk,j : Measurement of feature j at time k.
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The Problem Preliminaries

Observation Model

An observation of feature j at time k is modeled as

zk,j = h
(

xk,pj,0
0

)
+ nk,j ,

with
nk,j ∼ N (0,Rk,j) .

This observation model is specific to 3D point features, but not to the
sensor used. It is possible to extend this framework to line, plane,
cylinder, or other shape features.
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The Problem The Objective Function

J :=

K∑

k=1

M∑

j=1

(
zk,j − h

(
xk,pj,0

0

))T
R−1
k,j

(
zk,j − h

(
xk,pj,0

0

))

K : The number of robot poses under consideration.

M : The number of features under consideration.

I This objective function is derived from the negative log likelihood
of p(z|x,p)

I Minimizing this objective finds the camera poses and feature
positions that maximize the likelihood of the measurements
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The Problem The Objective Function

The objective function J can be expressed as a big matrix equation.
Define some intermediate values:

z := (z1,1, . . . , zK,1, z1,2, . . . , zK,M )

x := (x1, . . . , xK)

p :=
(

p1,0
0 , . . . ,pM,0

0

)

h (x,p) :=
(

h
(

x1,p1,0
0

)
, . . . ,h

(
xK ,p1,0

0

)
,h
(

x1,p2,0
0

)
, . . . ,h

(
xK ,pM,0

0

))

R :=




R1,1

. . .

RK,1

R1,2

. . .

RK,M



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The Solution The Objective Function

J (z|x,p) = (z− h(x,p))TR−1(z− h(x,p))

Using the standard Gauss-Newton solution method, we linearize
around the current estimates x and p:

J ≈
(

z− h(x,p)−
[
A B

] [δx
δp

])T

R−1

(
z− h(x,p)−

[
A B

] [δx
δp

])

A :=
∂h
∂x

∣∣∣∣
x,p

, B :=
∂h
∂p

∣∣∣∣
x,p
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The Solution The Objective Function

Taking the derivative of J with respect to (δx, δp) and setting this to
zero, we get

[
AT

BT

]
R−1

[
A B

] [δx
δp

]
=

[
AT

BT

]
R−1 (z− h(x,p)) ,

which can be rewritten as
[

ATR−1A ATR−1B
BTR−1A BTR−1B

] [
δx
δp

]
=

[
ATR−1 (z− h(x,p))
BTR−1 (z− h(x,p))

]
.

We will name these components:

[
U W

WT V

] [
δx
δp

]
=

[
εa
εb

]
.

Problem: The naive solution for this equation is computationally
demanding for a large number of features, or a large number of
poses.
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The Solution The Sparse Structure

Each equation in the objective function depends on exactly one pose,
xk, and one feature, pj,0

0 .

J :=

K∑

k=1

M∑

j=1

(
zk,j − h

(
xk,pj,0

0

))T
R−1
k,j

(
zk,j − h

(
xk,pj,0

0

))

This means that the Jacobians A and B are very sparse. For
illustration, let’s examine a problem with three cameras and four
features.
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The Solution The Sparse Structure

[
δx1 δx2 δx3 δp1 δp2 δp3 δp4

]



z1,1 − h(x1,p
1,0
0 )

z2,1 − h(x2,p
1,0
0 )

z3,1 − h(x3,p
1,0
0 )

z1,2 − h(x1,p
2,0
0 )

z2,2 − h(x2,p
2,0
0 )

z3,2 − h(x3,p
2,0
0 )

z1,3 − h(x1,p
3,0
0 )

z2,3 − h(x2,p
3,0
0 )

z3,3 − h(x3,p
3,0
0 )

z1,4 − h(x1,p
4,0
0 )

z2,4 − h(x2,p
4,0
0 )

z3,4 − h(x3,p
4,0
0 )




A2

A1

A3

A4

B1

B2

B3

B4

BA
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The Solution The Sparse Structure

[
ATR−1A ATR−1B
BTR−1A BTR−1B

] [
δx
δp

]
=

[
ATR−1(z− h(x,p)
BTR−1(z− h(x,p)

]

Rj :=




R1,j

R2,j

R3,j


 , R =




R1

. . .

R4







AT
1 AT

2 AT
3 AT

4

BT
1

BT
2

BT
3

BT
4




︸ ︷︷ ︸AT

BT






R−1
1

R−1
2

R−1
3

R−1
4




︸ ︷︷ ︸
R−1




A1 B1

A2 B2

A3 B3

A4 B4




︸ ︷︷ ︸[
A B

]
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The Solution The Sparse Structure

[
ATR−1A ATR−1B
BTR−1A BTR−1B

] [
δx
δp

]
=

[
ATR−1(z− h(x,p)
BTR−1(z− h(x,p)

]




U W1 W2 W3 W4

WT
1 V1

WT
2 V2

WT
3 V3

WT
4 V4




:=




∑4
j=1 AT

j R−1
j Aj AT

1 R−1
1 B1 AT

2 R−1
2 B2 AT

3 R−1
3 B3 AT

4 R−1
4 B4

BT
1 R−1

1 A1 BT
1 R−1

1 B1

BT
2 R−1

2 A2 BT
2 R−1

2 B2

BT
3 R−1

3 A3 BT
3 R−1

3 B3

BT
4 R−1

4 A4 BT
4 R−1

4 B4




Note: U is also block diagonal (Proof is left as an exercise).
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The Solution Exploiting the Sparsity

Returning to the highest level, we have this equation where both U
and V are block diagonal:

[
U W

WT V

] [
δx
δp

]
=

[
εa
εb

]

We can rearrange this equation using block elementary row
operations:

[
1 −WV−1

0 1

] [
U W

WT V

] [
δx
δp

]
=

[
1 −WV−1

0 1

] [
εa
εb

]

[
U−WV−1WT 0

WT V

] [
δx
δp

]
=

[
εa −WV−1εb

εb

]

Paul Furgale (UTIAS) Bundle Adjustment May 29, 2010 19 / 35
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The Solution Exploiting the Sparsity

[
U−WV−1WT 0

WT V

] [
δx
δp

]
=

[
εa −WV−1εb

εb

]

What have we gained?

I V is block diagonal, inverting it is easy!

I The solution for δx is decoupled from the solution for δp.

I U−WV−1WT is dense but small.

I After solving for δx, δp may be found by back-substitution.

I Using this method, much larger problems may be solved using
the same computational resources.
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The Solution Exploiting the Sparsity

Bundle Adjustment: one iteration ∗

1. Compute the Jacobian matrices Ai, Bi, and error terms εi

2. Compute intermediate values:

U ← ∑M
i=1 AT

i R−1
i Ai

εa ← ∑M
i=1 AiR−1

i εi
V−1
i ← (BT

i R−1
i Bi)

−1

Wi ← AT
i R−1

i Bi

εbi ← BT
i R−1

i εi
Yi ← WiV−1

i

3. Solve the reduced bundle system(
U−∑M

i=1 YiWT
i

)
δx = εa −

∑M
i=1 Yiεbi

4. Back substitute to recover the feature perturbations

δpi = V−1
i

(
εbi −WT

i δx
)

∗
Adapted from R. I. Hartley and A. Zisserman. Multiple View Geometry in Computer Vision. Cambridge

University Press, ISBN: 0521623049, 2000.
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The Solution Exploiting the Sparsity
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The Solution Exploiting the Sparsity
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Upgrades and Mods

Bundle adjustment is a central component of the emerging visual
SLAM architecture

Dead 
reckoning 

Place 
recognition 

Localization 
and Mapping 

Image 
capture 

Feature 
detection 

Image pre-
processing 

Other 
sensors 

Now we consider several upgrades and modifications used in
state-of-the-art SLAM systems

1. Including a motion model

2. Using a sliding window

3. Keyframe selection

4. Relative coordinates
Paul Furgale (UTIAS) Bundle Adjustment May 29, 2010 24 / 35
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Upgrades and Mods Including a Motion Model

Upgrade 1: Motion Model
Include dead-reckoning data from other sensors: GraphSLAM∗.

xk = g(xk−1,uk,wk)

This equation has no dependence on the features so the normal
equations become
[

MT AT

BT

] [
Q−1

R−1

] [
M
A B

] [
δx
δp

]
=

[
MT Q−1 AT R−1

BT R−1

] [
x− g(x,u, 0)
z− h(x,p)

]
,

which is just

[
MTQ−1M + U W

WT V

] [
δx
δp

]
=

[
MTQ−1 (x− g(x,u, 0)) + εa

εb

]
.

Now the top left block is not block diagonal but the marginalization
presented in the previous slides (map onto path) will still work.

∗
S. Thrun, W. Burgard, and D. Fox. Probabilistic Robotics (Intelligent Robotics and Autonomous

Agents). The MIT Press, 2001.
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Upgrades and Mods Using a Sliding Window

Upgrade 2: Sliding Window

I Perform bundle adjustment over a sliding window of poses.

I Variation 1: Hold some poses fixed, leave some free∗

Design variable fixed 

Design variable free 

Measurement unused 

Measurement used 

∗
K. Konolige, M. Agrawal, and J. Solà. Large scale visual odometry for rough terrain. In Proceedings

of the International Symposium on Research in Robotics (ISRR), November 2007.
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Upgrades and Mods Using a Sliding Window

Upgrade 2: Sliding Window
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Upgrades and Mods Using a Sliding Window

Upgrade 2: Sliding Window

I Perform bundle adjustment over a sliding window of poses.

I Variation 2: Marginalize out variables as the window slides
along∗

Variable with prior 

Variable without prior 

Measurement unused 

Measurement used 

Covariance 

∗
G. Sibley, L. Matthies, and G. Sukhatme. A sliding window filter for incremental slam. In Unifying

Perspectives in Computational and Robot Vision, volume 8 of Lecture Notes in Electrical Engineering, pages
103Ð112. Springer US, 2008.
P. F. Mclauchlan. The variable state dimension filter applied to surface-based structure from motion.
Technical Report VSSP-TR-4/99, University of Surrey, Guildford, UK, 1999.
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Upgrades and Mods Using a Sliding Window
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Upgrades and Mods Keyframe Selection

Upgrade 3: Keyframe Selection

I Variation 1: Minimize the complete system for a subset of
frames∗

Design variable fixed 

Design variable free 

Measurement unused 

Measurement used 

∗
G. Klein and D. Murray. Parallel tracking and mapping for small AR workspaces. In Proc. Sixth IEEE

and ACM International Symposium on Mixed and Augmented Reality (ISMARÕ07), Nara, Japan, November 2007.
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Upgrades and Mods Keyframe Selection

Upgrade 3: Keyframe Selection
I Variation 1: Minimize the complete system for a subset of

frames∗

http://www.youtube.com/watch?v=Y9HMn6bd-v8

∗
G. Klein and D. Murray. Parallel tracking and mapping for small AR workspaces. In Proc. Sixth IEEE

and ACM International Symposium on Mixed and Augmented Reality (ISMARÕ07), Nara, Japan, November 2007.
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Upgrades and Mods Keyframe Selection

Upgrade 3: Keyframe Selection

I Variation 2: Build a skeleton graph of relative pose constraints∗
14 THE INTERNATIONAL JOURNAL OF ROBOTICS RESEARCH / Xxxxxxxx 2010

Fig. 12. Re-localization (also know as the kidnapped robot problem). There is a cut in the VO process at the last frame in the left
trajectory, and the robot is transported 5 m. After continuing a short time, a correct view match inserts the new trajectory into the
map.

To test the system, we set the skeleton view distance to only
1 m. The resultant graph has 14,649 nodes and 69,545 edges,
of which 189 are cross-links between the two trajectories. The
trajectories are largely corrected via the cross-links: the error
at the end of the loop changes from over 100 m with raw VO
to less than 10 m. Note that there are no loop closures within
each trajectory, only between them. Figure 5 shows such a
match. The PR system has the sensitivity to detect close pos-
sibilities, and the geometric check eliminates false positives!
in Section 4.3 we tested 400,000 random non-matching image
pairs from this dataset, and found none with over 10 inliers
(Figure 10).

5.4. Re-localization

Under many conditions, VO can lose its connection to the pre-
vious keyframe. If this condition persists (say the camera is
covered for a time), then it may move an arbitrary distance be-
fore it resumes. The scenario is sometimes referred to as the
“kidnapped robot” problem. View-based maps solve this prob-
lem with no additional machinery. To illustrate, we took the
small loop sequence from the TrajectorySynth experiment, and
cut out enough frames to give a 5-m jump in the actual posi-
tion of the robot. Then we started the VO process again, using
a very weak link to the previous node so that we could con-
tinue using the same skeleton graph. After a few keyframes,
the view integration process finds the correct match, and the
new trajectory is inserted in the correct place in the growing
map (Figure 12). This example clearly indicates the power of
constant re-recognition.

5.5. Incremental Construction

Continuous PR and re-localization allow us to incrementally
construct maps using the Anytime Mapping algorithm of Ta-
ble 1. Over the course of two days, we collected a set of six
sequences covering the same large office area as in Figure 1.
The sequences were done without regard to forming a full loop
or connecting to each other: see the four submaps on the left
of Figure 7. There were no VO failures in the sequences, even
with lighting changes, narrow corridors, and walls with little
texture.

After capturing the sequences, we ran them through the
Anytime Mapping algorithm, considering the start of each new
sequence to be a “wake-up” event. Each new sequence started
with a weak link to the map, and when a PR event took place,
the sequence was attached in its proper place, as in the previ-
ous subsection. The full map stitching result (right-hand side
of Figure 7) shows that PR and optimization melded the maps
into a consistent global whole. A detail of the map in Figure 13
illustrates the density of links between sequences, even after
several days between sequences.

To show that the map can be constructed incrementally
without regard to the ordering of the sequences, we re-ran the
runs with a random ordering of the sequences, producing the
same overall map with only minor variation. In some cases,
several detached “islands” were grown, where the sequences
in each island had no common views. When a sequence with
views in both islands was added, they were merged into a com-
mon map.

∗
K. Konolige, J. Bowman, J. D. Chen, P. Mihelich, M. Calonder, V. Lepetit, and P. Fua. View-based

Maps. The International Journal of Robotics Research (2010)
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Upgrades and Mods Relative Bundle Adjustment

Upgrade 4: Relative Formulation
I Rather than estimating everything in a global frame, estimate

the relative transformations between poses.∗

l1,2 l3,3

l1,1

. . .

T12

T98,99
T97,98

T1,97

T01

T96,97

p0

p1

p94
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p3

z
99,3,3

z
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z
1,1,2

z
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z
1,1,1

z
99,1,2

T23

z
94,1,1

z
3,3,3

p2

T94,95

T95,96

Current frame

First frame

Figure 1: Example trajectory starting at the first frame, p0, and ending at
the current frame, p99. The loop closure between frame 1 and frame 97 adds
an extra edge to the graph. Landmark base-frames are indicated with solid
lines. Each transform includes an infinitesimal delta-transform defined about
tj = 0 — that is, Tαj=T̂αjT(tj), where T̂αj is the current estimate of the relative
transform between frame α and frame j.

constraints along the vehicle path, and L loop-closure edge constraints
(M=m-1+L).

• The full state vector, x = [l, t]T , grows as new frames and landmarks are
added.

• Let zijk denote a measurement made in frame i of a landmark k that is
stored relative to some base-frame j.

3.1 Relative Graph Representation
The relative transforms in this formulation are associated with edges in an undi-
rected graph of frames. The graph is built incrementally as the vehicle moves

5

∗
G. Sibley, C. Mei, I. Reid, and P. Newman. Vast-scale Outdoor Navigation Using Adaptive Relative

Bundle Adjustment. The International Journal of Robotics Research, 2010
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Upgrades and Mods Relative Bundle Adjustment

I Slightly more complicated Jacobian evaluations. This ruins the
sparsity of U but not of V.∗

l01 l12 l13 l24 l15

p0 p1 p2 p3 p4

t1 t2 t3 t4

z115

z224
z213

z212

z112

z012

z101

z001 z401
z113

z415

z315

Figure 2: Graphical example for the sequence of 12 observations, z001, z012,
z101, z112, z113, z115, z212, z213, z224, z315, z401, and z415. There are five poses,
p0,...,4, four edge estimates t1,..,4, and five landmarks l01, l12, l13, l24 and l15.
This example has the Jacobian H = ∂h

∂x that is depicted in Figure 3. Bold lines
from poses indicate which frames are base-frames.
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Figure 3: Example relative bundle adjustment Jacobian structure for the se-
quence of 12 observations in Figure 2. Grey indicates non-zero entries. The
horizontal stripes in the right hand Ht term above correspond to projections
that rely on transforming state estimates along kinematic chains from frame j
to frame i. These stripes are the only difference in sparsity pattern between the
relative formulation and traditional bundle adjustment.
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∗
G. Sibley, C. Mei, I. Reid, and P. Newman. Vast-scale Outdoor Navigation Using Adaptive Relative

Bundle Adjustment. The International Journal of Robotics Research, 2010
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Upgrades and Mods Relative Bundle Adjustment

I Adaptive window approximates the full batch solution.∗
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Active Region
Spanning Tree

Figure 5: Discovery of local active region. In this example, re-projection errors
have changed by more than ∆ε in the local frames p95, p96, p97, p98, p99, p0, p1,
and p2. This local active region is discovered by a weighted breadth-first-search
starting at the current frame, p99. All landmarks visible from active frames
are optimized for. Any non-active frames that have measurements of active
landmarks are added to the static region. Measurements from the static region
contribute to the objective function, but the associated edges are not solved for
(the frames are fixed).

15

∗
G. Sibley, C. Mei, I. Reid, and P. Newman. Vast-scale Outdoor Navigation Using Adaptive Relative

Bundle Adjustment. The International Journal of Robotics Research, 2010
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Conclusions

Summary

I Bundle adjustment is the gold-standard, maximum-likelihood,
batch SLAM method. We should know it.

I The sparse factorization method enables the application of this
method to large problems

I Modern visual SLAM systems use bundle adjustment as one of
the fundamental algorithms enabling fast, accurate mapping
over large scales
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Questions

Questions?

Design variable fixed 

Design variable free 

Measurement unused 

Measurement used 

paul.furgale@utoronto.ca
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