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On the Representation and Estimation of Spatial Uncertainty Introduction

Puzzling over SLAM
I Imagine doing a jigsaw puzzle

where

(i) you don’t have the picture
on the box and,

(ii) the pieces only fit
together approximately.

I This is a bit like the problem of
simultaneous localization and
mapping (SLAM).

I We want to assemble (localize) the pieces (measurements) into the most
likely picture (map) that we can.

I Now ask yourself, how do you solve jigsaws?

I Which strategy works better for very large puzzles?
I Global: Border first then add pieces to the interior.
I Local: Grow clusters and eventually join them together.
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Framing SLAM

Image: (Durrant-Whyte and Bailey, 2006)

I A robot moves, generating a
sequence of frames in the
places it’s been.

I We receive a sequence of
odometric measurements
(from frame to frame) and
map measurements (frame to
landmark).

I We’d like to build a ‘map’
(frames and landmarks) from
the (uncertain)
measurements.
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But what is a ‘map’?

Brooks (1985) proclaimed,

“A representation of the world is not something from which the
world need be reconstructible. Rather a representation of the world
is a statement of facts deducable from observations, and ideally
includes enough facts that anything deducable from past
observations is also deducable from the representation. A
representation is not an analogous structure to the world; it is a
collection of facts about the world.”

In other words, we should not assume a priori the form of a robot map.
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What’s so hard about SLAM?

Chatila and Laumond (1985) commented in an early work on mapping that,

“The problems addressed in this paper are crucial when dealing
with real-world mobile robots as opposed to simulated ones. They
are the problems of:

1) constructing and maintaining an accurate enough environment
model (of objects and space), that remains consistent as the
robot explores new areas or sees again regions that are
already modeled, and,

2) knowing its own position in this environment.

The general problem concerns an unstructured environment, and
the robot should be able to construct its references by itself.
Imprecise mapping is an important issue in current mobile robot
research.”

Some 25 years later this last statement still holds true.
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Primordial SLAM
I According to Durrant-Whyte and Bailey (2006), the genesis of SLAM

occurred during the 1986 IEEE ICRA conference held in San Francisco.

I Many of the soon-to-be SLAM pioneers were present including Peter
Cheeseman, Jim Crowley, Hugh Durrant-Whyte, Raja Chatila, Oliver
Faugeras, and Randal Smith.

I The next few years saw much progress representing uncertainty in maps
(Durrant-Whyte, 1988; Chatila and Laumond, 1985; Crowley, 1989;
Smith and Cheeseman, 1986; Ayache and Faugeras, 1988).

I The most influential paper1 from that time is

Smith, R. C., Self, M., and Cheeseman, P., “Estimating Uncertain Spatial Relationships in
Robotics,” in I. J. Cox and G. T. Wilfong, editors, Autonomous Robot Vehicles, pages
167-193, Springer Verlag, New York, 1990,

in which the stochastic map framework was introduced.

1
There was also an 1987 IEEE ICRA paper by the same name but it did not appear in the printed proceedings.
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The Stochastic Map
Smith et al. (1990) wrote,

“This paper presents a representation that makes explicit the
uncertainty of each degree of freedom in the spatial relationships of
interest. A method is given for combining uncertain information
regardless of which frame it is presented in, and it allows the
description of the spatial uncertainty of one frame relative to any
other frame.”

but later in the paper wrote,

“...our ‘map’ consists of the current estimate of the mean of the
system state vector, which gives the nominal locations of objects in
the map with respect to the world reference frame...”

Seemingly innocuous, the adoption of a single privileged coordinate frame
in the stochastic map framework was an interesting by-product of this
landmark paper on representing uncertainty in robot maps.
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Prequel
Interestingly, a few years earlier Smith and Cheeseman (1986) wrote another
paper,

Smith, R. C. and Cheeseman, P., “On the Representation and Estimation of Spatial Uncertainty,”
The International Journal of Robotics Research, 5(4):56-68, 1986.

in which they note,

“Brooks (1985) argues that it is not appropriate for mobile robots to
use a global reference frame. He feels that a set of local reference
frames linked via uncertainty transformations is better. We show
how the uncertainty of a frame relative to another can be estimated
and how the reduction in uncertainty due to sensing can be
mapped into any frame, regardless of where the sensing was
performed. Because of this flexibility, no particular frame is
necessary as an absolute reference.”

This paper was the inspiration for the title of this talk, as it marks a critical
decision point in SLAM’s history.
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Brooks’ Dogma

What Brooks (1985) actually wrote was,

“The underlying problem is that worse case error needs to be
assumed in placing things in an absolute coordinate system, and
cumulative worse cases soon lead to useless models globally.
We use no global or absolute coordinate system. We do not ignore
errors nor do we use beacons or inertial navigation systems.
Instead we will use only local coordinate systems with relative
transforms and error estimates.”

This statement actually tells the whole story about why the stochastic map
framework is not compatible with a single privileged coordinate frame, but
we’ll return to that a bit later.

Despite these cautions, most SLAM research adopted the single privileged
coordinate frame for the next several years.

tim.barfoot@utoronto.ca (UTIAS) CRV 2010 SLAM Workshop 10 / 36



UTIAS

On the Representation and Estimation of Spatial Uncertainty History

SLAM Proper

According to Durrant-Whyte and Bailey (2006),

“The conceptual break-through came with the realisation that the
combined mapping and localisation problem, once formulated as a
single estimation problem, was actually convergent. Most
importantly, it was recognised that the correlations between
landmarks, that most researchers had tried to minimize, were
actually the critical part of the problem and that, on the contrary, the
more these correlations grew, the better the solution. The structure
of the SLAM problem, the convergence result and the coining of the
acronym SLAM was first presented in a mobile robotics survey
paper presented at the 1995 International Symposium on Robotics
Research.”

tim.barfoot@utoronto.ca (UTIAS) CRV 2010 SLAM Workshop 11 / 36



UTIAS

On the Representation and Estimation of Spatial Uncertainty History

SLAM SNAFU

I For several years, SLAM research progressed well: EKF-SLAM, SEIF,
Rao-Blackwellized Filter (e.g., FastSLAM).

I Until about the year 2000, the focus was on important issues such as
data association, environment representation (i.e., to deal with
range-only or bearing-only sensors), moving from 2D to 3D, and scaling
up to ever-larger environments.

I At this point, scaling up to larger environments brought the
computational complexity issue to the forefront of SLAM research. How
could these methods be made to work in large-scale environments with
loop closures?

I A flurry of new research ensued, focussing on two critical aspects of
scaling up SLAM: consistency and complexity.

tim.barfoot@utoronto.ca (UTIAS) CRV 2010 SLAM Workshop 12 / 36



UTIAS

On the Representation and Estimation of Spatial Uncertainty Submaps

Rise of the Submaps

4

(a)No marginalisation (b)Partial marginalisation (c)Full marginalisation

Fig. 2. Exact information matrix SLAM. These information matrices all represent the same optimal map estimate, but show the tradeoff
between number of retained pose states and matrix sparsity. Removing pose states reduces the total matrix size but introduces dependencies
between the remaining pose and map states.

directly related by measurement data (see Figure 2(a)).
Observation updates are also a sparse operation, produc-
ing links only between measured states.

However, marginalisation, which is necessary to remove
past pose states, introduces links between all state elements
connected to the removed states. Marginalising all past
states produces a dense information matrix as shown in
Figure 2(c). Nevertheless, it is possible to retain a reason-
ably sparse estimate without having to keep an entire pose
history [21]. By judicious selection of anchoring poses to
decouple different regions of the map, a great proportion of
poses can be marginalised away without inducing excessive
density as shown in Figure 2(b).

Despite the attraction of its sparse representation, there
remain caveats with regard to practical implementation of
information form SLAM. For realistic use, it is necessary
to recover the mean and covariance of portions of the state
at every timestep. This is potentially very expensive. The
mean estimate is required to perform linearisation of the
process and observation models. It can be recovered fairly
efficiently using the conjugate gradients method [18]. The
mean and covariance are both required to compute vali-
dation gates for data association. While efficient solutions
have been devised for simple gating [50], [18], the robust
batch gating methods described in Section III potentially
involve recovery of the full covariance matrix, which has a
cubic complexity in the number of landmarks.

D. Global Submaps

Submap methods are another means of addressing the is-
sue of computation scaling quadratically with the number
of landmarks during measurement updates. Submap meth-
ods come in two fundamental varieties: globally referenced
and locally referenced as shown in Figure 3. The common
thread to both types is that a submap defines a local co-
ordinate frame and nearby landmarks are estimated with
respect to the local frame. The local submap estimates
are obtained using the standard, optimal SLAM algorithm
using only the locally referenced landmarks. The resulting
submap structures are then arranged in a hierarchy leading
to a computationally efficient suboptimal global map.

(a)Globally referenced submaps

(b)Locally referenced submaps

Fig. 3. Global and relative submaps. Global submaps share a com-
mon base coordinate frame while relative submaps record only relative
poses of neighbouring frames.

Global submap methods estimate the global locations
of submap coordinate frames relative to a common base
frame. This is the approach adopted in the relative land-
mark representation (RLR) [24] and constant time SLAM
(CTS) [32] methods. These approaches reduce computa-
tion from a quadratic dependence on number of landmarks,
to a linear or constant time dependence by maintaining
a conservative estimate of the global map. However, as
submap frames are located relative to a common base coor-
dinate frame, global submaps do not alleviate linearisation
issues arising from large pose uncertainties [4].

Image: (Bailey and Durrant-Whyte, 2006)

I Both global and local submap
techniques were introduced to tackle
complexity and consistency in SLAM.

I Most of these techniques work in a
two-level architecture. A typical
stochastic map is used to create each
local submap. The submaps are
locked and then aligned with respect
to one another or a global frame.

I The problem with these techniques is
that it is difficult to decide how to
break the problem into discrete
submaps. However, with some
tuning, these techniques enjoyed
some limited success.
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Submap Prodigy

component xi of X is considered individually and cor- 
rupted by correlated and coloured noise. Each of the 

xi estimates is updated by a value that is proportional 
to the difference 6 between the predicted measure- 
ment at instant k + 1 given information at instant k, 
ri(k + 1 I IC) and the actual measurement z: 

where 6 = z - P and 

The variance and covariance Cij are also updated. 

C;j(k+l I IC+l) = Cij(k+l I IC)-rxi&,rkjz (14) 

The update of the vectors correlated with the mea- 
surement causes the measurement equations to be ver- 
ified between the estimates. This ensures the consis- 
tency of the spatial relationships. 

Smith and Cheeseman [8] have considered the state 
vector as an indivisible entity with the spatial corre- 
lation between objects and the robot. However, the 

direct treatment of the global vector has lead to early 
instabilities in the process of map building [5 ] ,  [6]. 
To circumvent this problem, Moutarlier and Chatila 

used a relocation-fusion scheme where the robot lo- 

cation is first updated in order to eliminate the bias 
on the robot location before updating the map. The 
relocation-fusion approach leads to a suboptimal algo- 
rithm but increases stability. 

Maintaining the covariances increases the computa- 

tional load and some algorithms have been proposed 

to avoid their processing [4], [7]. However, some mea- 

surements must be ignored or some gross approxima- 
tion must be performed. The necessity and difficulties 

of maintaining covariances are discussed in [3]. Here, 
our proposition is developed for the general case when 
covariances are maintained. 

3 Separating odometry 

The information provided by odometry can be sepa- 
rated by preserving only the relationships between ob- 

jects. The object relationships are then transformed 

to a common Local reference frame in order to com- 

pose a local map. To integrate a new object into the 
map, this scheme supposes that at least one object is 

re-observed in the new perception in order to build a 
perception-based link. When no object is re-observed, 

a new local frame is created for integrating the new 
object. In this case, the configuration state of this lo- 
cal frame is stored in the global reference frame and 

depends on the odometry. The state and uncertainty 

of an object in a local%ame remain independent of 
the odometry. A state vector and variance-covariance 

matrix are maintained in each of the local and global 

frames. Figure 1 illustrates an example of the repre- 
sentation of a t3et of objects Om,i in three local frames 
RE,, related in the global world frame When ob- 
jects from two different locd frames are re-observed, 
the frames can be concatenated since there exists a 

perception-based link. Below, the new map building 
approach is detailed. 

RL.3 

Figure 1: World representation with 3 local frames 
RI,, related in the global frame RG. 

e Robot displacement. 

The same procedure as in the classical approach is 
performed. The robot state and its covariance with 

the local reference frames are updated in the global 
reference frame according to equations 3 to 6. The 

odometry has influence in RG only. Although not nec- 
essary for the t8ask of map building, the robot state can 
be updated in isome relevant local frames depending on 
the task. 

e Integrating a new object. 

Two cases may occur. In the first case, no object 
has been re-observed in the current perception. In the 

second case, at least one object has been re-observed. 

759 
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Image: (Hébert et al., 1996)

I An early version of submapping
appeared in 1996:

Hebert, P., Betge-Brezetz, S., and Chatila, R.,
“Decoupling odometry and exteroceptive
perception in building a global world map of a
mobile robot: the use of local maps,” in
Proceedings of the IEEE International
Conference on Robotics and Automation
(ICRA), volume 1, pages 757-764, 1996.

I This idea was reborn as the
‘manifold’ later on.
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Enter Relative Submaps

Image: (Chong and Kleeman, 1999)

I The earliest example of a true
two-tiered submapping approach is

Chong, K. S. and Kleeman, L., “Feature-Based
Mapping in Real, Large Scale Environments
Using an Ultrasonic Array,” International
Journal of Robotics Research, 18(1):319,
1999.

I Correlations between features in
each local maps were kept as well as
correlations between local maps.

I This was further developed by
Williams (2001), but due to the
decoupling between submaps,
neither version is globally convergent.
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The Atlas Framework

Image: (Bosse et al., 2004)

I A hybrid metric (local)-topological
(global) approach was introduceda in

Bosse, M., Newman, P., Leonard, J., and
Teller, S., “Simultaneous Localization and Map
Building in Large-Scale Cyclic Environments
Using the Atlas Framework,” International
Journal of Robotics Research,
23(12):1113-1139, 2004.

I The approach is
computationally-efficient, but weakly
globally convergent due to its use of
the covariance intersection algorithm.

a
There is also an earlier ICRA 2003 version.
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Hierarchical SLAM

ESTRADA et al.: HIERARCHICAL SLAM: REAL-TIME ACCURATE MAPPING OF LARGE ENVIRONMENTS 589

estimate the map and the pose of the robot. This methodology
works with a global map and has a high computational cost.
The work in [16] proposes an incremental mapping method
that uses scan matching and global correlation to build a graph
of adjacent robot poses. For closing loops, they use consistent
pose estimation [17], whose time complexity is on
the number of robot poses, making the method unsuitable for
real-time execution in large environments. More recently, a
similar approach to build consistent maps with many cycles has
been proposed in [18]. This method obtains correspondences
between vehicle poses using the iterative closest-point algo-
rithm. Using a quadratic penalty function, correspondences are
incorporated into an optimization algorithm that recomputes
the whole trajectory. This process is iterated until convergence.
However, the method requires the estimated vehicle poses
before loop closing to be nearby, limiting the size of the loops
that can be successfully closed. Neither computing time not
theoretical computational complexity are reported.

In this paper, we present a new method to impose loop con-
sistency at the global map level that makes careful use of sto-
chastic map techniques. Due to the large uncertainties appearing
in big loops, nonlinearities become important, making the clas-
sical EKF technique obtain inaccurate estimations. Nonlineari-
ties have been successfully addressed using standard nonlinear
least-squares optimization techniques in the context of bearing-
only SLAM [19] and range-only SLAM [20]. We show that em-
ploying similar techniques with an appropriate representation
for the problem structure produces close to optimal results at the
global map level at a low computational cost. The relative rep-
resentation of the locations at this upper level introduces highly
sparse matrices that can be exploited in the calculation process
by means of specialized sparse methods. Moreover, this efficient
local parametrization contributes to make the method more ro-
bust and stable. We are able to obtain the optimal solution to
the loop-consistency problem in with being the loop
length (number of local maps in the loop). We also show that
our scheme can be derived from a general formulation of the
problem using the iterated EKF (IEKF) detailed in [21]. Exper-
imental results validate our method: we obtain a close to op-
timal global map of a building with several big loops (in the
200–350 m range) in less than 1 s. We have also carried out
simulations that assert the accuracy of hierarchical SLAM for
loops up to 3.6 km long.

This paper is organized as follows. After the introduction in
Section I, the fundamental aspects of the hierarchical SLAM
model are discussed in Section II. The process to impose loop
consistency at the global level is presented in Section III.
Section IV describes the experiments conducted to validate our
approach. In Section V, we discuss the advantages and limi-
tations of hierarchical SLAM with respect to other methods.
Finally, in Section VI, we draw the main conclusions of this
study and outline future research directions.

II. HIERARCHICAL SLAM

The hierarchical map proposed in this paper is an environ-
ment representation at two levels. In the following, each level
in the hierarchy, as well as the process of map maintenance that
assures consistency, are described in detail.

Fig. 1. Two-level hierarchical SLAM model.

A. Local Level

The fundamental building blocks of our map representation
at the local level are feature-based local stochastic maps of dif-
ferent regions of the environment (Fig. 1, bottom), guaranteed
to be of limited size and mutually independent in the statistical
sense at all times. A local map contains infor-
mation related to a set of elements in the environment, where

...
...

. . .
... (1)

The state vector contains the estimated pose of the vehicle ,
, and the location of the environment features
, all with respect to a base reference . The

parameters that represent this location depend on the feature
type [8]. The base reference may be the initial current vehicle
location when the map is initialized or it may be associated with
a set of local features, such as a corner or a pair of points.

Furthermore, each local map may contain the position and
orientation of the base reference of neighboring maps, relative
to the local base. For simplicity of notation, we will denote
the relative transformation between two consecutive maps as

and its corresponding covariance matrix as .
For example, in Fig. 1, bottom, local map contains the es-
timation of and its corresponding covariance.

Local maps are required to be mutually independent at all
times for this representation to be consistent. This condition
is guaranteed during the different stages of the map building
process described in the following subsections.

B. Global Level

At the upper (or global) level, the topology of the environ-
ment is represented by a graph in which each node corre-
sponds to a local map of the local level. An arc in the
graph represents a known topological relation between local
maps and detected during the mapping process. The

Authorized licensed use limited to: The University of Toronto. Downloaded on March 19,2010 at 10:28:43 EDT from IEEE Xplore.  Restrictions apply. 

Image: (Estrada et al., 2005)

I Hierarchical SLAM is presented in

Estrada, C., Niera, J., and Tardos, J. D.,
“Hierarchical SLAM: Real-Time Accurate
Mapping of Large Environments,” IEEE
Transactions on Robotics, 21(4):588-596,
2005.

I Local maps are guaranteed to be
statistically independent.

I The global map is a relative
stochastic map.

I The approach explicitly accounts for
loop constraints by using SQP at the
global level.

I Loops are detected using external
data association between local maps.
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Drawbacks of Submaps

I Much work has continued since 2005 on submapping methods (see
Sibley et al. (2010) for a review).

I According to Sibley et al. (2010), there are several outstanding issues
common to many submapping methods:

I i.e., “map overlap, data duplication, map fusion and breaking, map
alignment, optimal sub-map size, and consistent global estimation
in a single Euclidean frame”

I Avoiding the need for submaps would appear advantageous. More on
this later.
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Robots on Manifolds

The many-to-one relationship between points on the
manifold and points in the world gives rise to a second
interesting capability: lazy loop closure. Loop closure is the
most difficult part of the simultaneous localization and
mapping process: in order to close a loop, one must decide
that two points in the map correspond to the same point in
the world (this is the data-association problem). In the
manifold representation, such decisions can be indefinitely
delayed, without risking map consistency; thus, one may
wait until robots acquire more information to conclusively
establish the correspondence (or lack thereof) between
two points. In the multirobot context, this allows us to take
active steps to discover correspondence points, using pairs
of robots acting in concert. Thus, for example, a pair of
robots can arrange a rendezvous at two points on the
manifold that may or may not represent the same location
in the world: if the robots meet, the points match and the
loop is closed; if they fail to meet, the points are distinct
and there is no loop.

This paper makes no attempt to cover all aspects the
manifold representation outlined above. Instead, we
restrict ourselves to introducing the basic methodology
and applying it to the specific problem of multirobot
mapping. We take maximum likelihood estimation (MLE)
techniques that have previously been applied to simulta-
neous localization and mapping [1], [2], and adapt those
techniques for the manifold representation. For validation,
we present experimental mapping results from a number
environments, using teams of up to four robots, under both
manual and autonomous control.

II . RELATED WORK

Thrun’s survey paper [3] identifies a relatively small set of
probabilistic methods underlying most recent SLAM
algorithms: these include Kalman filters [4], [5], expecta-
tion maximization [6], incremental maximum likelihood
[2], and various hybrid methods [7]. Recent work on
FastSLAM algorithms (which approximate the full poste-
rior distribution over maps using a particle filter) should
be added to this list [8], [9]. The approach described in this
paper makes use of both incremental MLE (for fine-scale
localization) and Lu-and-Milios-style global map align-
ment [1]. We also make use of local map patches to enforce
global/topological map consistency; this is similar in
concept, if not in detail, to the approach taken in the
Atlas framework [10], and in hybrid extensions to the
Spatial Semantic Hierarchy [11].

Existing SLAM methods have known limitations, the
most important of which is sensitivity to false data
associations. The manifold representation is designed, in
part, to overcome this limitation: it provides a mechanism
whereby data-association decisions can be postponed until
such time as they can be made with high confidence.
Hähnel [12] describes an alternativeVand possibly more
powerfulVapproach to this problem, in which bad data-
association decisions may be retracted by stepping back
through a tree-structured representation of possible maps.

It should be noted that the research described in this
paper was spurred by a very specific programmatic
challenge: to deploy a large number of robots into an
unexplored building, map the building interior, detect and
track intruders, and transmit all of the above information
to a remote operator. The multirobot systems built to meet
this challenge are described in [13] and [14].

III . MAPPING ON A MANIFOLD:
CORE CONCEPTS

The key conceptual difficulty with manifold mapping lies
in the representation of the manifold itself. In principle,
the manifold is an arbitrarily complex structure with
varying local curvature; in practice, the representation
must be discrete, and hence some degree of approximation
and linearization is inevitable. In this section, we develop
the basic concepts, definitions, and notation used in our
approximated representation.

A. Patches
The manifold is discretized by dividing it into a set of

overlapping patches, each of which has finite extent and
defines a local (planar) coordinate system. Let ! denote
the set of such patches; we make the following definition:

! ¼ f!g : ! ¼ ð"; sÞ (1)
Fig. 1. Illustration of a partially closed loop. (a) Planar representation.

(b) Manifold representation.

Howard et al. : Multirobot Simultaneous Localization and Mapping Using Manifold Representations

Vol. 94, No. 7, July 2006 | Proceedings of the IEEE 1361
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Image: (Howard et al., 2006)

I In 2004, Andrew Howard gave a
standing-room-only talk at ICRA:

Howard, A., “Multi-robot mapping using
manifold representations,” in Proceedings
IEEE International Conference on Robotics
and Automation (ICRA), volume 4, pages
4198-4203, New Orleans, LA, 2004.

I The idea was that by embedding a
robot map in a manifold of higher
dimension than the usual Euclidean
space, it was unnecessary to have
global consistency to be useful for
robot navigation!

I Howard et al. (2006) provides further
details.
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Manifold 2D Example
Marshall et al.: Autonomous Underground Tramming for Center-Articulated Vehicles • 405

Figure 5. Example monolithic map illustrating map inconsistencies with two examples of locally consistent atlas maps
(3 and 4); the gray boxes denote the atlas map centers. For reference, a corrected monolithic map is shown in Figure 6.

to the route profile. For example, a pause profile can
be generated automatically during teaching (or off-
line and graphically by a user) to specify particu-
lar points along the path where the vehicle should
stop, possibly to carry out a task such as bucket
loading/dumping.

3.2. Atlas of Metric Maps
Locally consistent metric maps (i.e., maps where
the notion of distance between points is defined)
of the mine environment along the path profile are
generated using both odometric and range finder
sensor data. Each map is a grid-type map known
as an occupancy grid (Elfes & Moravec, 1985). Each
cell of the grid is assigned to be either “occupied” or
“not occupied,” depending on the number of times
a range finder, with range resolution d, senses the
presence of an obstacle (e.g., a wall) at the location
represented by that cell at a distance z. For localiza-
tion in underground mines, this approach is much
more flexible than a system that must classify tunnel
topology in that it will work regardless of the shape
of the walls, so long as the maps are of sufficiently
high resolution. For example, the 10-cm map reso-
lution used in our experiments (see Section 5) was

found to provide an environment representation that
allowed our localization algorithms to perform with
acceptable precision.

However, the use of a single monolithic map to
represent the mine environment suffers from two key
problems. First, in some situations high memory us-
age is required. For example, a long path along the
diagonal of a square metric map will use many more
cells than are actually required to represent the en-
vironment. Second, map inconsistencies can result
on longer traverses when a vehicle closes a loop or
crosses its own path (e.g., see Figures 5 and 6). Al-
though one might consider employing a scan regis-
tration method (Magnusson, Lilienthal, & Duckett,
2007, for example) or a full simultaneous localization
and mapping (SLAM) algorithm, to do so would re-
quire an overly restrictive computational burden and
is unnecessary for our application because the prob-
lem at hand is that of repeating the taught path.

To address these problems, we employ a se-
quence or atlas of metric maps attached along the
path to form an overall route profile (see Figure 5),
which is to say, the system does not rely on one mono-
lithic map and an absolute frame of reference. The
idea is to create a situation in which the vehicle’s path
exists in a high-dimensional space wherein it never

Journal of Field Robotics DOI 10.1002/rob
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Figure 1. 10-t-capacity Atlas Copco ST1010c LHD, with sensor layout.

obvious motivations to seek an autonomous tram-
ming (a.k.a. autotramming) solution. Yet several
factors make infrastructureless autotramming a
challenging task. One aspect is the large inertia
and characteristic center-articulated/hydraulically
actuated steering mechanism, which makes these
vehicles difficult to control at high speeds (unlike
laboratory robots that often behave approximately
as kinematic systems). In this paper, we describe a
control architecture that effectively handles these
substantive dynamics.

Moreover, a most notable challenge is the prob-
lem of precise and real-time underground local-
ization. A navigation system that requires the
installation and registration of fixed infrastructure for
localization would be costly and susceptible to the
often harsh environmental conditions found in op-

erating mines. An infrastructureless system is clearly
preferable but must easily allow for new routes to be
added as the mine advances.

Some have argued strongly against the feasibility
of approaches requiring precise pose estimation for
mining vehicle automation, suggesting instead that
“reactive” methods are preferable (Roberts, Duff, &
Corke, 2002, p. 131). However, in this paper we de-
scribe a robust localization method that draws on
current techniques from mobile robotics. Our tech-
nique fuses laser range finder data and data from
odometric sensors to determine the position and ori-
entation of the vehicle with respect to a sequence of
self-generated local metric maps of the underground
environment. Our approach contrasts existing sys-
tems that either require infrastructure or often em-
ploy topological methods and/or reactive algorithms

Figure 2. Articulated geometry of the LHD vehicle, where γ is the steering hinge angle and a positive value corresponds
to turning right.

Journal of Field Robotics DOI 10.1002/rob

Images: (Marshall et al., 2008)

I The manifold idea was used in a
teach-and-repeat system for
underground mining:

Marshall, J., Barfoot, T., and Larsson, J.,
“Autonomous Underground Tramming for
Center-Articulated Vehicles,” Journal of Field
Robotics, 25(6-7):400-421, 2008.

I Now in operation in a mine in Finland!

406 • Journal of Field Robotics—2008

Figure 6. Globally consistent monolithic map for the route shown in Figure 5; the gray boxes denote the atlas map centers.

intersects itself (Bosse et al., 2004; Howard, 2004).
This concept is depicted in Figure 7.

A locally consistent metric map is associated with
each position along the path. The spacing and bound-
aries of the atlas maps are constructed using knowl-
edge of the sensing range r of the range finder sensors
and such that there is sufficient overlap in the regions
expressed by contiguous maps. This guarantees that

Figure 7. Vehicle path in a manifold described locally by
atlas maps.

when the localization algorithm (used during play-
back) switches from one map to the next, range finder
data always lie within the boundaries of an atlas map.

This process is illustrated in Figure 8. In Step 1,
we place circles of radius r in each segment. This has
been shown for a straight-line path because this is
the worst case for handoffs. However, it is not suf-
ficient to have no overlap between the maps. Thus,
in Step 2 we grow the circles to be of radius 2r . The
vehicle starts inside the first small (dotted) circle. The
first atlas map boundary is defined by the first large
(solid) circle. As long as the vehicle remains within
the small circle, its laser range finder scanning en-
velopes will remain within the large circle under the
condition that r is larger than the maximum range of
the laser range finder. Finally, representing a round
map in computer memory is not efficient, so in Step 3
we circumscribe the large circles with squares and
grow them on each side by a length 2dbound to account
for nonideal effects (e.g., imperfect localization).

Each atlas map is generated from all the laser
data acquired while within the circle of radius 2r

in Figure 8. Hence, neighboring maps have data
in common such that the transition between maps

Journal of Field Robotics DOI 10.1002/rob
tim.barfoot@utoronto.ca (UTIAS) CRV 2010 SLAM Workshop 20 / 36



UTIAS

On the Representation and Estimation of Spatial Uncertainty Manifolds

Manifold 2D Example

(Open in Acrobat Reader to play this movie.)
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Manifold 3D Example
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Figure 7: The visual reconstruction of a five kilometer rover traverse plotted against GPS (Top).
Although the reconstruction is wildly inaccurate at this scale, locally it is good enough to enable re-
tracing of the route. The bottom images show views from either end of the path, with the reference
path plotted as a series of chevrons. To the rover, the map is locally Euclidean.

is defined to be the same as F−→r0 . All of the keypoints are triangulated using (4) and placed in the251

map. In each subsequent frame, incoming keypoints are matched against the working database and252

subjected to outlier detection. Let us use n to index the inlying feature tracks. Each track provides253

a mapping from feature i in the map, to keypoint j. To estimate Cck,m, and ρck,m
m , we define the254

error term, en:255

en := yk,j − h(Cck,m(qi,m
m − ρck,m

m ))

Letting Mk be the number of feature tracks at time k, we define our objective function, Jk, to be256

Jk :=
1

2

Mk∑
n=1

eT
n Wnen , (5)

where Wn is a weighting matrix based on the inverse of the estimated measurement covariance of257

yk,j . We linearize (5) and minimize Jk using the Gauss-Newton method.258

When the percentage of features tracked drops below a threshold, τf , the pose (Cck,m, ρck,m
m ) is259

added to the reference path, and all of the keypoints are added to the map. Using a threshold260

avoids generating bloated maps while the robot is sitting still, and automatically adjusts the number261

of features in the map based on the difficulty of the terrain. Using the pose estimated in the previous262
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Figure 10: The six-wheeled rover platform used in these experiments.

When the algorithm encounters a break in the map as described in Section 3.3.1, the system drives454

to the end of the current submap, stops, loads the next submap into memory and attempts to local-455

ize. If this is successful, the algorithm restarts the rover and continues repeating the route. If this456

fails, the rover will signal the operator for intervention. The algorithm will then start searching457

nearby maps (topologically) until submap selection is successful. The operator can then choose to458

reposition the rover or command it to continue using VO.459

3.5 Parameter choices460

As in many robotics applications, there are a number of parameters that must be tuned for each461

deployment. The parameters of our teach-and-repeat system were tuned during algorithm devel-462

opment and then fixed for the experiments reported on in this paper. Throughout the algorithm463

description above we have tried to elaborate on the intuition behind each of our parameter choices.464

For clarity, we summarize the main algorithm parameters in Table 2, along with a description of465

their function and some notes about the intuition used to select the parameter value.466

3.6 Hardware467

The experiments described in this paper were performed using the six-wheeled articulated rover468

shown in Figure 10. Motor control on the rover was performed by a pair of microcontrollers.469

Vehicle-level motion commands and path tracking were handled by a single embedded PC with470

a 1.2 GHz Pentium 4 processor and 1 GB of ram. The base was powered by three lithium ion471

battery packs, but in order to perform the long-range experiments in this paper, the on-board power472

supply was augmented with a Honda 1000 W generator, which supplied power to the base and all473

of the onboard computers. The computer running the localization and route management was a474

MacBook Pro with a 2.4 GHz Intel Core 2 Duo processor, 4 GB of ram, and an NVIDIA GeForce475

8600M GT graphics card capable of supporting CUDA 1.1. The stereo camera was a Point Grey476

Research Bumblebee XB3 with a 24 cm baseline and 70◦ field of view, mounted approximately 1477

meter above the surface pointing downward by approximately 20◦. Each image of the stereo pair478

Images: (Furgale and Barfoot, 2010)

I Manifold also used in a teach-and-
repeat system for outdoor robots:
Furgale, P. T. and Barfoot, T. D., “Visual Teach
and Repeat for Long-Range Rover Autonomy,”
2010, submitted to the Journal of Field
Robotics, special issue on “Visual Mapping
and Navigation Outdoors”.

I 32 km of testing, 99.6% autonomous!

I ICRA 2010 Kuka Service Robotics
Best Paper Award
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Figure 9: A view of six overlapping submaps with the reference path plotted above.

per kilometer. The teach pass processes an image approximately every 0.2 meters, 5000 images365

per kilometer. An appearance-based approach using the rectified stereo images would occupy 2.9366

gigabytes per kilometer and saving all of the keypoints and descriptors would take up 1.3 gigabytes367

per kilometer (assuming 500 stereo keypoints per frame). By aggregating data, our system offers a368

significant savings in storage over a pure appearance-based approach.369

After saving the map to disk, older poses and features are removed from the database in memory.370

We build the submaps to overlap by 50% as this ensures a smooth handoff when transitioning be-371

tween maps (Marshall et al., 2008). Poses are removed from the reference path until it is half of the372

length saved to disk. Any feature not seen by the remaining poses is then removed from the feature373

database. After this step, the mapping loop continues, processing new keypoint lists, localizing374

against the feature database, and adding features to the map, until another split is triggered or the375

image sequence ends. Figure 9 shows a short section of a map database, the ground plane of each376

submap, and the reference path. When the teach pass is complete, a database of maps is available377

for use in the repeat pass.378

3.4 Route repeating379

During the repeat pass, the robot uses the database of submaps to repeat the route. The system we380

have implemented can start at any place along the path, and repeat the route in either direction,381

provided the camera is facing the same direction it was facing during the teach pass. Neither382

direction switching during path following nor local obstacle detection have been implemented,383

although both should be possible (Marshall et al., 2008). This section will describe the route384

following algorithm in detail: localization, route management, and failure handling.385
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What do we know up to here?

I Using a single privileged coordinate system does not scale up in terms
of both consistency and complexity.

I Manifolds allow useful robot behaviour (even without enforced global
consistency) by using relative coordinates. A robot should always retain
the ability to reverse its own path.

I Submaps partially alleviate the problems of single privileged coordinate
system (at least at the global level); but they still use privileged
coordinate systems within each local map and there are several new
submap issues introduced.

I Why not go all the way to a fully-relative framework (i.e., relative
stochastic map), and avoid the need for submaps altogether?

I No privileged frame, manifold of poses, no submap issues!
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Relative Bundle Adjustment
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Figure 1: Example trajectory starting at the first frame, p0, and ending at
the current frame, p99. The loop closure between frame 1 and frame 97 adds
an extra edge to the graph. Landmark base-frames are indicated with solid
lines. Each transform includes an infinitesimal delta-transform defined about
tj = 0 — that is, Tαj=T̂αjT(tj), where T̂αj is the current estimate of the relative
transform between frame α and frame j.

constraints along the vehicle path, and L loop-closure edge constraints
(M=m-1+L).

• The full state vector, x = [l, t]T , grows as new frames and landmarks are
added.

• Let zijk denote a measurement made in frame i of a landmark k that is
stored relative to some base-frame j.

3.1 Relative Graph Representation
The relative transforms in this formulation are associated with edges in an undi-
rected graph of frames. The graph is built incrementally as the vehicle moves

5

Image: (Sibley, 2009)

I A fully-relative approach is
introduceda in:

Sibley, G., Mei, C., Reid, I., and Newman, P.,
“Vast Scale Outdoor Navigation Using
Adaptive Relative Bundle Adjustment,”
International Journal of Robotics Research, to
appear, 2010.

I Current formulation handles
exteroceptive measurements (i.e.,
stereo camera) but not interoceptive
measurements (e.g., wheel
odometry).

a
Also an Oxford Tech Report and RSS paper from 2009.
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Adaptive Relative Bundle Adjustment
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Figure 5: Discovery of local active region. In this example, re-projection errors
have changed by more than ∆ε in the local frames p95, p96, p97, p98, p99, p0, p1,
and p2. This local active region is discovered by a weighted breadth-first-search
starting at the current frame, p99. All landmarks visible from active frames
are optimized for. Any non-active frames that have measurements of active
landmarks are added to the static region. Measurements from the static region
contribute to the objective function, but the associated edges are not solved for
(the frames are fixed).

15

Image: (Sibley, 2009)

I A batch nonlinear least-squares
approach is taken to solve for all the
relative state variables, making the
solution accurate.

I By adaptively selecting which terms
are active in the objective function,
the system is efficient.

I Loops can be detected and additional
constraints added. The resulting
pose graph can be used for planning
just like a manifold.

I The pose graph can also be
re-expressed in a single privileged
coordinate frame, but this requires
some offline computation.
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Real-time Stereo Mapping

(Open in Acrobat Reader to play this movie.)
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What’s so special about relative coordinates?

I There seem to be several big advantages to using relative coordinates
over absolute coordinates:

1. By encoding states and their uncertainty relatively, the uncertainty
on each state variable is never very large and this allows the
Gaussian representation of uncertainty to work well.

2. An adaptive scheme can be used that limits the number of relative
variables involved in state updates.

3. We inherently have a manifold (a.k.a., pose graph) that can be used
for robot navigation at any time.

I Using relative coordinates for every pose also avoids the issues
associated with submaps.

I Using relative coordinates makes SLAM an ‘observable’ estimation
problem (i.e., using absolute coordinates it is unobservable).
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Relative coordinates keep uncertainty small

S. Thrun et al. / Artificial Intelligence 128 (2001) 99–141 105

Fig. 1. The density p(x′ | x,a) after moving 40 meter (left diagram) and 80 meter (right diagram). The darker a

pose, the more likely it is.

three-dimensional variables. Each pose comprises a robot’s two-dimensional Cartesian co-

ordinates and its heading direction (orientation, bearing). The value of a may be an odom-

etry reading or a control command, both of which characterize the change of pose. In

robotics, change of pose is called kinematics. The conventional kinematic equations, how-

ever, describe only the expected pose x ′ that an ideal, noise-free robot would attain starting
at x , and after moving as specified by a. Of course, physical robot motion is erroneous;

thus, the pose x ′ is uncertain. To account for this inherent uncertainty, the probabilistic mo-
tion model p(x ′ | x, a) describes a posterior density over possible successors x ′. Noise is
typically modeled by zero centered, Gaussian noise that is added to the translation and ro-

tation components in the odometrymeasurements [24]. Thus,p(x ′ | x, a) generalizes exact
mobile robot kinematics typically described in robot textbooks [10,73] by a probabilistic

component.

Fig. 1 shows two examples of p(x ′ | x, a). In both examples, the initial pose x is shown

on the left, and the solid line depicts the odometry data as measured by the robot. The

grayly shaded area on the right depicts the density p(x ′ | x, a): the darker a pose, the more

likely it is. A comparison of both diagrams reveals that the margin of uncertainty depends

on the overall motion: Even though the pose of a noise-free robot are the same for both

motion segments, the uncertainty in the right diagram is larger due to the longer overall

distance traversed by the robot.

For the MCL algorithm described further below, one does not need a closed-form

description of the motion model p(x ′ | x, a). Instead, a sampling model of p(x ′ | x, a)

suffices. A sampling model is a routine that accepts x and a as an input and generates

random poses x ′ distributed according to p(x ′ | x, a). Sampling models are usually easier

to code than routines that compute densities in closed form. Fig. 2 shows a sample model

of p(x ′ | x, a), applied to a sequence of odometry measurements, as indicated by the solid

line. As is easy to be seen, the sequence of particle sets approximates the densities of a

robot that only measures odometry.

Let us now turn our attention to the perceptual model, p(o | x). Mobile robots are

commonly equipped with range finders, such as ultrasonic transducers (sonar sensors) or

laser range finders. Fig. 3(a) shows an example of a laser range scan, obtained with an RWI

B21 robot in an environment whose approximate shape is also shown in Fig. 3(a). Notice

that the range finder emits a plateau of light that covers a horizontal 180 degree range, for

which it measures the distance to the nearest objects.

106 S. Thrun et al. / Artificial Intelligence 128 (2001) 99–141

Fig. 2. Sampling-based approximation of the position belief for a robot that only measures odometry. The solid

line displays the actions, and the samples represent the robot’s belief at different points in time.

For range finders, we decompose the problem of computing p(o | x) into three parts:

(1) the computation of the value a noise-free sensor would generate;

(2) the modeling of sensor noise; and

(3) the integration of many individual sensor beams into a single density value.

Assume the robot’s pose is x , and let oi denote an individual sensor beam with bearing

αi relative to the robot. Let g(x,αi ) denote the measurement of an ideal, noise-free

sensor whose relative bearing is αi . Since we assume that the robot is given a map of

the environment such as the one shown in Fig. 3(a), g(x,αi ) can be computed using ray
tracing [49]. We assume that this “expected” distance g(x,αi ) is a sufficient statistic for

the probability p(oi | x), that is

p(oi | x) = p
(

oi | g(x,αi )
)

. (10)

The exact density p(oi | x) is shown in Fig. 3(b). This density is a mixture of three
densities: a Gaussian centered at g(x,αi ) that models the event of measuring the correct

distance with small added Gaussian noise, an exponential density that models random

readings as often caused by people, and a discrete large probability (mathematically

modeled by a narrow uniform density) that models max-range measurements, which

frequently occur when a range sensor fails to detect an object. The specific parameters

of the density in Fig. 3(b) have been estimated using an algorithm similar to EM [15,52],

which starts with a crude initial model and iteratively labels several million measurements

collected in the Smithsonian museum, while refining the model. A smoothed version of

these data is also shown in Fig. 3(b), illustrating that our probabilistic model is highly

accurate.

Images: (Thrun et al., 2001)

I In SLAM, the further a robot travels
from the start, the larger the
uncertainty in the pose/map.

I The Gaussian representation of
uncertainty used in many estimation
paradigms becomes terrible when the
states are absolute.

I Relative states keep the uncertainties
small and better approximated by a
Gaussian; this allows batch nonlinear
least-squares to work better.

I Another way to think of it is that we
are avoiding the compounding of
linearization errors by keeping states
local.
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Recall Brooks’ Dogma

Brooks (1985) was prophetic in saying,

“The underlying problem is that worse case error needs to be
assumed in placing things in an absolute coordinate system, and
cumulative worse cases soon lead to useless models globally.
We use no global or absolute coordinate system. We do not ignore
errors nor do we use beacons or inertial navigation systems.
Instead we will use only local coordinate systems with relative
transforms and error estimates.”

Gaussian error modeling does not account for the worst case, but moving to
relative state variables may allow us to get away with this assumption.
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What does the future hold?

Some predictions:

I A full relative stochastic map framework that handles interoceptive and
exteroceptive measurement types.

I A means to incorporate global measurements in the relative framework
when available.

I Real-time implementations.

I Loop closure mechanisms.

I
...

I All of Brooks’ Dogma will turn out to be accurate ;-)
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Background Info

I For some background information on state estimation and datasets visit

http://asrl.utias.utoronto.ca/∼tdb/aer1513/
Email tim.barfoot@utoronto.ca for password.

Image: robot in a forest of landmarks
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Questions?

Image: robot measuring ice thickness with GPR on Ottawa canal (circa 2003)
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