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Abstract

Effective local segmentation of contours is an im-
portant problem which arises in occluded object recog-
nition as well as other areas. For any recognition sys-
tem to perform successfully, the segmentation proce-
dure used must be robust in presence of noise and local
distortions of shape. Furthermore, it should be based
on geometric invariants so that the segmentation will
not be affected by arbitrary choices.

This paper proposes a new multi-scale segmentation
routine for planar contours (and space curves) which
is based on the curvature scale space (and torsion
scale space) representations. Curvature (and torsion)
zero-crossing segments extracted from a continuum of
scales are utilized for robust segmentation of planar
contours (and space curves). Curvature (and torsion)
zero-crossing points are effectively tracked across in-
creasing scales to ensure that the same segment is ez-
tracted only once. This approach is more robust than
techniques which attempt to recover features/segments
from a stable scale and, as a result, risk over- or
under-segmentation of the input contour.

1 Introduction

Robust segmentation of a contour is an important
problem which occurs in occluded object recognition
among other areas. For such an object recognition sys-
tem to perform reliably, the segmentation algorithm
must be robust with respect to noise and local vari-
ations in object shape. A large amount of work has
been carried out on contour segmentation. Much of
the earlier work focused on polygon approximation of
contour data [1]. Various criteria have been utilized to
determine the number as well as the location of poly-
gon vertices. A sequence of polygons with improving
fit to the contour data can be obtained by gradually
reducing the acceptable error of fit. This polygon se-
quence can be considered a multi-scale representation
of the contour data. However, the locations of the cho-
sen vertices tend to be arbitrary and as a result, this

technique can not be considered robust with respect
to noise and local shape distortions.

A newer class of algorithms segment an input con-
tour by first smoothing it to remove some noise and
then extracting the points where the absolute value of
the curvature function has a local maximum. These
local maxima are also referred to as corners. An at-
tempt is then made to identify a stable scale at which
the corresponding corners can be extracted [10, 11].
This group of algorithms is generally more robust than
the polygon fitting algorithms described earlier. How-
ever an important problem arises since feature points
are always extracted from a single scale whereas fea-
tures can in general occur at multiple scales on free-
form contours. As a result, the segmentation can still
suffer from noise or from loss of structure due to over-
smoothing.

This paper proposes a new multi-scale segmenta-
tion procedure for 2-D contours based on the curvature
scale space (CSS) image, and for space curves based
on the torsion scale space (TSS) image. The CSS/TSS
image is an organization of curvature/torsion zero-
crossing points extracted from an input contour at
a continuum of scales. Section 2 presents a brief
overview of the CSS technique and section 3 presents
a short overview of the TSS method. Section 4 de-
scribes in detail the proposed multi-scale segmentation
method for 2-D contours, and section 5 describes the
adaptation of that multi-scale segmentation technique
for space curves. The segmentation method described
in section 4 was used in conjunction with an occluded
object recognition system presented in [7]. A brief re-
view of the system is given in section 6. Section 7
presents the results of the 2-D multi-scale segmenta-
tion technique applied to two contours as well as the
results of the object recognition system based on the
2-D segmentation method. Section 8 contains the con-
cluding remarks.



2 The CSS representation

A curvature scale space representation is a multi-
scale organization of the invariant geometric features
(curvature zero-crossing points and/or extrema) of a
planar curve (here, only curvature zero-crossings were
used). The CSS representation of a planar curve
represents that curve uniquely modulo scaling and a
rigid motion [5]. To compute it, the curve I' is first
parametrized by the arc length parameter u:

I(u) = (2(w),y(u))-

It is assumed that the input curve is initially‘ repre-
sented by a polygon with possibly many vertices. An
evolved version T, of T is defined by [3]:

Lo = (X(u,0),Y(u,0))

where
X(u,0) = z(u) ® g(u,0)

Y(u,0) = y(u) ® g(u,0)

where ® is the convolution operator and g(u,o) de-
notes a Gaussian of width o. Note that o is also re-
ferred to as the scale parameter. The process of gener-
ating evolved versions of I as o increases from 0 to co
is referred to as the evolution of I'. This technique
is suitable for removing noise from a planar curve.
Evolving contours can be considered an early form of
active contours (snakes) [2] since they are similar in
behaviour to snakes without any external constraints.

The CSS representation contains curvature zero-
crossings or extrema extracted from evolved versions

Figure 1: Outline of a bear

of the input curve. In order to find such points, one
needs to compute curvature accurately and directly
on an evolved version I', of a planar curve. It can be
shown that curvature « on I'; is given by [8]:

Xu(u; U)yuu (u7 0) o qu(ua U)yu(ua U)
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where

Xu(u,0) = ai(z(u) ® g(u,0)) = z(u) ® gu(u,0)
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Yu(u,0) = y(u) ® gu(u,0) Figure 2: CSS representation of the Bear

and
yuu(u7 0') = y(“) ® Guu(u, U)'

The function defined implicitly by x(u,c) = 0is the
CSS image of I'. Note that as its name suggests, the



Figure 3: Coastline of Africa

CSS image is stored as a binary image in which each
row corresponds to a specific value of o and each col-
umn corresponds to a specific value of u. For all values
of o larger than a o, evolved curves ', will be simple
and convex. This suggests that the computation can
stop as soon as o is reached 9, 6].

Figure 1 shows the outline of a bear and figure 2
shows the CSS image of the bear. Figure 3 shows the
coastline of Africa and figure 4 shows the CSS image
of Africa. For further examples of CSS images, see 8]

3 The TSS Representation

The TSS representation is a multi-scale organiza-
tion of torsion zero-crossing points and/or extrema of
a space curve. To compute it, T is first parametrized
by the arc length parameter u:

I =T(v) = (a(u),y(w), 2(u)

An evolved version ', of T is defined by:
L, = (X(u,d),y(u, U)’ Z(uaa))

where

X (u,0) = z(u) ® g(v,0)

Y(u,0) = y(u) ® g(u,0)

Z(u,0) = z(uv) ® g(u,0).
Torsion on evolved curve I, is given by:
- RPZE - YD) - YRZ = 2X) + Z(XY - IX)

(VE— 2D) + (EX — XE) + (XY - D)’

where © denotes the third derivative. The first three
derivatives of X (u,0), Y(u,0), and Z(u,0) are com-
puted as shown in the previous section.
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Figure 4: CSS representation of Africa

The function defined implicitly by 7(u,0) = 0is
the TSS image of I'. For examples of evolution of a
space curve and its T'SS image, see [4].

4 Multi-scale segmentation of planar
curves

The purpose of the multi-scale segmentation pro-
cedure described here is to divide a 2-D contour into
basic segments to be used by a local matching algo-
rithm for occluded object recognition. Curvature zero-
crossing points are used as inherent feature points to
segment the contour since their locations are invari-
ant to rotation, uniform scaling, and translation of
the contour. (Note, however, that corners (or maxima
of the absolute value of curvature) are also inherent
feature points which can be combined with curvature
zero-crossing points, if necessary, to obtain a richer
segmentation.) Since curvature zero-crossing points
can be extracted from a contour at different scales, the
choice of an appropriate scale to be used for feature
detection is a crucial one. On free-form contours, fea-
tures exist at different scales and therefore attempts
to discover a natural scale to be used for feature ex-
traction will be misguided. Some heuristics may be
used to select a specific scale but if the scale chosen is
too small, the segmentation will be affected by noise
and local distortions of shape, and if it is too large,
important structure on the contour may be lost.

The solution used here was motivated by the main



underlying concept of the curvature scale space rep-
resentation: utilize information from multiple scales
rather than prefer a single scale. The adaptation of
that concept to the problem considered here neces-
sitates the extraction of curvature zero-crossing seg-
ments from different scales. This process would en-
sure robustness to noise and local shape distortions as
well as small features that may be part of the model
object but missing from a similar input object. The
multi-scale segmentation procedure is as follows:

e Choose a low scale to start the segmentation pro-
cess. This scale should be selected such that most
or all of the camera as well as discretization noise
is smoothed out. Its value was experimentally
determined: input contours were sampled at 300
points and the starting scale was ¢ = 2.0 with the
filter covering 100 sampled points.

e Locate all curvature zero-crossing points on the
input contour at the starting scale (as described
in section 2) and add all zero-crossing segments
to the main segment-list L,,. Also add each such
segment to the auxiliary segment-list L, (to be
explained shortly). A zero-crossing segment is
defined as a segment on the input contour delim-
ited by two consecutive curvature zero-crossing
points referred to as its endpoints. Each endpoint
is specified uniquely by the value of the arc-length
parameter at that point which is relative to the
starting point for arclength parametrization.

e Repeat the following steps until the evolving con-
tour becomes simple and convex.

— Determine the next higher scale for segment
extraction. This can be achieved by adding
a small increment Ao (about 0.1) to the pre-
vious value of o.

— Detect all curvature zero-crossing points at
the current scale. Note that since new
curvature zero-crossings will not be cre-
ated at higher scales on a simple contour,
zero-crossing detection can be accomplished
more efficiently by tracking the zero-crossing
points detected at the previous scale: the
corresponding filter is convolved with the
data only in a small neighborhood (two
points on each side) of each existing zero-
crossing point.

— Add each of the zero-crossing segments de-
tected at the current scale to L,, if it does
not already exist in that list. In order to
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establish existence, two zero-crossing seg-
ments are considered to be the same if the
difference between the arc-length values of
their corresponding endpoints is small. Note
however, that curvature zero-crossing points
can move across scales and for the existence
test to work properly, that movement must
be accounted for. Therefore an auxiliary
segment-list L, is also maintained. Each
time a new zero-crossing segment is added to
L, it is also added to L, (this also happens
at the starting scale). The purpose of L, is
to keep a record of the last known locations
of the endpoints of each segment added to
L,, as that segment is tracked across scales.
So the existence test proceeds as follows:

— Determine whether each of the curvature
zero-crossing segments detected at the cur-
rent scale is the same as an existing segment
in L,. Let the segment under consideration
be S[ei,esz] with endpoints e; and e, and
let L, = {S1,852,...,Sn} where S; has end-
points S;; and S;». Segment S is considered
to already exist in L, (and therefore L,,) if
ler —ein| < j and |ez — e;2| < j for some

€ [1,n]. If this is the case, simply update
the locations of the endpoints of S; in L, to
be the same as those of segment S. Other-
wise, segment S is a new segment: it is added
to L,, as well as L,. In both lists, its end-
points will be e; and e;. Note that the value
of j was chosen to be 3 which will work well
even if the number of samples points varies
as long as Ao is kept small (about 0.1).

When the final scale of the curvature scale space
representation is reached, the multi-scale segmenta-
tion process terminates and the segments recorded in
L,, are written to the output.

5 Multi-scale segmentation of space
curves
Multi-scale segmentation of space curves is simi-
lar in concept to multi-scale segmentation of planar
contours and therefore, the algorithm described in the
previous section is applicable with a few modifications
as described below:

o Torsion zero-crossing segments rather than curva-
ture zero-crossing segments are used throughout
the segmentation process.

e Torsion zero-crossing points can be created at
higher scales in a TSS image. As a result, track-



ing of the zero-crossings is no longer applied: at
each scale, the filter is convolved with the curve
at every point.

e If torsion zero-crossing points are created at a
higher scale, the corresponding segment will ini-
tially be very small. As a result, L, now records
the maximum length of each torsion zero-crossing
segment: when the updated location of a torsion
zero-crossing segment is recorded in Ly, its length
is compared to the length of the corresponding
segment in L,,. If the segment in L, is longer,
the segment in L,, is updated to be the same as
the segment in L,.

e The segmentation process terminates when the
number of torsion zero-crossing points stabilizes
at a low value.

6 A system for object recognition with
occlusion

A robust system for object recognition with occlu-
sion based on the multi-scale segmentation technique
described in the previous section was presented in [7].
Note that only a brief summary of the multi-scale seg-
mentation scheme presented in this paper appeared in
[7). That object recognition system consisted of the
following stages:
6.1 Candidate generation and filtering

The multi-scale segmentation technique explained
in the previous section was applied to several model
and image contours in order to obtain a set of seg-
ments at multiple scales from each contour. All possi-
ble local matches need to be considered. Note however
that object indexing [12] is employed to render the
initial search more efficient. When considering a pair
of model-image contour segments, the model contour
segment is registered to the image contour segment in
order to measure the average pointwise distance of the
two segments. Iterative transformation parameter op-
timization is utilized to obtain the best registration.
Candidates with relatively low distances are selected
for the next stage.
6.2 Candidate merging

Initial candidates correspond to segments delimited
by neighboring curvature zero-crossing points. How-
ever, it is possible for the visible boundary of an object
in an input image to be divided into several neigh-
boring or even overlapping segments. As a result, it
is necessary to merge compatible candidates. Several
criteria were utilized to measure compatibility such
as both candidates corresponding to the same model
and the resulting candidate also having a relatively
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low distance. Candidate merging is applied until no
two candidates can be found which satisfy the merging
criteria.

6.3 Candidate extention

In general, the intersection point of two object
boundaries gives rise to a corner on the corresponding
image contour. In order to to find the exact location
of such intersection points, it is necessary to gradu-
ally extend the contour segments associated with the
merged candidates as long as an acceptable fit between
the image and model segments can be observed. The
outcome of this stage is to extend each merged candi-
date to (or very close to) the intersection point at ei-
ther end of the corresponding image contour segment.

6.4 Candidate grouping

The next step in the system is to group compatible
but disjoint candidates. The criteria applied to deter-
mine compatability are the same as the criteria used
in section 4.2 except that the candidates considered
are no longer neighboring or overlapping. This stage
is necessary since, due to occlusion, an object in the
scene may appear as two or more disjoint components
in the input image.

6.5 Candidate selection

The final stage is to select the best candidates using
an appropriate criterion. As stated earlier the distance
measure associated with each candidate is the aver-
age pointwise distance of the corresponding segments
when registered. Candidate support is defined as the
length of the image contour segment associated with
the candidate. The cost of each candidate is defined as
its distance measure divided by its support. This crite-
rion will prefer candidates with low distance measures
and large supports, since a lower cost candidate is con-
sidered a better candidate. So the candidate selection
process consists of sorting the candidates according
to their costs, selecting the lowest cost candidate, re-
moving all image contour data corresponding to the
chosen candidate, selecting the next lowest cost can-
didate (that remains valid: its corresponding image
contour segment has not been removed), and repeat-
ing this process until no valid candidates remain. Note
that this procedure is independent of the number of
objects in the input image.

7 Results and discussion

This section demonstrates the result of the appli-
cation of the multi-scale segmentation algorithm de-
scribed earlier. Figure 5 shows all the curvature zero-
crossing segments detected at the starting scale on
the outline of the bear shown in figure 1. Figure 6
shows the additional curvature zero-crossing segments



detected at all higher scales. These curvature zero-
crossing segments have been displayed by marking
their endpoints on the original contour. Note that
most segments added at higher scales will be convex
segments. Concave segments can be added at higher
scales only when a curvature zero-crossing contour
that is nested inside another zero-crossing contour dis-
appears. In particular, the segment added in figure
6(a) is concave, in figure 6(b) it is concave, in figure
6(c) it is convex, in figure 6(d) it is concave, and seg-
ments added in figures 6(e) and 6(f) are convex. This
example demonstrates that the initial segmentation of
the bear (shown in figure 5) is not satisfactory since
parts of the object are oversegmented but that useful
segments are added at higher scales. Starting the seg-
mentation at a higher scale may have removed some
useful segments as well as noise.

Figure 7 shows all the curvature zero-crossing seg-
ments detected at the starting scale on the coastline
of Africa shown in figure 3. Figure 8 shows the addi-
tional curvature zero-crossing segments detected at all
higher scales. Note that if two curvature zero-crossing
segments are detected at different scales, then they are
displayed on separate contours. Note that figures 8(a)
and 8(c) show that two segments are added at each of
the scales 0 = 2.3 and 0 = 2.8. As figures 7 and 8
show, most curvature zero-crossing segments are de-
tected at the starting scale with a few added at higher
scales. Again, most of the segments added at higher
scales are convex, including the segments shown in
figures 8(m) to 8(o). This example also demonstrates
that multi-scale segmentation is immune to both noise
and possible loss of useful structure in parts of the in-
put contour due to over-smoothing.

The multi-scale contour segmentation algorithm
demonstrated here was used to segment a number of
model and image contours used as input to an object
recognition with occlusion system. The system was
tested using 18 model contours and seven input im-
ages. Figure 9 shows one of the images on which the
system was tested. Figure 10 shows the outermost
contour recovered from the input image and figure 11
shows the recognition result. Model objects have been
registered with the image data. Only the outermost
contour was used in order to demonstrate that the
system could still recognize the objects correctly. The
challenging nature of the recognition problem is high-
lighted by the fact that actual 3-D objects were used
for the experiments which gave rise to some perspec-
tive distortions.
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Figure 5: Curvature zero-crossing segments of Bear at
the initial scale

U

(a) o =2.8 (b) 0 =36 (c) o =4.0
(d) o =51 ) o =13.7 (f) o = 14.5

Figure 6: Curvature zero-crossing segments of Bear at
higher scales



Figure 7: Curvature zero-crossing segments of Africa
at the initial scale

8 Conclusions

This paper proposed a new multi-scale segmenta-
tion procedure for 2-D curves based on the CSS rep-
resentation and for 3-D contours based on the TSS
representation. Curvature (and torsion) zero-crossing
segments were extracted from multiple scales and used
for robust segmentation of free-form contours. This
segmentation procedure is robust in presence of noise
and local distortions of shape, and because it is based
on geometric invariants, it is not affected by arbitrary
choices. It was shown that reliable occluded object
recognition can be achieved through the proposed 2-D
multi-scale segmentation procedure.
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