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Abstract

We present a theory of occlusion in the context of
optical flow computation. In this contribution we de-
rive, under models of constant and linear optical flow,
several propositions describing the frequency structure
of motion discontinuities arising from occlusion events
in the spatial domain. We show that a wealth of cru-
cial information is most easily obtainable from the
analysis of the structure of occlusion in Fourier space.
For instance, the identification of the occluding and
occluded welocities is possible. We also demonsirate
the geometrical properties of degenerate cases occur-
ring when signals suffer from the aperture problem.
In particular, we show that the full velocity of a de-
generate occluding signal is almost always obtainable
at the occlusion. We conclude by showing that add:-
tive translucency phenomena may be reduced to special
cases of the theory.

1 Introduction

Traditionally, image motion and its approximation
known as optical flow have been treated as continuous
functions of the image domain [4]. However, in real-
istic imagery, one exceedingly rarely finds cases ver-
ifying this hypothesis. Many phenomena may cause
discontinuities in the optical flow function of imagery
[6]. Among them, occlusion and translucency are fre-
quent causes of discontinuities in realistic imagery. In
addition, their information content is useful to later
stages of processing [2] such as motion segmentation
[1) and 3-d surface reconstruction [7].

Occlusion boundaries are described as the partial
occlusion of a surface by another, while translucency
is defined as occlusion of a surface by translucent ma-
terial. In realistic imagery, one finds occlusion to be
the most frequent cause of discontinuous motion.

In this contribution, we investigate the structure
of occlusion and transparency in the Fourier domain.
Our motivation comes from the fact that the very pres-
ence of occlusions or surface translucence renders the
usage of usual methods such as differentiation and re-
gion matching very difficult. Further, we postulate
that spatial information constitutes an obstacle to de-
termining discontinuous optical flow caused by occlu-
sion. We derive, under models of constant and linear
optical flow, several propositions describing the struc-
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ture of motion discontinuities in Fourier space, arising
from occlusion events in the spatial domain. We show
that a wealth of crucial information is most easily ob-
tainable from the analysis of the structure of occlusion
in Fourier space. For instance, the identification of the
occluding and occluded velocities is possible. We also
demonstrate the geometrical properties of degenerate
cases occurring when signals suffer from the aperture
problem. In particular, we show that the full veloc-
ity of an occluding signal suffering from the aperture
problem is almost always obtainable. We conclude by
showing that additive translucency phenomena may
be reduced to special cases of the theory.

2 Multiple Motions

Given an arbitrary environment and a moving vi-
sual sensor, the motion field generated onto the imag-
ing plane by a 3-d scene within the visual field is
represented as a function of the motion parameters
of the visual sensor, usually expressed as instanta-
neous translation T = (T3, Ty, T, )T and rotation 2 =

(5,50, Q.-

-
+ s

where x = (z,y)T is the perspective projection of a
point PT = (X,Y, Z) in the visual field. Assuming
that the motion of the visual sensor is continuous (that
is to say: © and T are differentiable with respect to
time), discontinuities in image motion are then intro-
duced in (1) whenever the depth function Z(x) is other
than single-valued and differentiable. The occurrence
of occlusion causes the depth function to exhibit a dis-
continuity, whereas translucency leads to a multiple-
valued depth function.

Towards a useful generalization of this analysis, we
show the structure of occlusion in Fourier space for
one and two-dimensional signals and various models
of optical flow. For instance, we consider constant
and linear models of the optical flow function in both
1 and 2D. We also explore degenerate cases in which
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either one or both the occluding and occluded signals
suffer from the aperture problem?.

2.1 Models of Optical Flow

The optical flow function may be expressed as an
order n function of the image coordinates. Generally,
we may write the Taylor series expansion for a ith

velocity as:

A i+k
(M5 ) = FTvi(x) ok
v =3 > Sipaiggr® !
j=0k=0
(2)
where a;t is the translational component. For in-
stance, expansions of order n = 0,1 and 2 may be
written out in full as:

vgo)(x,t) = x-—ajt (3)

vz(-l)(x,t) = Jix—a 4)
© iy xTHi(u)x ) _

vix,t) = Jix+ ( e a;t (5)

where J; is the Jacobi matrix and Hj(u) and H;(v)
are Hessian matrices:

= a6 e a;y Qa2

= ( bis ) di= < bi1  bio

Hiw) = [ @8 %s o) = bis bis
i(u) = a5 Q4 )= bis bia )

These three models of optical flow comprise most of
the inherent structure of image motion. For instance,
the image motion of a planar surface is given by a

ond_QOrder model in which we observe the following
relationship among derivatives:

aiz=2bis bis=0 aia=0 bis=2a;s.

(6)

2.2 Occlusion in the Frequency Domain
Consider a signal I;(x,t) translating at a constant
(or Oth-Ordert) velocity v{?(x, ). For this signal, the
Fourier transform of the optical flow constraint equa-
tion is obtained with the differentiation property as:

F [VIi(x,t)Ta,- +1y) = iLi(k,w)6(kTa; +w), (7)
where i is the imaginary number, I;(k,w) is the

Fourier transform of I;(x, t) and §(kTa; +w) is a Dirac
delta function. Expression (7) yields kT a; + w = 0 as

1The aperture problem arises when the Fourier spectrum of
I;(x) is concentrated on a line rather than on a plane [2, 5].
Spatiotemporally, this depicts the situation in which I;(x,t)
exhibits a single spatial orientation. In this case, one only ob-
tains the speed and direction of motion normal to the orienta-
tion, noted as V1 (X,t). If many normal velocities are found
in a single neighbourhood, their respective lines fit the plane
kTa; + w = 0 from which full velocity may be obtained.
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a constraint on velocity. Similarly, the Fourier trans-
form of a translating intensity profile Li(x,t) is ob-
tained with the shift property as:

/ / I (v§°)(x, t))e‘i(er"""t)dxdt

/[/ Ii(v'(O)(xvt))e_ikadX] et gy
L(k)6(kT a; + w), .

which also yields the constraint kTa; +w = 0. Hence,
(7) and (8) demonstrate that the frequency analy-
sis of image motion is in accordance with the mo-
tion constraint equation [2]. It is also observed that
kTa; +w = 0 represents, in the frequency domain, an
oriented plane passing through the origin, with nor-
mal vector a; representing full velocity, onto which
the Fourier spectrum of I;(x) lies.

Following Fleet and Jepson [2], the discontinuities
in optical flow arising from occlusion may be written
by considering two translating intensity profiles, one
partially occluding the other. Let I;(x) and I5(x) be
the intensity profiles of an object and a background
scene. An object indicator function such as

1 ifIi(x) #0
U(x) = { 0 otherwise

may be defined to specify the actual location of the
object on the image plane. The resulting intensity
pattern is then written as a function of the intensity
profiles of the object, the background and the object
indicator:

i(k, w)

L (v (x,1))
+ [1- 0606 0)] R 0). 9)

I(x,t)

By using the shift property of Fourier transforms, (9)
is rewritten in spatiotemporal frequency space as:

ik,w) =
1 (k)s(aTk + w) + Ir(k)6(al k + w)
- [ﬁ(k)a(a’{k + w)] * [ig(k)é(ag'k b w)] :
(10)

The first two terms of (10) are the signals associated
with the object and the background. The frequency
spectra of I and I are located on the planes defined
by the equations kTa; +w = 0 and kTas +w = 0 re-
spectively. In addition, the respective orientations of
these planes fully determine a; and a;. The last term
of (10) describes the distortion created by the occlu-
sion boundary. In the following sections, this form of
distortion is analized for various optical flow models
in one and two dimensions and its usefulness in deter-
mining image events giving rise to multiple motions is
shown.
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Figure 1: Ezamples of constant and linear optical flow fields. a) (left): constant, b) (middle): dilational and

c) (right): rotational.

3 Occlusion with 0tP-Order Models

In this section, we consider three cases of occlusion
with velocities described as 0**-Order Taylor series ex-
pansions. The analysis begins with the consideration
of a simple case consisting of two 1-d sinusoidal in-
tensity profiles translating at constant velocities. The

result is then generalized to arbitrary signals in one
and two dimensions.

3.1 One Dimensional Sinusoidal Signals

The case in which two 1-d sinusoidals play the role
of the object and the background is first considered.

The 1-d version of the 0**-Order optical flow func-
tion (3) is written as 'ugo)(z,t) = z — ajet. Let I;(z)
be a 1-d intensity function translating with velocity
vgo)(m, t) such that ILi(z,t) = I; (vgo)(x,t)). Its Fourier

transform is I;(k,w) = T;(k)6(kais + w). Let Ij(z)
be occluding another 1-d intensity pattern Io(z), with

respective velocities vgo)(:c,t) and vgo)(x,t). The re-
sulting intensity profile can then be expressed as:

u(v{(z, 1)L (v} (=, 1))
+ (1= u({(z,1)) - L (=, 1))
(11)

where u(z) is Heaviside’s function representing the oc-
cluding point:
u(z) = {

The Fourier transform of the intensity profile (11) is:
i(k,w)

I(z,t)

1 ifz>0
0 otherwise.

[a(k)é(kate + w)] * (I (k)6(kases +w)]
[G(k)8(kass + w)] * [I2(k)6(kaze + w)]
L (k)8(kags + w), (12)
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where (k) is the Fourier transform of Heaviside’s
function u(z) written as a(k) = 7é(k) + (ik)~*.

THEOREM 1 Let I;(z) and Ix(z) be cosine func-
tions with respective angular frequencies ky = 27f; >
0 and ky = 27fs > 0 and let I,(o{” (ky2,t)) =
c1cos(kiz — aiet) and Ig(vgo)(kgm,t)) = ¢y cos(koz —

aget).
The frequency spectrum of the occlusion is:

i(k,w) %clé(k + k1, w F kiage)

(=7

+ = c26(k £ ko, w F koass)
. ) Czé(kale + w =+ szas)

2 (k‘ = kg)

c16(k‘a16 + w)

(13)

)

A number of conclusions can be drawn from The-
orem 1: Since the signals are cosines, all their power
content is real. In addition, the power content of the
distortion term is entirely imaginary, and form lines
of decreasing power about the frequencies of both the
occluding and occluded signals. Their orientation is
proportional to the velocity of the occluding signal, as
—aye is the slope of the constraint lines. Hence, the
distortion terms form lines parallel to the constraint
line of the occluding signal.

3.2 One Dimensional Arbitrary Signals
In general, the occluding and occluded signals can-
not be represented as simple sinusoidal functions. To
gain generality, I;(z) and I(z) may be expanded as
complex exponential expansions, assuming that func-
tions I;(z) and I5(z) satisfy Dirichlet conditions [3].

(k= k1)

where Aag = a1 — agg.



THEOREM 2 LetI;(z) and Iy(x) be functions sat-
isfying Dirichlet conditions such that they may be ez-
pressed as complez ezponential series expansions:

(ee]

Li(z) = Z e b
n=—0o0
w .

LE) = 3 e, (1)
n=—0oo

where n is integer, c1n, and can are complex coefficients
and ky and ko are the fundamental frequencies of both
signals.

Let Ij(z,1) L (z,1) and Ix(z,t) =

Ig(vgo)(z,t)). The frequency spectrum of the occlusion
is:

o0
i(k,w) =T Z Clné(k —nky,w + le‘lals)
n=o0oo =
+ (I-m) Z canb(k — nko,w + nkaass)
3 = ané(kals +w-— nszaG)
& da
c1nb(kaie + w)
(E=mb) (15)

Theorem 2 is an important generalization of the
first one: Any signal which represents a physical quan-
tity satisfies Dirichlet conditions and therefore may be
expressed as an expansion of complex exponentials.
Since c¢1, and ca, are complex coefficients, the power
contents of the signals are both real and imaginary.

3.3 Two Dimensional Arbitrary Signals

Imagery is the result of the projection of light re-
flected by environmental features onto the imaging
plane of the visual sensor. Hence, such signals are
inherently two dimensional. Towards a generalization
of (15), (14) is expanded as series of 2-d complex ex-
ponentials.

THEOREM 3 Let I;(x) and I5(x) be 2-d functions
satisfying Dirichlet conditions such that they may be
expressed as complex exponential series expansions:

I(x) Z et

n

]
|
&

ixT Nk,
)

M

Io(x) cone

(16)

4

n

where n = (ng,ny)T and N = nT1 are integers, x
are spatial coordinates, k; = (Iclz,kly)T and ko =

(koz, kay)T are fundamental frequencies and cin and
con are complex coefficients.
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LetTy(x,1) = L (v{O(x,1)), T(x, 1) = L(v$(x,1))
and the occluding boundary be locally represented by:

U(x):{(l) if xX*X > 0

otherwise, (17)
where X is a vector normal to the instantaneous slope

of the occluding boundary at x. The frequency spec-
trum of the occlusion is:

i(k,w) =
[}
™ Z clné(k—Nkl,w+aTNk1)

n=-

-

+ (-7 > conb(k — Nky,w +aj Nky)

n=-»
e i conb(kTa; +w — Aal Nks)
= (k — Nkg)TX
cmé(kTal +w) (18)
(k- Nk)TX /)~

where Aag = a; — as.

Theorem 3 is a direct extension of Theorem 2 in
two spatial dimensions. For this case, the constraint
lines of previous Theorems 1 and 2 generated by both
the occluding and occluded signals and the distortion
terms become constraint planes. The frequency struc-
ture of each signal is preserved to within a scaling
factor.

4 Occlusion with 15t-Order Models
The definition of optical flow as a constant model
is limited. To gain generality, we develop propositions
which express the structure of occlusion in the Fourier
domain using linear models of optical flow. We use the
1*¢-Order expansion of (2), expressed as vgl)(x,t) =
xT J; —a;t. This linear model accounts for translation,
rotation and dilation of the optical flow field.
4.1 One Dimensional Arbitrary Signals
In the case of one-dimensional signals, the opti-
cal flow function (4) reduces to the form 0(1)(x,t) =
a;1& — a;gt. Thus, in one dimension, only dilation and
translation exist.

THEOREM 4 Let Ij(ajiz) and Ix(aziz) be func-
tions staisfying Dirichlet conditions such that they
may be expressed as complex exponential series expan-
stons:

e

Li(anz) = Z pige i
n=-oo
o2 .

Iz(azw) = 2 c2n€znk2azxx’ (19)
n=—o0



where n is integer, c1, and can are complex coefficients
and k1 and ko are fundamental frequencies of both sig-
nals.

Let Ty(z,t) LV (z,t) and Ly(z,t) =

Ig(vgl)(:c,t)). The frequency spectrum of occlusion is:

i(k,w) =

™ Z Clné(k —nkia,w + nklals)

n=-—00

)
(1 = 71') Z 62,15(]6 — nksasy,w + 'Ilkgags)

+
oo
; conb(P1k +w — nkad12)
+ sgnla 1
g ( 11) nzz—:oo ( (’C St nk2a21)
Cln(s('lplk I w) >
St G R e 20
(k = nlclau) ( )
where
wi = aﬁ and ¢1] = ———-——ajlaiﬁ FAinye
a1 a1

4.2 Two Dimensional Arbitrary Signals

The generalization of Theorem 4 to two dimensions
defines the structure of occlusion under linear defor-
mation. Therefore, the optical flow may exhibit trans-
lation, rotation, and dilation.

THEOREM 5 Let Illex) and I5(J2x) be 2-d func-
tions satisfying Dirichlet conditions such that they
may be ezpressed as complez exponential series expan-
sions:

n=d

L(/1x) = Z ClneikTNJ‘x
n=-
n=c&

I(Jox) = Z ClnfiikTNJ2x (21)
n=-ad

LetI(x,1) = Il(v(l)(x,t) , Io(x,1) = Iz(v(l)(x,t))
and the occluding boulndary ge locally T‘epTCSCTZLth by:
_J1 #Xnx>o0

Bhdiz) = { 0 otherwise, (22)

where X is a vector normal to the instantaneous slope
of the occluding boundary at Jix. The frequency spec-
trum of the occluston ts:

1(7,w) =

e
™ Z ciné(f — 71 Nnj,w + a] Nn})
n=-cd

o0
+ (1-m) Y cmb(ilz —72Nnjp,w +a3 Nnj)

n=-cd
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.’fll A TN"}
a; +w ag Nn'y

sgn(m) i i Czn6 G )

= ——
n=—e (7 — 72Nn5)TA
ﬁT
6 (,—Y’;al + w)
SN S
(7 = 71 Nnp)TA
(23)
where 7}2 = (n},€N7T are fundamental frequencies, v; =

ai1biz — ai2bi an

TN
&l
Theorems 1 through 5 show the structure of oc-
clusion in the Fourier domain for constant and linear
models of optical flow in both 1 and 2D. These struc-
tures have interesting properties which we have infor-

mally outlined. We formally state them in form of
geometrical theorems and corollaries.

kzbia — kybiy )

kyail — kzaiz

COROLLARY 1 Phenomena of additive translu-
cency are special cases for which the distortion terms
vanish in structural Theorems I through 5.

In the case of an additive translucency phe-
nomenon, there is no occlusion boundary associated
with one of the signals and therefore no distortion
terms in the Fourier structure are present. Hence, the
spectrum of the translucency only exhibits the con-
straint planes of both signals, without distortion.

COROLLARY 2 The structure of occlusion is in-
variant under 0** and 1°*-Order models of optical flow.

In both 1D and 2D cases, we find that the struc-
tural aspect of the Fourier spectrum is identical. The
power generated by the distortion fits lines (or planes
in 2D) that are parallel to the constraint line (or plane)
of the occluding signal. Although the orientation of
these structures depict ratios of the linear parameters,
a collection of those in a neighbourhood yield these
parameters in the least-squares sense. This result also
indicates that we can use this structural invariance to
accurately detect regions of occlusion under constant
or linear optical flow with the same mechanism.

COROLLARY 3 Under an occlusion phenomenon,
the velocities of the occluding and occluded signals can
always be identified as such.

Under occlusion, the orientations of the distortion
terms are essentially parallel to the constraint plane
of the occluding signal. Hence, the orientation of the
constraint plane containing the origin and parallel to
the distortion terms yields the velocity of the occlud-
ing signal, thus associating the second velocity with
the occluded signal.



5 The Aperture Problem: Degenerate

Cases
The usual optical flow constraint equation, for a
constant model of velocity, expressed as
VL(vO(x,1)) + Lt = 0 (24)
defines a single constraint on image motion. In Figure

2, normal velocity is defined as the vector from the
origin perpendicular to the constraint line.

1%

\A
S Constraint line

= u

Figure 2: The optical flow constraint equation defines
a line in velocity space. The normal velocity vy 1s
defined as the vector perpendicular to the constraint
line, i.e. the velocity with the smallest magnitude on
the optical flow constraint line.

Equation (24) is not sufficient to solve for both com-
ponents of velocity. Only the velocity component in
the direction of the local intensity gradient may be
computed. This phenomenon is known as the aperture
problem [8] and occurs when a given signal exhibits a
unidimensional texture or, in other words, a unique lo-
cal intensity gradient, which we term as a degeneracy
(see Figure 3).

In the Fourier domain, the power spectrum of a
degenerate signal is concentrated along a line rather
than a plane. To see this, consider a 1D signal moving
with a constant model of velocity in a 2D space, with
velocity s; along gradient normal n;:

I(x,t) = L(x"n; — s;t) (25)

The Fourier transform of this signal is given by

i(k,w) = §;(k7n;)6(k"n})8(sik n; +w),  (26)
where ni is the negative reciprocal of n; [2]. The
Dirac delta functions are both planar spectra and the
intersection of these two planes form a 3D line onto
which the spectrum of the degenerate signal resides.
Therefore, the planar orientation describing full ve-
locity is undetermined. However, the presence of an
occlusion boundary disambiguates the measurement
for the occluding signal in most cases.
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1 2
- :
apertures 3
A
—>

Figure 3: Through apertures 1 and 3, only normal mo-
tions of the edges forming the square can be estimated,
due to a lack of local structure. Inside aperture 2,
at the corner point, the motion can be fully measured
since there is sufficient local structure; both normal
motions are vistble.

THEOREM 6 The full velocity of a degenerate oc-
cluding signal in 2D 1s obtainable from the structure
of the Fourier spectrum if and only if its normal s
different from the normal of the occlusion boundary.

An occlusion boundary, modeled as a locally
straight ramp function, provides one constraint on
component velocity. The degenerate signal also pro-
vides a second similar constraint. Since they are mov-
ing at the same full velocity, it is possible to solve the
following system of equations

1

—{ (a{nl — 51) = 0
-;—1 (afll‘nz = 32) =0 (27)

leading to full velocity, as long as it is well conditioned,
that is to say, that both normals and speeds are not
identical. In the Fourier domain, the spectra of the de-
generate signal and the occlusion boundary are both
concentrated along lines with possibly different orien-
tations, containing the origin. The orientation of the
plane containing these two constraint lines yields a full
velocity measurement.

THEOREM 7 The case in which both the occluding
and occluded signals are degenerate and the normals
of the occluding signal and boundary are identical can
be reduced to a 1D case of occlusion from which only
normal velocities are obtainable.

In this case, the constraint lines of the occluding
signal and the occluding boundary are indistinguish-
able and form a single oriented line. The occluded



signal also provides such a line and, on the plane fit-
ting these, the structure of the occlusion collapses to
a 1D case.

6 Geometric Interpretation
We examine the geometrical properties of the

Fourier spectra of constant and linear models of opti-
cal flow for both 1 and 2D signals.

6.1 Oth—Order Models

In the simplest case involving sinusoidal signals,
Theorem 1 shows that the frequency spectra of both
signals are preserved to within scaling factors. In ad-
dition, the imaginary terms represent the frequency
spectrum of the occlusion boundary. Figure 4 shows
three cases of occlusion with 1D, Gaussian-windowed
sinusoidal signals. The 1D velocities of the occlud-
ing signals are a;g = —1.0, —0.5 and 0.5 respectively.
The velocities of the occluded signals are aze = —1.0.
The spatial frequency of the occluding and occluded
signals are k; = § and k3 = {5 respectively. The ver-
tical axis represents temporal frequency w while the
horizontal axis is spatial frequency k. The spectral
peaks located at +(k1, —k1a16) and £(kz, —kaase) de-
pict the spatiotemporal frequencies of both signals and
fit the constraint lines kajs +w = 0 and kazs +w = 0.
The oblique spectra intesecting the peaks represent
the spectrum generated by the occlusion boundary
and fit the constraint lines kiaig + w £ koasg = 0
and kja;s +w = 0. These lines are parallel to the
constraint line of the occluding signal. It also is inter-
esting to observe from Theorem 2 that every non-zero
frequency of an occluded signal shows such a parallel
line due to occlusion.

Theorem 3 is the generalization of Theorem 2 in 2D
and its geometric interpretation is similar. That is to
say, the constraint lines of the signals and the occlu-
sion boundary become constraint planes. For instance,
the frequencies (Nk;, —al Nk;) and (Nk,, —ag'Nkzg
fit the constraint planes of the occluding and occlude
signals, defined as kfal +w = 0 and kTa; = 0.
In the distortion term, the arguments of the Dirac
6§ functions kTa; + w — AagNkz and kTa; + w rep-
resent a set of planes parallel to the constraint plane
of the occluding signal kTa; +w = 0. That is to say,
for every discrete frequency Nk; and Nkj exhibited
by both signals, there is a frequency spectrum fitting
the planes given by kTa; + w — Aal Nk, = 0 and
kTa; +w = 0. The magnitudes of these planar spectra
are determined by their corresponding scaling func-
tions ClnL(k — Nkl)T)\ ]_1 and Czn[(k = Nkz)T/\ ]_1.
Hence, Theorem 3 reveals useful constraint planes, as
the power spectra of both signals peak within planes
kTa; +w = 0 and kTas + w = 0 and the constraint
planes arising from the distortion are parallel to the
spectrum of the occluding signal I;(x,t).

6.2 15t-Order Models

As a consequence of Corollary 2, the geometric in-
terpretation of 15t-Order models of optical flow under
occlusion is essentially similar to 0th_Order models.

63

The difference lies in the interpretation of the quanti-
ties depicted by the orientations of the planar spectra
representing the occluding and occluded signals. For
instance, in Theorem 4, the orientations of these pla-
nar spectra represent ratios of the linear velocity pa-
rameters. These ratios are ¢¢ and 22¢ for the occlud-

11
ing and occluded signals respectively. Such quantities
are interpreted as the translation-to-scaling ratios of
both signals. In the case of 2-d signals, as in Theorem
5, we find that the orientations of the planar spectra

: . 71 a1 fia Az
are proportional to the ratios =% and e where

71 and 7, are the Jacobians of linear velocity matrices
J1 and Js.

7 Conclusion

We have shown the Fourier structure of occlusion
and translucency phenomena for constant and linear
models of velocity in both 1 and 2D and shown various
interesting geometrical properties. For instance, the
constraint lines or planes cast by the occlusion bound-
ary have been characterized. In a multiple motion
situation, their presence indicates an occlusion while
their absence indicates a translucency phenomenon.

When a multiple motion situation is caused by an
occlusion, the parallelism between the the distortion
cast by the occluding boundary and the Fourier spec-
trum of the occluding signal differentiates the velocity
of the occluding signal from the velocity of the oc-
cluded signal. Further, this result holds for constant
and linear models of optical flow.

The structural invariance of the Fourier structure
of occlusion under constant and linear models of opti-
cal flow renders the accurate detection of regions ex-
hibiting occlusion possible, whether the motions of the
occluding or occluded surfaces are constant or linear.

In addition, the full velocity of a degenerate oc-
cluding signal is almost always obtainable. This re-
sult indicates that the information contained in the
occlusion may be put to use to disambiguate velocity
measurements.

Recovering the orientation of the Fourier structures
does not lead to the recovery of the linear parameters
of optical flow. However, a collection of these orienta-
tions from a neighbourhood yields the linear parame-
ters in the least-squares sense.

Our current research following this analysis is the
finding of the Fourier structure of 2"¢-Order signals.
Of particular importance is the Fourier structure of
occluding planar surfaces in motion, which consti-
tute a special case of 2"4-Order signals. In addition,
a number of algorithms for detecting occlusion and
transparency phenomena, identifying occluding and
occluded velocities, and recovering occlusion bound-
aries are currently being developed.
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Figure 4: Fourier spectra of occluding and occluded 1D sinusoids translating with various velocities, generated
with Theorem 2.
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