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Abstract

This paper addresses the problem of computing the
camera motion and the Euclidean 3D structure of
an observed scene using uncalibrated images. Given
at least 2 images with pixel correspondences, the
motion of the camera and the 3D structure of the
scene are calculated simultaneously. We do not as-
sume the knowledge of the intrinsic parameters of
the camera. However, an approximation of these
parameters is required. Classical methods based
on the essential matrix computation have proven
to be very unstable when the intrinsic parameters
of the cameras are not known exactly. To over-
come such unstability, we propose here a method
where a particular choice of a 3D Euclidean coor-
dinate system with a different parameterization of
the motion/structure problem allowed us to reduce
significantly the total number of unknowns. In ad-
dition, the simultaneous calculation of the camera
motion and the 3D structure has made the compu-
tation of the motion and structure less sensitive to
the errors in the values of the intrinsic parameters
of the camera. All steps of our method are linear.
However, a final nonlinear optimal step might be
added to improve the accuracy of the results.

Experiments with real images validated our
method and showed that a good quality mo-
tion/structure can be recovered from a pair of un-
calibrated images.

keywords: Euclidean reconstruction, cam-
era motion, stereovision.

1 Introduction

One of the principal goals of research in computer
vision is to enable machines to perceive the three-
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dimensional nature of the environment. Unfortu-

.nately in many cases, the only information we pos-

sess about the scene is two-dimensional images. It
is well known that recovering depth from a single
(two-dimension) image is not possible in a general
case. However, if we use more than one image, the
problem becomes feasible.

It is possible to reconstruct three-dimensional
scenes only from point correspondences in several
images [3][8][19]. However, such a reconstruction
can only be defined up to a collineation, that is a
3D projective transformation. Because a 3D pro-
jective reconstruction lacks metric information, the
use of this type of reconstruction is usually limited
to some applications such as object recognition (see
for instance the book of Rothwell [18]).

Euclidean information is the richest and the most
used in computer vision. Hence, the Euclidean 3D
reconstruction problem is of central importance in
computer vision. The classical way for solving the
Euclidean reconstruction problem requires the cali-

“bration of the cameras and the matching of the fea-

tures in the different images. This approach is of-
ten nonrealistic. In particular, it is not always pos-
sible to calibrate the camera on-line; for example,
when the latter is involved in visual tasks. Hence,
several researchers have developed methods for ob-
taining the Euclidean reconstruction without cali-
brating the camera. Most of these researchers have
assumed less general camera models such as the or-
thographic model [10], affine model [21] or parap-
erspective model [23]. These methods have their
limitations. In particular, they assume that the
size of the scene is small compared to the scene-
camera distance. Other researchers avoided using a
less general camera model, but assumed a less gen-
eral camera motion, see for instance [16, 22].



A new direction for solving the Euclidean re-
construction has focused on the calibration® of the
camera. However, unlike the classical calibration
method, the new one, called self-calibration, uses
only matched points in the images and does not
need a calibration pattern. Once the camera is cal-
ibrated, the problem of calculating the motion of
the camera/scene and the Euclidean reconstruction
of the observed scene become straightforward [11].
The possibility of calibrating a camera using only
point correspondences in several images of a rigid
scene has been shown by Faugeras et al. [5] and,
by Maybank and Faugeras [15]. In their paper, the
emphasis was placed on the theory of the solution
without providing a practical algorithm that is suit-
able for routine use. The most recent papers on
self-calibration, where practical results were shown,
are the work of Luong [12] and Hartley [7]. Lu-
ong’s method is based on Kruppa’s equations [9]
which express the rigidity constraint of the scene.
Each pair of images (or a displacement) provides
two quadratic constraints on the 5 intrinsic param-
eters of the camera?. Therefore, at least 2 displace-
ments (3 images) are required to solve for the 5 in-
trinsic parameters. Because the equations used were
quadratic, it has been reported that high accuracy
in image points localization and reliable correspon-
dences are necessary and that, not all types of dis-
placements yield stable results. Furthermore, the
reconstructions obtained using this self-calibration
were not very precise, but still useful for some
robotics tasks. Hartley’s method uses 3 images of
a rigid scene taken from the same point in space;
that is, the camera must undergo a pure rotation
each time. This self-calibration method has the ad-
vantage over Luong’s method of being non-iterative.
However, unlike Luong’s method, each displacement
must be a pure rotation. This constraint might be
a major drawback in some cases; for instance, when
the scene is moving and the camera is not. Fur-
thermore, the author noted that his method works
best on wide angle images. Although no comparison
has been done between the two methods, it seems
that they obtain comparable accuracy for the recon-
structions. Both authors seem to agree that the ac-
curacy of their reconstructions compare poorly with
the accuracy obtained using the classical calibration
methods.

The approach developed in this paper does not
aim to challenge any self-calibration method since

1The term calibration here, means estimating the internal
parameters (called also intrinsic parameters) of the camera.

2The camera’s intrinsic parameters must remain un-
changed through the different images.

our goal is reconstruction and not calibration. How-
ever, in this paper, we show that good accuracy, at
least comparable to the one obtained through self-
calibration, on the reconstruction can be achieved.
We show, in particular that, unlike self-calibration
based methods, our method is linear, simple, prac-
tical and requires only a minimun of 2 images. Yet,
the reconstruction we obtain is not less accurate
than the one obtained by the self-calibration based
methods and it is sufficient for most robotics appli-
cations.

Section 2 describes the background used by our
reconstruction method. Section 2 gives the basic
equations of the proposed method and Section 3
explains all its steps. Finally, experiments are pre-
sented and discussed in Section 4.

2 Geometric background and
basic equations

The reconstruction problem consists of 2 types of
parameters, the 3D coordinates of the scene’s points
and the projection matrices. Since we are using un-
calibrated images, solving the reconstruction prob-
lem means calculating all its parameters. Through-
out this paper, we only suppose that we are given
at least 2 images with point correspondences and
a nonaccurate estimate of the intrinsic parameters’
values.

Because the geometry of the camera is crucial to
our method, this section starts with a quick review
of the camera model we used, that is the pinhole
model. Then, the basic equations of the reconstruc-
tion are derived.

2.1 The camera geometry

The pinhole model (see Figure 1) is a good approxi-
mation of a real camera and is by far the most used
for modeling cameras. In this model, a pixel p on
the image plane is the pure perspective projection
of the point P of the scene. Using homogeneous
coordinates, the pure perspective projection of the
scene point P = (X,Y,Z,T) on the image point
p = (z,y,t) can be represented by the relation

X

= 14
7 (1)
T

1-0--0-0
g =0 100
t 0 010

where ) is a scale factor. Note that we can assume
that ¢t = T = 1 in the Euclidean case.
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Because the scene coordinate system and the
camera coordinate system are not the same, the
scene points must undergo a rigid displacement (a
rotation and a translation) before the perspective
projection. Furthermore, the image coordinate sys-
tem uses pixels as units and uses the top-left corner
of the image plane as origin. Hence, after projec-
tion, the points must undergo a scaling and a 2D
translation. The above relation becomes

T oy 0 ‘wg 1= 0550
g =\ 0=, =0 0 1 =070
1 (e dliesedil 001720

where o, and «, are the scale factors along the im-
age x-axis and y-axis respectively and, (ug,vg) are
the image coordinates of the intersection of the opti-
cal axis with the image plane (see Figure 1). These
4 parameters are called the intrinsic parameters.

A compact version of the above is given by

p=MAIDP = MP (M =AID) (3)

where M is called the projection matrix, A the in-
trinsic parameter matrix®, I the pure perspective
projection and D the displacement matrix.

A simple count of the parameters gives 10 pa-
rameters for the projection matrix M, that is, 6
extrinsic parameters and 4 intrinsic parameters.

Optical axis

P
-
oi |
image coordinate P 8 |
system (pixels) ,, projecnon//
scene coordinate
| | system

z A

os

A rotation and a translation
camera coordinate
system

Figure 1: Camera geometry under the
pinhole model

2.2 The basic equations

The 3D reconstruction is only possible when at least
2 different images of the same rigid scene are avail-
able. For simplicity, we assume in the following that

®We made the common assumption that the x-axis and
y-axis of the image plane are perpendicular.

721
731

Lij =

Yij =

69

we are given 2 images of a still scene obtained with
a single camera that has undergone a displacement.
That is, first an image of the scene is taken, the
camera moves, and then the second image is taken
by this same camera.

In the case of a camera with nonchanging intrin-
sic parameters, the projection matrix M; of the 5"
image is given by

M; = AID;
P13 713 ig X
ro2 23 ty Y
T3 T33 . itg Z )
0 0 1 1
where
e 7"{3 t'z_:
U I O P T
D; :
™ Tay Ty t]
0 0 0 It

Because we have the freedom to select a coordi-
nate system for the scene, the first camera can be
chosen as a reference camera. Thus, the coordi-
nate system of the first camera is also the one of
the scene. This choice yields a simplified projection
matrix M; of the first image. In particular, M; has
only 4 parameters:

ay 0 wug O
Ml = 0 a’u 'UO O
0 0= ez ae0

Using the pinhole model, a space point P, =
(Xi,Y;,Y;,1) is projected in the j** image on the
point p;; = (35, ¥ij, 1) where

Dij = /\Mj Pi (4)

The above relation translates into the following

two equations

(a?‘r{1 +U07“31.1)XH‘(C(uT{.,+U0T10)Yi+(aurg3+ugr'i.‘)Z,-+autz+uot:

o Xitrl, Yitri, Zitt,

(ozvr:_i1 +'uor3;‘ )X,'+(a,,rg2+vgr§3)Y;+(a1,rg3+v0r{q)Z,+avty+vot:

ri Xitrd, Yitrl Zitt.

()
We call the above equations the basic equations
of the reconstruction problem. In particular, we
can see that each image point provides 2 equa-
tions. Therefore, given a scene of n points and
given m 1images of that scene provides us with
2 x n x m equations. A count of the param-
eters on the other hand yields 3 x n for the 3D
coordinates of the scene’s points, plus 6 x (m—1)



for the displacements (the first camera is used as
a reference camera making D; an identity matrix),
and 4 intrinsic parameters. In theory, this prob-
lem has a solution when the number of equations is
greater than the number of parameters, that is when
2xnxm>3xn+6x (m—1). When the in-
trinsic parameters are not known, at least 3 images
are required to solve for all the unknowns[15, 13].

The above equations are highly nonlinear mak-
ing it nearly impossible to solve the reconstruc-
tion problem using standard optimization methods.
Some recursive algorithms to solve for the above
equations (or a simplified version of these equations)
were proposed, see for instance [1] and [20]. How-
ever, these methods require a large number of im-
ages, typically several dozens. To our knowledge,
no method has been reported in the literature that
solves these equations in the general case using a
minimum number of images.

The next section explains how these equations
can be simplified and how they can be used for solv-
ing the reconstruction problem.

3 Solving the reconstruction
problem

For any CCD camera, the intrinsic parameters are
not completely unknown. Usually the camera’s
manufacturer provides their values but they are in-
accurate. In addition, even if the manufacturer’s
values are not available, an estimate of these values
is often available from previous experiments. Be-
cause these values are just an estimate of the ex-
act values, using them usually yields unstable cal-
culations. In particular, it is well known that noise
in image points makes the calculation of the essen-
tial matrix very difficult[4]. If in addition inaccu-
rate values for the intrinsic parameters are used,
the calculated essential matrix will be practically
useless. Therefore, we have avoided recovering the
motion/structure through the calculation of the es-
sential matrix. Instead, we have used another pa-
rameterization of the problem where both motion
and structure are calculated in the same time using
a minimum number of unknowns.

3.1 Simplifying the basic equations

We propose here another parameterization of the re-
construction problem that simplifies the above basic
equations. As a consequence, even with inaccurate
values for the intrinsic parameters, the calculations
are more stable and the obtained reconstruction and

camera motion are very close to the exact ones.

Let p be an image point given by its pixel co-
ordinates (z,y). The normalized coordinates (u,v)
of p, that is the 2D coordinates of p given in the
camera’s coordinate system are given by

r—uq
(o2

u= and v:y;—:" (6)

where (ug,vo) are the pixel coordinates of the cen-
ter of the image (intersection of the optical center
with the image plane) and, o, and «, are the scale
factors along the x-axis and y-axis.

Because we have used the first camera as a refer-
ence camera, the vector 01_1‘%1 and the vector O; P
are collinear for any space point P; (see Figure 2).
Therefore, the 3D coordinates (X;, Y;, Z;) of a space
point P; can be written as a function of the normal-
ized coordinates (u;1,v;1) of the image point p;1,
which is the projection in the first image (reference
camera) of the point P;. This translates into the
relation

X; U;1
Y; =X Vi1 (7)
Z; 1

where ); is a scale factor representing the depth of
B
Using equation (6) and an estimate of the intrin-
sic parameters, the total number of the structure’s
parameters can be reduced. Instead of 3 unknowns
X;, Y;, and Z; for each space point P;, we have only
one unknown, the depth ;. For a scene containing
n space points, the total number of unknowns is
reduced from 3 x n to n.

More interestingly, using the above transforma-
tions transforms the basic equations (5) into

e N R
Aird uaAir] v +Air 4t
J ; < 2 S
Aird ua+Airdva+Air] 4+l

Uj; =
. : N (8)
Aird uiHAirdva+Aird 4]

Xird ua+dirivaddir] 4l

where (¢],],1) is the translation vector and (r},)
is the rotation matrix (see Figure 2).

Because ); is the depth of the point P; it cannot
be zero. Hence, by dividing the numerators and de-

nominators of the above equations by A; we obtain

Vij =

ri uatri vi4ri+6it
J 4 o A J .47
T Ui+, vty Bt

Uij =
A : Loy 9
_ rhuatrivitris+8it)

Vij =
7 i g .47
J ri i trivi4ris+0itl

where = = §;.
It can be shown easily that the denominators of
the above equations cannot be zero except for the
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points of the plane defined by Z = 0. However,
these points cannot be observed as they are not lo-
cated in front of the camera. Therefore, we can
transform equations (9) into

Calculating the translation 7?2

Let e = (e, €y, €;) be the homogeneous coordinates
of the epipole in the second image (in this work we
have used the method developed by ourselves [2] to
calculate e). Because the point O; is the origin of

wij (rhyuin + rhovin + g+ Bitd) = rlyui + v + ris + Bitd

vij (rh uin + T“égvil + 7’%3 + Bitd) = T‘élun + v + T’é3 -+ ﬂit{;

(10)

The above equations are a lot simpler than equa-

tions (5). However, they are still nonlinear in three

terms; namely, G;t}, Bt} and B;t. This nonlinear-

ity is easier to handle, as shown in the next para-
graph.

Py

reference
image

Figure 2: TV is the translation vector between the
reference camera and camera j; that is, the vector
Ojbl defined in the coordinate system of camera
j. RV is the rotation between the reference camera
and camera, j.

3.2 Linear solution to the

tion/structure problem

mo-

It is clear from Figure 2 that the projection of the
point O; on the jth image is the epipole of the lat-
ter with respect to the first image. Linear methods
exist for calculating the epipoles from point corre-
spondences (at least 8 correspondences) in the im-
ages. The most recent linear methods (see for in-
stance [6] and [2]) yield excellent results that are
comparable to the results obtained by nonlinear
methods.

Without loss of generality, let’s consider here the
case of two images where the first one is used as a
reference image (a reference camera).
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the reference coordinate system (the coordinate sys-
tem of the first camera and of the scene), its homo-
geneous coordinates are (0,0,0,1). O; is projected
on the point e in the second image by the relation

- 0
€y = /\M2 8 (11)
€ 1

where A is a scale factor and M5 is the projection
matrix of the second image (see relation (2)).
After developing the above, we obtain

er 2
ey | =24 té (12)
€t tz

where A is the 3 x 3 matrix of the intrinsic pa-
rameters and (t2,12,¢2) are the coordinates of the
translation vector 7 (don’t read T? as T squared,

but as T for image 2). The above relation yields

ex ayt? + ugt?
ey = A et + votZ (13)
e 2

t z

In order to solve for the unknowns ¢, 2 and &2,
let’s consider 2 cases. The first case, when e; = 0,
implies that t2 = 0. And the second case, when
e; # 0, implies that t2 # 0. Note that e is sup-
posed to be known (calculated from at least 8 point
correspondences).

e Case 1: t2 = 0. Since relation (13) is an equal-
ity up to a scale factor, the only way to get
rid of the scale factor is by using ratios. In
particular, from (13) we can write

Qy 2
—eyl, — ezt
ay Yz z

e

vy =0

Note that even though «, and «, are approxi-
mately known, the value of the ratio S* is very
stable (even with a zoom) and is usually accu-
rately known.

The above equation is not enough to solve for
the unknowns t2 and tz. However, we know



that it is impossible to determine the norm of
the translation 72 because of the distance-size
ambiguity. In other words, only 2 parameters
of T? can be determined. Hence, we can sup-
pose that ¢2 = 1 (if e, is nonzero) or ¢ = 1 (if
ey is nonzero).

e Case 2: t2 # 0. Because of the distance-size
ambiguity, we can take ¢t2 = 1. Relation (13)
yields 2 linear equations in the unknowns ¢2
and ¢2.

Therefore, the translation 72 can be calculated
separately. Equations (10) become linear making it
possible to calculate all the parameters of the mo-
tion/structure problem.

Note: The translation vector 72 can be calcu-
lated only up to a sign factor, that is, (2,t2,12)
and (—t2, —t2, —t2) can both be solutions. This du-
ality corresponds to the existence of two compati-
ble solutions for the motion/structure problem [14].
These 2 solutions correspond to two different recon-
structions; in one case the reconstructed points are
located in front of the camera (all §; are positive)
and in the other case, the reconstructed points are
located behind the camera (all 5; are negative). The
only way to solve this problem is by calculating both
solutions and discarding the wrong one (8; < 0).
This is a necessary but easy task since all steps of
our algorithm are linear.

3.3 A nonlinear step

Although we can be satisfied with our linear algo-
rithm, adding a nonlinear optimal step improves the
results. We see at least two reasons for using a
nonlinear step; the first one is that it is not costly
since we have a very good estimation of all param-
eters, and the second reason is that it allows the
constraints on the rotation (the rotation matrix is
orthogonal and has only 3 independent parameters)
to be added.

4 Experiments

Two different experiments have been carried out.
The first one aims to validate our approach and
to show that qualitative reconstructions can be ob-
tained. The second one aims to show the accuracy
we obtain on the reconstruction and on the motion.
Although we have used only 2 images for each exper-
iment, the algorithm can be used with any number
of images without major changes.

4.1 Summary of our algorithm

Given at least 8 point correspondences in 2 images
and an estimation of the intrinsic parameters, the
reconstruction problem is defined by equations (10).

The reconstruction method presented in this pa-
per can be summarized by the following sequential
steps.

1. The epipole in the second image is calculated
using the method described in [2].

2. The translation vector is then calculated.

3. The rotation matrix (711, ..., s3) and the struc-
ture parameters j3; are calculated using an SVD
routine.

4. An optimal iterative step is carried out to im-
prove the accuracy. We have used the itera-
tive Levenberg-Marquardt method [17] because
it allows the reconstruction/motion problem to
be cast as a general parameter fitting problem
and allows the imposition of additional con-
straints, such as the orthogonality of the ro-
tation, to be taken into account. This last step
was not costly; the number of iterations didn’t
exceed 10 in all cases.

Figure 3: The stereo head: the 2 cameras at a dis-
tance of 35cm from each other.

4.2 First experiment: testing the

quality

The scene consists of 2 cubes put one upon the other
(see Figure 4). Polygonal motifs were stuck on the
cubes to provide for interest points (corners of those
polygons were our interest points). A total of 49
interest points were extracted and matched in the
two images. The two images were obtained with the
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Figure 4: The stereo pair of images (cubes).

Figure 5: Result of the reconstruction for the cube
scene; a top view on the left and a face view on the
right. Note that the cubes are hand made, their
sides do not necessarily make a perfect right angle.

stereo head mounted on a robot arm*(see Figure 3).
We used the same intrinsic parameters for the two
cameras. The values used are given by

—1500" -0 - 256
A= 0 1000 256 (14)
0 Ge -0t

The above values are not accurate. They were cho-
sen because of our experience with the cameras.

47 matched interest points were the input of our
algorithm. The output was the reconstructed scene
shown on Figure 5. As one can see from the top
view, the quality of the reconstruction is excellent.
In particular, the coplanarity of the points is visible.

4.3 Second experiment: testing the
accuracy

We used in this experiment a known calibration pat-
tern. The interest points are the corners of the black
squares (see Figure 6). The calibration pattern is
placed on a micrometric table which can undergo

4The images were taken at the INRIA lab of Grenoble,
France.

Figure 6: The calibration patter (stereo images)

M o %%Wﬁ% B
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Figure 7: Reconstruction of the calibration pattern.

pure translations. We can hence obtain a nonpla-
nar scene by using several images of the calibration
pattern at different locations. In our case, one im-
age consists of 3 planes.

In this experiment 276 matched points were used
as an input to our algorithm. Using the same in-
trinsic parameters with the values given in (14), the
obtained reconstruction is shown in Figure 7.

In order to test the accuracy of our algorithm, we
calibrated our cameras and compared the motion
we obtained with the one obtained through the cal-
ibration. The motion here corresponds to the orien-
tation of one camera with respect to the other. Note
that in this case it was possible to calibrate the cam-
eras because we knew exactly the 3D coordinates of
the calibration pattern’s points. The results we ob-
tained are summarized in Table 1. Using the values
obtained through the calibration (“calibration” en-
try in Table 1) as reference values, Table 1 shows
that despite a 10% error in the intrinsic parame-
ters (values assigned to those parameters) the mo-
tion we computed using our algorithm remains of an
acceptable quality. Note that we didn’t claim that
our algorithm will do as good as a calibration-based
algorithm. However, even with poorly accurate in-
trinsic parameters, the algorithm is able to recover
a good quality motion/structure. The latter can




Rotation’s angles Translation intrinsic parameters
o ] v b [ ty/tz Oy oy Ug 0
Calibration | -23.56 | 4.24 | -9.83 | -0.995 | -3.135 | -1466.22 | 997.70 | 234.38 | 242.03
Test1 -23.57 | 6.01 | -8.88 | -0.884 | -2.908 -1500 1000 256 256
Test2 -25.75 | 7.58 | -7.37 | -0.820 | -2.881 -1600 1100 256 256
Test3 —24.03 | 2.37 | -10.43 | -0.846 | -2.824 -1500 1000 280 280

Table 1: The “calibration” entry shows the values calculated using the classical
calibration method. The entries Testl, Test2 and Test3 show the motion (rotation
and translation) we obtained when using different values for the intrinsic parameters.

be used for applications where high accuracy is not
required.

5 Conclusion

The motion/structure algorithm given here presents
a practical approach to recovering the motion and
structure of a scene from uncalibrated images. The
only assumption used in this method was the knowl-
edge of a nonaccurate estimate of the camera in-
trinsic parameters’ values. The latter are usually
known either from the manufacturer’s data or from
previous experiments.

Using a different parameterization for the mo-
tion/structure problem has resulted into a signifi-
cant reduction of the total number of parameters.
In addition, the basic equations of the problem be-
came simpler. This simplicity together with the
simultaneous calculations of the motion and the
structure made the computations very stable. As a
consequence, we obtained good quality results even
with poorly accurate intrinsic parameters’ values.

Classical methods based on the essential matrix
suppose the knowledge of the exact values of the
extrinsic parameters. The latter are usually ob-
tained through the explicit calibration of the cam-
era. Those methods would not perform well with
poorly accurate intrinsic parameters’ values. In par-
ticular, the calculation of the essential matrix is very
sensitive to pixel errors and its decomposition into
translation and rotation amplifies this sensitivity.
In addition, as the motion and the structure are
not simultaneously calculated, the sensitivity to all
errors (pixel errors and intrinsic parameters’ errors)
is even more amplified making the results useless.

Naturally, the algorithm in this paper cannot
hope to give results as accurate as those obtained
with calibrated cameras where, the calibration pro-
cess uses calibration grids. Nevertheless, the algo-
rithm is adequate for applications where high accu-
racy in the motion/structure is not required. For in-
stance, the algorithm would be of greatest use where

euclidean scene reconstruction is used for purposes
of navigation, or grasping. Even when the camera
has a zoom lens, an approximate reading of the fo-
cal length (from the zoom rotating motor) would be
sufficient to our algorithm.

The new self-calibration reconstruction methods
[7, 12] are more complicated to use than our algo-
rithm. The latter is simpler, faster (the number
of iterations of the optional iterative step is very
low), and can be used with a minimum of 2 images.
In addition, the self-calibration methods does not
necessarily yield better results than our algorithm
(a comparison study will tell). Thus, practically
speaking our algorithm might be preferred over a
reconstruction method based on self-calibration.
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