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Abstract

Existing linear solutions for the pose estimation (or
exterior orientation) problem suffer from a lack of
robustness and accuracy partially due to the fact
that the majority of the methods utilize only one
type of geometric entity and their frameworks do
not allow simultaneous use of different types of fea-
tures. Furthermore, the orthonormality constraints
are weakly enforced or not enforced at all. We have
developed a new analytic linear least-squares frame-
work for determining pose from multiple types of
geometric features. The technique utilizes corre-
spondences between points, between lines, and be-
tween ellipse-circle pairs. The redundancy provided
by different geometric features improves the robust-
ness and accuracy of the least-squares solution. A
novel way of approximately imposing orthonormal-
ity constraints on the sought rotation matrix within
the linear framework is presented. Results from ex-
perimental evaluation of the new technique using
both synthetic data and real images reveal its im-
proved robustness and accuracy over existing direct
methods.

1 Introduction

Pose estimation is an essential step in many ma-
chine vision and photogrammetric applications in-
cluding robotics, 3D reconstruction, and mensura-
tion. It addresses the issue of determining the po-
sition and orientation of a camera with respect to
an object coordinate frame. Solutions to the pose
estimation problem can be classified into linear and
non-linear methods. In spite of the high susceptibil-
ity to noise, linear methods are important for com-
puter vision problems because their computational
efficiency makes automation feasible. Furthermore,
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direct methods offer an effective way to obtain ini-
tial estimates for use as input to non-linear, iterative
methods.

Previous linear methods in pose estimation have
primarily focused on using sets of 2D-3D point cor-
respondences including the three point solution [6],
the four point solutions[9, 8], and the six or more
point solutions [13, 12, 5]. While point-based meth-
ods are effective and simple to implement, they are
not robust and are very susceptible to noise in image
coordinates, especially when the number of control
points approaches the minimum required. Further-
more, finding the correspondences between the 3D
scene points and 2D image pixels is also a difficult
problem.

In view of these issues, other researchers [3, 10, 1,
11] have investigated the use of higher-level geomet-
ric features such as lines or curves as observed ge-
ometric entities. Analytic solutions based on high-
level geometric features afford better stability and
are more robust. High-level geometric features,
however, may not be present in every application.
Therefore, completely ignoring points while solely
employing high-level geometric entities seems to be
a waste of readily available information. This is one
of the problems with existing solutions: they either
use points or lines or conics but not a combination
of features. In this paper, we describe an integrated
least-squares method that determines the camera
transformation matrix analytically by fusing avail-
able observed geometric information from different
levels of abstraction. Specifically, we analytically
solve for the external camera parameters from si-
multaneous use of 2D-3D correspondences between
points, between lines, and between 2D ellipses and
3D circles. To our knowledge, no previous research
attempts have been made in this area.

The attractiveness of our approach is that the re-



dundancy provided by different types of geometric
features improves the robustness and accuracy of
the least-squares solution, therefore improving the
precision of the estimated parameters. To further
improve the accuracy and robustness of the tech-
nique, we introduce a simple, yet effective, scheme
for approximately imposing the orthonormal con-
straints on the rotation matrix.

This paper is organized as follows. Section 2
briefly summarizes the perspective projection ge-
ometry. Least-squares frameworks for estimating
camera transformation matrix from 2D-3D point,
line, and ellipse/circle correspondences are given in
sections 3, 4, and 5 respectively. Section 6 discusses
the integrated technique, and section 7 provides a
performance characterization.

2 Perspective Projection Ge-
ometry

Let P be a 3D point and (z y z)! be the coordi-
nates of P relative to the object coordinate frame
C,. Define the camera coordinate system C, to have
its z-axis parallel to the optical axis of the camera
lens and its origin located at the perspectivity cen-
ter. Let (z. yc zc)t be the coordinates of P in C..
Define C; to be the image coordinate system, with
its u-axis and v-axis parallel to the z and y axes of
the camera coordinate frame, respectively. The ori-
gin of C; is located at the principal point. Let (u v)*
be the coordinates of P;, the image projection of P
in C;.

Based on perspective projection theory, the pro-
jection that relates (u v)* on the image plane to the
corresponding 3D point (z. Y. zc)! in the camera
frame can be described by

Alu v f)t = (Tc Yo zc)t (1)

where ) is a scalar and f is the camera focal length.
Further, (z y z)? relates to (z. yc 2.)* by a rigid
body coordinate transformation consisting of a ro-
tation and a translation. Let a 3 x 3 matrix R rep-
resent the rotation and a 3 x 1 vector T describe the
translation, then

(T Ye z)!=R(zy AN (2)

where T and R can be parameterized as T =
(tz t, t;) and

R=(r1 m r3)t

in which 7; is the ith row vector of R.

R and T describe the orientation and location of
the object frame relative to the camera frame re-
spectively. Together, they are referred to as the
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camera transformation matrix. Combining the pro-
jection equation 1 with the rigid transformation
equation 2 yields the collinearity equations, which
describe the ideal relationship between a point on
the image plane and the corresponding point in the
object frame

X'ty +t,
XIT3 + tz

X'ry + ty

X'rs +t, (3)

u=f v=f
where X = (z y z)'. For a rigid body transforma-
tion, the rotation matrix R must be orthonormal,

thatis, 'R = R~1.

3 Least-squares  framework
with point correspondences

Given the 3D object coordinates of a number of
points and their corresponding 2D image coordi-
nates, the coefficients of R and T can be solved
for by a least-squares solution of an overdetermined
system of linear equations. Specifically, the least-
squares method based on point correspondences can
be formulated as follows.

Let X5 = (T Yn z):, n = 1,...,K, be the 3D
coordinates of K points relative to the object frame
and U, = (un vn)? be the observed image coordi-
nates of these points. We can relate X, and U, via
the collinearity equations in eq(3). Rewriting the
collinearity equation yields

X, —unriXn + ftz —unt; =0
friXn, —variXn + fty —vnt: =0 4

We can then set up a matrix M and a vector V as
follows

/xt o o 0 —uy Xt 5 0 —u
o 0 0o sxt —wiX{ 0 f -v
M2Kx12 _
JJE;( o o 0 —ub Xy f 0 -ug
0 0 o sxt —vgXxp o f -vg
1951 -k ot t \¢
\% = v e T ) (6)

where the collinearity matrix M is known and and
vector V contains all sought rotational and transla-
tional coefficients.

4 Least-squares framework
with line correspondences

Given correspondences between a set of 3D lines and
their observed 2D images, we can set up a system
of linear equations that involve R, T', and the coef-
ficients for the 3D and 2D lines as follows. Let a 3D




line L in the object frame and the corresponding 2D
line ! in image frame be respectively represented as
Jbif

X=M+P l:au+bv+c=0

where X = (z y 2)! is a generic point on the 3D
line, ) is a scalar, N = (4, B,C)* is the direction
cosine of L, and P = (P, P, P;)! is a known point
on L.

Ideally the 3D line must lie on the projection
plane formed by the center of perspectivity and the
2D image line. This leads to two constraints

(M

where n = (af bf c)! and f is focal length. They
can be equivalently rewritten as

aNtry + bNtry + cNr3 =0
aP'ry + bPtry + cPtrs +n'T =0

mRN=0  NYRP+T)=0

(®)
9

Given a set of J line correspondences, we can set
up a system of linear equations similar to those for
points that involve matrix H and vector V, where
V is as defined before and H is defined as follows

a1Ni by N¢ 01.7\7%e 0
(1.1P1 blpl ClPI ny
H2Jx12 = . (10)
a.JN:{ bJNé CJNé 0
ayP; b Pj cgP; mny
and is called the coplanarity matrix.
5 Least-squares frame-

work with ellipse-circle cor-
respondences

Given the image of a circle in 3D space and the cor-
responding ellipse in the image, its pose relative to
the camera frame can be solved for analytically. So-
Jutions to this problem may be found in Forsyth[7],
and Dhome[2]. These solutions give us the coordi-
nates of the circle center O, and its normal N, rela-
tive to the camera frame Cc. If we are also given the
pose of the circle in the object frame, then we can
use the two poses to solve for R and T'. Specifically,
let N, = (N., N, Nc,)t and O = (O, O, Oc,)*
be the 3D circle normal and center in camera coor-
dinates respectively. Also, let N, = (N,, No, No,)*
and 0, = (0,, Oo, O,,)" be the normal and cen-
ter of the same circle, but in the object coordinate
system. The problem is to determine R and T from
the correspondence between N, and N,, and be-
tween O, and O,. The two normals and the two
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centers are related by the transformation R and T
as shown below

N, RN, O.=RO,+T (11

Equivalently, we can rewrite the two equations
above as follows

Ns'l‘l = N 021‘1 £t = 0,
erg = Nc” 037‘2 +t, = Oc,,
N;Ta = ch 027‘3 + tz — OC,

Given I observed ellipses and their corresponding
space circles, we can set up a system of linear equa-
tions involving matrix @ and vector k as follows

( N, 0 o 0 o o 0 6 0 o
0 o o N5 o o0 0 o o0 o
o o o 0 o o N, o 0 o0
of, o o ° o o 0 1 0 o
0 0o o of 0 o 0 o 1 o
t
6 o0 o (] o o of o o0 1
Q= 4 (12)
N, 0 0 0 o o ()} o 0 o
0 o o N 0 0 o o o0 o
0 o o (] o o N 0 0 0
o,, ©° o (] o o 0 1 0 o0
(] o o of o o0 o o0 1 o0
\ 0 o o 0 0640 0F-: 10, 0. 1
and
= t t t t \t
k= (Nt Of ... Nt O%) (13)

6 The Integrated Technique

In the previous sections we have outlined the least-
squares frameworks for computing the transforma-
tion matrix from point, line, and ellipse/circle pair
separately. It is desirable to be able to compute
camera parameters using several types of feature
simultaneously. The problem of integrating infor-
mation from points, lines, and circles is actually
straightforward, given the frameworks we have out-
lined individually for points, lines, and circles. The
problem can be stated as follows: given the 2D-
3D correspondences of K points, J lines, and I el-
lipse/circle pairs, we want to set up a system of
linear equations that involves all geometric entities.
The problem can be formulated as a least-squares
estimation that minimizes ||WV — b||, where V is
the unknown vector of transformation parameters
as defined before, and b is a known vector defined
below. W is an augmented coefficient matrix, whose
rows consist of linear equations derived from points,
lines, and circles. Specifically, given the M, H, and
Q matrices defined in equations 5, 10, and 12, the
W matrix is

W = (M

H Q% (14)



where the first 2K rows of W represent contribu-
tions from points, the second subsequent 2J rows
represent contributions from lines, and the last 61
rows represent contributions from circles. The vec-
tor b is defined as

a.—_(o ot iy (15)

NE. Ok, )'
Given W and b, the least-squares solution for V is
V= (WtW)_IWtb (16)

It can be seen that to have an overdetermined sys-
tem of linear equations, we need 2K +2J +61 2 12
observed geometric entities. This may occur with
any combination of points, lines, and circles. For
example, one point, one line, and one circle or two
points and one circle are sufficient to solve the trans-
formation matrix from equation 16. Any additional
points or lines or circles will improve the robustness
and the precision of the estimated parameters.

t t
Nt o,

6.1 Approximately imposing
orthonormality constraints

The least-squares solution to V described in the last
section cannot guarantee the orthonormality of the
resultant rotation matrix. We now introduce a sim-
ple yet effective method for approximately impos-
ing the orthonormality constraints in a way that
offers a linear solution. We want to emphasize that
the technique we are about to introduce cannot
guarantee a perfect rotation matrix. However our
experimental study shows that it yields a matrix
that is closer to a rotation matrix than those ob-
tained using the competing methods. Given the
pose of circles relative to the camera frame and
the object frame, let No = (Ne, Ne, N, )t and
N, = (N,, No, No,)! be the 3D circle normals in
the camera and object frames respectively. Equa-
tion 11 depicts the relation between two normals
that involves R. The relation can also be expressed
in an alternative way that involves R as follows
N, = R!N, (17)

Equivalently, we can rewrite equation 17 as follows

N, ri1+Ne,ro1+ Ne,rsr = No,
N, ri2 + Ne,roa + Neyrzz = No,
N, ris+ Ne,r2s + Ne,ras = No,

where r;; is the j the element of vector ;. Given the
same set of I observed ellipses and their correspond-
ing space circles, we can set up another system of
linear equations that uses the same set of circles as
in Q. Let Q' be the coefficient matrix that contains
the coefficients of the set of linear equations; then

Q' is
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Z,. 21, &, 000
Q = : (18)
Zri 2y oEp 0400
where Z,'= = N,'C:I,Z,'v = Nt'c,Iy and Z,'l = Nic'I
and I is a 3 x 3 identity matrix.
Correspondingly, we have k' defined as
k’=(N1°000...N1°000)t (19)

To implement the constraint in the least-squares
framework, we can augment matrix W in equation
(14) with Q', yielding W', and augment vector b in
equation (15) with &', yielding b', where W' and V'
are defined as follows

WI = (Wt Qlt)t bl = (bt klt)t
Putting it all together, the solution to V can be
found by minimizing ||W'V —¥'||? and it is given by

V= W'tw) W (20)
The advantage of this technique is that the con-
straint is globally imposed on each entry of the rota-
tion matrix rather than locally, and that, asymptot-
ically, the resulting matrix converges to a rotation
matrix. The resultant transformation parameters R
and T are more accurate and robust due to fusing in-
formation from different sources. The resultant ro-
tation matrix R is also very close to being orthonor-
mal since the orthonormality constraints have been
implicitly added to the system of linear equations
used in the least-squares estimation.

7 Experiments

In this section, we present and discuss the results of
a series of experiments aimed at characterizing the
performance of the integrated linear pose estimation
technique using both synthetic data and real images
of industrial parts.

7.1 Experiments with synthetic data

This section consists of two parts. First, we present
results from a large number of controlled experi-
ments aimed at analyzing the effectiveness of our
technique for imposing orthonormal constraints.
Second, we present the results from a compara
tive performance study of the integrated linear tech-
nique against an existing liner technique under dif
ferent noisy conditions. In the experiments with



simulation data, the 3D data (3D point coordinates,
3D surface normals, 3D line direction cosines) are
generated randomly within specified ranges. 2D
data are generated by projecting the 3D data onto
the image plane, followed by perturbing the pro-
jected image data with iid Gaussian distributed
noise of mean 0 and standard deviation o. The
average Euclidean distance between the estimated
rotation (translation) vector and the ideal rotation
(translation) vector is used as the performance cri-
terion.

Figures 1 (a) and (b) plot the mean rotation and
translation errors as a function of the signal to noise
ratio, with and without orthonormal constraints im-
posed. It is clear from the two figures that impos-
ing the orthonormal constraints improves the esti-
mation errors for both the rotation and translation
vectors. The improvement is especially significant
when the SNR is low. To further study the effective-
ness of the technique for imposing constraints, we
studied its performance under different numbers of
pairs of ellipse/circle correspondences. The results
are plotted in Figure 2 (a) and (b), which gives the
average rotation and translation errors as a func-
tion of the number of ellipse/circle pairs used, with
and without constraints imposed. The two figures
again show that imposing orthonormal constraints
leads to an improvement in estimation errors. The
technique for imposing constraints is most effective
when fewer ellipse/circle pairs are used.

To compare the integrated linear technique with
an existing linear technique, we studied its perfor-
mance against that of Faugeras [4]. The results are
given in Figures 3 (a) and (b), which plot the mean
rotation and translation vector errors as a function
of the SNR respectively. The curve for Faugeras’s
method was obtained using 10 points; while the
curve for the integrated technique was generated us-
ing a combination of one point, one line, and three
circles. The two figures clearly show the superior-
ity of the new integrated technique over Faugeras’
linear technique, especially for the translation er-
rors. To further compare the sensitivity of the two
techniques to viewing parameters, we changed the
position parameters of the camera by increasing z.
Figures 4 (a) and (b) plot the mean rotation and
translation vector errors respectively as a function
of SNR under the new camera position.

While increasing z causes an increase in the es-
timation errors for both techniques, its impact on
Faugeras’ technique is more serious. This leads to
a much more noticeable performance difference be-
tween the two linear techniques. Faugeras’s tech-
nique is apparently numerically unstable to viewing
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parameters. The fact that the integrated technique
using only five geometric entities ( 1 line, 1 point,
and 3 circles) still outperforms Faugeras’ technique,
which uses 10 points, demonstrates the power of
combining features on different levels of abstraction.

7.2 Performance characterization

with real images

This section presents results obtained using real im-
ages of industrial parts. First, we visually assess the
performance of the integrated technique against ex-
isting techniques that use only one type of geometric
entity. The performance of the proposed technique
is judged by visual inspection of the alignment be-
tween the image of a part and the reprojected out-
line of the part using the estimated transformation
matrix. Figure 5 illustrates the results obtained
using the combination of features: one point, two
lines, and one circle. The result for the pose com-
putation using Faugeras([5] technique with six points
is given in Figure 6 (a). The algorithm of Forsyth
[7] for the pose-from-circle computation was aug-
mented to handle non-rotationally symmetric ob-
jects. The results of this augmented algorithm using
the single ellipse/circle correspondence are shown in
Figure 6 (b).

Visual inspection of the above figures clearly
shows the superiority of the integrated technique to
the linear techniques that use only one type of geo-
metric entity. Notice that due to the localized con-
centration of detectable feature points and the phys-
ical distance between the circle and these points, the
poses computed align well only in the areas where
the features used are located. Specifically, the result
in Figure 6 (a) shows a good alignment in the upper
portion of the object where the circle is located and
a poor alignment in the lower part (as indicated by
the arrow). On the other hand, the result in Figure
6 (b) shows good alignment only at the lower part
of the object where the concentration of detectable
feature points is located and a poor alignment on
the upper part of the object (as indicated by the ar-
row). To further validate our technique, we tested it
on over fifty images of industrial parts and achieved
similar results.

Second, to compare the performance quantita-
tively, we compute the number of iterations required
for the iterative procedure to converge using as ini-
tial guesses the results from the three linear meth-
ods illustrated in Figures 5 and 6. The results re-
veal that the technique with only points and only
circles need 4 and 6 iterations respectively to con-
verge, while the technique using both points and cir-



cles together needs only one iteration to converge.
This shows that combining different features may
yield a transformation matrix very close to the one
obtained from the iterative procedure. This echoes
the conclusion from visual inspection: the new tech-
nique offers better estimation accuracy.

8 Conclusions

In this paper, we present an integrated technique
for the pose estimation problem. The main con-
tributions of this research are the linear framework
for fusing information available from different geo-
metric entities and the technique for approximately
imposing the orthonormality constraints. An exper-
imental evaluation using both synthetic data and
real images shows the effectiveness of our technique
for imposing orthonormality constraints and im-
proving estimation errors. The technique is espe-
cially effective when the SNR is low. The perfor-
mance study also revealed superiority of the inte-
grated technique to a competing linear technique in
terms of robustness and accuracy. The new tech-
nique proposed in this paper is ideal for applica-
tions such as industrial automation where robust-
ness, accuracy, computational efficiency, and speed
are needed.
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