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Abstract

A digital image is the result of spatial sampling of
vimage formed in a naturally continuous way by the
lical shooting system. A certain amount of informa-
ion is masked by the sampling process when it is not
irely removed by the latter (for example all the infor-
ation in the initial continuous image which do not
tisfy the Shannon theorem). B-Spline functions are
e of the means of transforming a digital image into
untinuous tmage, knowing that it would not be pos-
lle to restore the information lost during sampling.
e present herein some applications of B-Spline func-
0ns in image processing, particularly in interpolation
Wl z00ming, edge detection, multiresolution analysis
lied to the equalization of the background of an im-
k, and the analysis of ground topography.

- Decomposition of an image
into B-Spline functions

| B-Spline Functions

£y are piecewise continuous functions, composed of
momials, defined on a bounded support [5]. Each
% of continuous function is defined over an interval
nit width. The number of pieces depends on the
1 0f the spline. The p-order B-Spline (B,) is com-
éd of (p+ 1) polynomials of degree p. It is defined
the interval z € [—(p+1)/2, (p+ 1)/2).

he 0-order B-Spline is the ”windows” function de-
d over the interval z € [~1/2,+1/2). Each B-
I is obtained by the recurrent equation [8]:

By(z) = Bp-1(z) * Bo(),

h allow to make explicit the function :
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p+1

=17 LN
B,(z) = Z-—( p’) e (a:+p—2 —])
=0 3

1
xp(x+%— )

{where u(z) is the Heaviside function}. B-Spline
functions up to order 5 are plotted in figure 1 :
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Figure 1: B-Spline functions up to order 5

1.2 Decomposition algorithme
1.2.1 One-dimensional signal

Let wi, be the gray value of pixel k. k takes the whole
values of the x-axis for x € [~1/2, K — 1/2], where K
is the number of pixels.



The interpolated function is

K-1

w()= Y CiB,(z—3).

=0
This function is such that

K-1
wi =w (k)= C;jBp(k—j).

=0

However, the B, are null outside a certain interval,
which means that the sum is over a limited number of
terms. Among all the splines, cubic splines are very of-
ten used because the polynomials are of degree 3 which

is high enough for a good interpolation (continuity of

order 2), and not too high so that the complexity is
maintained at a reasonable level.

Calculating the C;, We would like to approxi-
mate the grey value by :

K-1
w(z)= )Y CjBs(z-3j),

=0
such that w(z) = wi when z = k. It thus results

i

4
=Cr + 60k+1,

6

Using the Z-transform, we obtain

1
Wi = gck—l =

Bw(z)=(27"+4+2)C(2),
or

6
C (Z) = mw (2) .
Knowing the sequence wy, we calculate the sequence
Cy by applying a non causal second order recursive
filter. Let us separate this filter into two first order
filter, one which is purely causal and the other one
purely anti-causal. Only the pole of modulus less than

one that is to say & = —2 + /3 is kept.[10][11] So,

1
o2

Cle)=2= f‘l__law(z).

Denoting the causal part by C* it becomes

a e l—:%w )
C(2) = 2C* ()

Let us calculate the recurrent relations. For the
causal part : ]

(85 11 = Wk — o(wk — C) { forward iteration).
For the anti-causal part :

Cr-1 = Ci — a(C{F — Cy) {backward itération}.

1.2.2 Two-dimensional signal

Let us consider an image of dimension L X K. It wil
be decomposed in a separable way firstly in lines, then
in columns :

L-1K-1

w(z,y) = Z Z D;;B; (y — i) B3 (z—3), (I}

=0 j=0

The grey values are known at coordinates (¢
k,y = l). The decomposition is done in two steps
firstly by calculating the coefficients Cjy, from the grey

values
I—1

w(k,l) = Z CixBs (I - 1),
=0

then the coefficients D;; from the Cj
K-1

Cie =Y Di;Bs(k—3j).

=0

The algorithms are identical to those used in th
one-dimensional case. 1

2 Application examples

2.1 Search for edges and extrema.

One of the definitions of an edge is the locus of poin
where the modulus of the gradient is maximal. A
extrema is the locus of points where the gradient|
null. Let us consider the gradient image G(z, ) form
from the image w(z,y) : [

o= (22 - (5T

The differential operator cannot be applied direct}
on the discrete image, however, they can be appli
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i the continuous image obtained by the B-Spline ap-
oximation, that is to say

L-1K-1 2
(; > Dist(y—i)%’i‘(w—j))

o) = L—1K=1 o
. (Z 2 Dz‘jBS(x—J')%%"(y~i)>

=0 7=0

or for instance at coordiantes z = k,y =1 :

2
( Dit1k41—=Dig1,k—1+Di—1,k41—Di—1,k—1 )
12

s

i) =

i Diyret1+Dig1k—1—Di—1et1—Di—y e—1 :
12

U111 An exemple on the image of the comet
HYAKUTAKE

00 of us have taken the image of the comet HYAKU-
1AKE (figure 2). The dimension of this image is
02 x 512 pixels, each pixel represents a surface area
i70km x T0km. Compression waves due to the pres-
e of the sun radiation were looked for in the tail.
liese compression waves were brought to the fore in
iegradient image, followed by an enhancement of the
i grey values. The processed image show in addition
iié rotation of the core of the comet (figure 3).

gue 2: Comet HYAKUTAKE, image taken by G.
eels and J. Clairemidi, Observatory of BESAN-
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Figure 3: Gradient image of the comet HYAKUTAKE

2.2 Discussion on the edge detection

As a result of the sampling of the image, the position
of the edge is known to withing a pixel. Let us model
an edge by a discrete Heaviside function y () which
satisfies the Diriclet theorem : p(-1) =0, x(0) =
1/2, p(1) = 1. The B-Spline approximation which
imposes that the functions pass by the points of the
image gives rise to overshoots on the approximated
image as it appears in figure 4. These overshoots lead
to false detections of the edges looked for [1].
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Figure 4: Approximation of the step function



In loosening the constraint of passing by the points, L (2 i _l_ )

and nevertheless in trying to obtain a curve which T '
matches at best the step function model without over-
shoot, we show that we only need to filter the original
image by a filter of the form F (2) = 1 (271 +4+2).
In fact, this filter is the inverse filter of the one used
to calculate the coefficients Cj, of the development of
the image in B-Spline functions.The coefficients C's;, of
the development of the filtered image is nothing but
the grey values : Cyr = wi. The approximation of the
contour after filtering is given in figure 4.

If we use the filtered image in order to avoid over
shoots during high grey value transitions, then the G
are equal to the wg.

2.4.1 An example on the image ”Port of 8
Helier”

From the image of figure 5, we have selected a zon¢
2.3 Interpolation which is magnified by 4, see figure 6.

Having at our disposal a continuous description of the
image, it is possible to detremine the grey value of
the image for any none integer coodinate by applying
(1). The functions B3 (z) being equal to zero outside
the interval z € [—2,2], the calculation of w (z,y) is
reduced to the application of a 4 X 4 convolution mask
on the D;; coefficient image :

w(k + Az, + Ay) (2)
142 k+2
= Z Z D;;Bs (1 —i+ Ay) B3 (k—j + Az)
i=l—1 j=k-1
2 -2
= > > Diyj+rBa(—i+Ay) B3 (—j+Ax)
i=—1j=—1

Figure 5: ”Port of St Helier”, original image

2.4 Zooming

We would like to magnify an image by a factor M. Let
us reason on a one-dimensional image, the extension
to an two-dimensional image is straightforward as a
result of the separability.The original image consist of
K pixels, the magnified image consist of M x K pixels.
The grey value w,x of the magnified image at pixel
k' = M xk is equal to the grey value wy, of the original
image at pixel k. We must calculate the grey values
of the intermediary pixels of index ¥’ = M x k+1
with [ € [1, M — 1]. Using equation (2) simplified for
the one-dimensional case, and the parity property of
B-Spline functions, it becomes :

wy (k' =M xk+1) = Cr1Bs <1+%)

+CiBs3 ({q)

l
+Cr+1B3 (1 = _J\?)

Figure 6: A piece of the image ”Port of St Helier
magnified by 4
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3 Multiresolution analysis

31 Wavelet transform

Wavelet transform consists in obtaining an approxi-
ation of a signal f by projecting this signal on an
ipproximation space V; using an operator A;. Since
ihis approximation leads to a lost of part of the infor-
mation, the recontruction of the signal requires that an
operator D, which projects the same signal on the de-
tilspace W;, such that A;_; f = A; f+D; f [2][6] The
pproximation and the detail spaces are build from re-
pectively the base functions ¢ (z) and 4 (z) which are
ttained by recurrence by applying the digital filters
| and g[k]. The analysis of a digital signal is done
rapplying filters h and g followed by a decimation
one term in every two. We obtain thus the approx-
nation signal ¢’ and the detail signal d’ at the jt
olution, the resolution j = 0 being the initial res-
lution. The reconstruction is done by over-sampling
factor 2 followed by the application of filters % et g
id the sum of the two sequences. The algorithm of
fallat is given in figure 7 [7).

E.ELII L2 T2 o
‘ ; +

) d]

g —-I %) T2

lgure 7: Mallat’s algorithm, decomposition and re-
istruction’

=
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Bi-orthogonal cubic

~ wavelets

B-Spline

iting with the mother function ¢ (z), we look for
wavelet function 1 (z) which allows multiresolu-
l analysis and which is such that it is orthogonal
(z) [3][12]. This often leads to infinite impulse re-
e filters 2 and g, which are truncated in order
nsure implementability. If we content ourself with
biorthogonality between ¢ () and 1 (z), then we
construct the filters h and g in the form of recur-
tfilters with a low number of coefficients [4]. This
e case if we choose for () a B-Spline function.
b parity of these function implies that % = h and
0. In choosing the cubic B-Spline, the Z-transform
he filters after factorization is written as :
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ro-A(=2) (52 £ (59

G = v <2‘12—1> (z"lz—l) (z-2—1> (z;l)
Seeale i ony
e ) (5

Mo = () (5 () ()

o (Zita (248 (7 4y
rrra) L= o) oy

& z+ o z+ 8 z+y
2+a)\22+p)\2+7)’

w0 (=) (<) (53 (59

2

Three parameters only appear in these expres-
sions : a = 0.5352804311,3 = 0.12255461521,v =
0.009148694851.

3.3 Application to the uniformization
of the background of an image

We have been asked to solve the problem of isolating
and dimensioning corretly inclusions in steel. The in-
clusions appear in dark on a bright background (figure
8), it seemed easy to set them forth by a simple global
thresholding on the image using the moment preserv-
ing method. However, the background of the image is
not uniformed enough and this defect gives rise to par-
asitic spots on the right part of the image (figure 9).
The problem has been solved by doing firstly a wavelet
analysis in which the fifth level approximation coeffi-
cients have been annealed and then a reconstruction.
The heterogeneousness at large scale have thus been
removed and we have been able to apply global thesh-
olding (figure 10).

4 Analysis of a digital model of
land surface

A digital model of land surface is a two-dimensional
file where the value stored represents the altitude of



the point under consideration. Having at our disposal
the digital model of the land surface of the region ” Ju-
ra” (France), we have transformed it into an image of
1024 x 512 pixels, where each pixel represents a land
surface area of 75m X 75m and where the grey value
is proportionnal to the altitude (figure 11). We give in
figure 12 a 3-D view of this region.

We have applied a multiresolution analysis up to
the 7* level of analysis in order to put forth land
structures at different scales. The image of figures 13
and 14 have been reconstructed by keeping only the
7t* level approximation coefficients, those of figures
15 and 16, have been reconstructed by keeping the
approximation and detail coefficients of level 6 to 4
and those of figures 17 and 18 have been reconstructed
by keeping only detail coefficients of level 4 to level 1.
We can see on these figures the structures at these
different scales.

We presents herein only the results that we can ob-
tain with this image processing tool, a team of geol-
ogist colleagues of the University of Burgundy (U-
niversité de Bourgogne”, France) to whom we have
provided with this tool will take care of the interpre-
tations of these results, and of the parametrization of
this tool according to the structures looked for.

5 Conclusion and current work

B-Spline functions provide us with a very powerful
analysis tool, easy to use, and fast. The algorithms
being made up of recursive filters of first and second
order, we are currently investigating their implemen-
tations in FPGA circuits in order to obtain real time
processing operators [9].
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Figure 8: Inclusions in steel, raw image v
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Figure 14: 3-D view of the 7th level approximation of
image ”Jura”

Figure 17: Détails of levels 4 to 1 of image " Jura”

Figure 15: Detail image of levels 6 to 4 of image ” Jura”

Figure 18: 3-D view of the details of levels 4 to 1df
the image ” Jura”

Figure 16: 3-D view of the details of levels 4 to 1 of
image ”Jura”
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