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Abstract

From a multiresolution analysis (M RA), the scal-
ing function ¢(x) can be derived, the transfer func-
tion H (w) and frequency response {A;} can be ob-
tained further. Thus, a bank of filters will then
be designed. This scheme can be symbolized by
MRA = H(w). Unfortunately, the MRA and
¢(z) can’t be given beforehand in most of cases,
and many scaling function ¢(z) and wavelet func-
tion ¥(z) can’t be written by analytic expressions.
Therefore, as an alternative, first, we can find H (w)
and {hx} according to the requirement given in a
specific application. ¢(z) will then be deduced, and
the M RA will further be obtained. This scheme can
be symbolically denoted by H(w) = MRA. This
paper presents a complete theoretical analysis of it.
As the applications of the scheme of H(w) = MRA
to the field of pattern recognition including docu-
ment processing, several practical examples are also
presented in this paper.

1 Introduction

With respect to the conventional multiresolution
analysis (MRA) theory, there exists a sequence of
closed subspaces {V;}jez of L?*(IR), and further-
more, there exists a function ¢(z) € V; such that
{p(z — k), k € ZZ} becomes the orthonormal bases
of Vo. Here, the function ¢(z) is termed scaling
function. According to such a MRA theory, one
can derive the transfer function H{(w) and its cor-
responding frequency response function {hx}, from
the two-scale relation. And, as one step further, one
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can also define the wavelet function v(z) and {g;}
that have in turn been utilized in the commonly-
used Mallat algorithm [8].

Let {cjx,k € ZZ} be the input discrete digital
signal, which can be decomposed into a set of sub-
signals by the following equations:

il — Z Wi itms Hicim= 9kCj k+2m

k k

where {¢;_1 m,m € ZZ} denotes the output discrete
low-frequency digital signal, while {dj—1,m,m €
ZZ } denotes the output discrete high-frequency digi-
tal signal. What the above equations actually imply
1s that once MRA is given, it is possible to construct
H(w) and {hx}. Moreover, from the obtained H (w)
or {ht}, Mallat algorithm can readily be applied.
This conventional MRA theory may be symbolically
expressed as follows:

MRA = H(w).

We should note that here H(w) is one of the most
important notions that has played a key role in
the entire formalism of the MRA theory. In other
words, it is often assumed that MRA is given, H (w)
is desired. In fact, two of the fundamental func-
tions involved in MRA are: scaling function o(z)
and wavelet function ¢(z). The scaling function
¢(z) operates on the low-frequency components of
a signal, as a low-pass filter in practical applica-
tions, while the wavelet function ¥(z) performs as
high-pass filter to the high-frequency components of
the signal.

However, in practice, the MRA and ©(z) can’t
be given beforehand in most of cases. Mean-



while, many scaling function ¢(z) and wavelet func-
tion ¥(z) can’t be written by analytic expressions.
These obstacles obstruct the applications of the
above scheme.

Let us consider the relationships of H(w) with
() and ¥(z), which can be described, respectively,
as follows:

oo 5 (o<}
#w) = [[ H2 w), dw)=GCw/2)[] H(2w)
j=1

j=2
The above expressions have in fact implied that

scaling function ¢(z) and wavelet function %(z)
can both be written in terms of transform function
H(w).

Naturally, this has led us to wonder the inverse
problem of deriving H(w) from MRA. In the in-
verse scheme, we first find H(w) by the requirement
given in a specific application, and then define ¢(z)
as p(w) = Hj‘;l H(279w). Furthermore, we define
Vo = span{p(z — k), k € Z}, V; = {f, f(277z) €
Vo}, and prove that the derived {Vj}jez is ex-
actly a multiresolution analysis of L?(IR). In what
follows, we shall examine in details the scheme of
H(w) = M RA which is the core of this paper.

In this paper, we will proceed with our discussions
in addressing the following three problems, namely:
(1). Hw) = o(z), (2). (cos?% +sin®%)*" ™
H(w), (3). ¢(z) = V;. These will be described in
Sections 2 - 4. As the applications of the scheme
of H(w) = MRA to the field of pattern recognition
including document processing, the following prac-
tical examples will be presented in the remainder of
this paper:

e Application 1 : Two-dimensional wavelet with
N =1, cos? o +sin® % = 1 extracting multires-
olution features in recognition of handwritten
numerals;

e Application 2 : Two-dimensional wavelet with
' s 9 -
N =5, (cos® % +sin’ %) = 1 extracting ref-
erence lines in form documents processing;

They will be presented in Sections 5-6 respectively.

2 H(w) = ¢(z)
It can be observed from the preceding section that
if we assume that MRA is given (that is also to say,

p(z) is given first), then the Fourier transform of
the scaling function ((z) can be written as follows:

plw) =[] HE Vw).
Jj=1
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This also implies that given MRA, the filter function
family {H (2 7w),j > 1} as derived from a single
filter function H(w) by a binary dilation will have

x .
a convergent product [] H(277w). Thus, ¢(w) =

Jg=1

o) .

[1 H(279w) is well defined. Note that here H(v)
j=1

is derived from ¢(z). Now, let us pose the inverse
problems:

e Suppose that H(w) is given, under what
condition of H(w), we can guarantee that

x -
II H(279w) converges, and consequently,
j=1

x .
p(w) = [] H(277w) is well defined?
Jj=1

e Moreover, under what condition, we can guar-
antee that ¢(w) is an square-integral continu-
ous function, i.e., p(w) € L2(R) N C(R)?

where C(IR) denotes all the continuous functions
over IR. Note that conditions

¢(w) € L*(R), and ¢(w) € C(R),
are of utmost importance. The reasons are below:

e The condition of $(w) € L?(R) can guarantee
that the scaling function ¢(z) belongs to the
space L*(R), namely

o(z) € L*(R).

Consequently, we can consider that how the or-
thonormal bases in space L?(IR) can be con-
structed from {¢(z — k), k € Z}.

e Combination of conditions of
$(w) € C(R), and $(0)>0,

can guarantee that there exists a neighbour-
hood (—c, c) which contains the point of zero,
so that

Plw) £ 05 fors w €4 ¢l

This characteristic will be used in the coming

proofs.

The remainder of this sub-section will be served
to solve the above problems. First, we discuss
the convergence of ﬁ H(277w), namely, under
what condition of }; (_wl), we can guarantee that
ﬁ H(279w) converges? We have the following the-
i);;m [2]:




Theorem 2.1 Let H(w) satisfy the following two
conditions:

H(w) € C(R), (1)

H(w) =14 O(|w|®), for some ¢ >0, (2)

o -
then, [] H(279w) is uniform converged in any com-
=1
pact set, furthermore, a continuous function plw) =
[152; H(277w) can pointwise be defined in RR.
Before the proof of Theorem 2.1, two basic terms
will be explained first, namely:
e The notation O(|w|€) denotes an infinitesimal

= o
of same order of |wl¢, i.e. limy,j< 0
where, ¢ is a constant.

|w|‘ = C,

e The term of compact set is a very important
concept in the mathematical subject of Topol-
ogy. Its mathematical definition is strict which
is not necessary to give to this paper for read-
ers of scientists and engineers. What we should
point out here is that in the case of a spe-
cial topological space, the one-dimensional real
space, a compact set can be considered as a
bounded closed set.

In Theorem 2.1, we require H(w) is a continu-
ous function only. However, there exist a number
of types of continuous functions, and this theorem
neither point out what kind of H(w) will be needed
nor what form of continuous function will be H(w)
look like. Meanwhile, Eq. (2) is only a descriptive
condition, which will be difficult to verify for the sci-
entists and engineers who don’t have strong math-
ematic background. Thus, the conditions in Theo-
rem 2.1 will be changed as follows in order to make
the conditions stronger:

e A special type of periodical continuous func-
tion, trigonometric polynomial, with the period
of 2m, will be chosen as H(w)

o The descriptive condition Eq. (2) will be re-
placed by a constructive one.

Consequently, the following Corollary 2.1 can be de-
ducted:

Corollary 2.1 Suppose H(w) satisfy:

HW) = Y —he ™ eC(0,24), (3)

vez V2
H(0) =1, (4)
Z |hi|lk|€ < o0, 0<e<l, (5)

keZz
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Then following holds:
H(w) = 1+ O(Jul)

Obviously, when {hx,k € ZZ} is a finite-length
sequence of real numbers, the conditions Egs. (3),
(4) and (5) can be verified easily.

Apart from the conditions (3) - (5), if an addi-
tional condition

|HW)* +|H(w+ ) =1

will be joined to H(w), then ¢(w) will not only be
continuous but also square integrable, i.e. it follows
that

¢(w) € L*(R) N C(R).

Based on the above additional condition, we will
add another condition

Ow)=> |p(w+2kr’>C >0, ae wel0,27]
k

to ¢(w), such that {o(z — k),k € ZZ} will be an
orthonormal system. Please note that the notation
“a. e.” denotes “almost everywhere”, it indicates
that the above inequality is held for almost all w in
the closed interval of [0, 27]. :

By using the above conditions, we can establish
the following main result, Theorem 2.2:

Theorem 2.2 Suppose H(w) satisfy:

1 ;
Hw) = —=hee™™* € C([0,27]), H(0)=1,
D Ikl <o, O<e<l,
keZZ
[H W)+ |H(w +m) =1 (6)

Then, we have
¢w) =[] HE@w) € LX(R),
g=1

According to Theorem 2.2, it can be deducted
that under the four conditions provided in (3), (4),
(5), and (6), the necessary and sufficient condition
for

{¢(z —k),k € Z} constructs orthonormal system
is the following requirement
Sw)>C >0, ae. we|0,2n].

This will also be difficult to verify for the scientists
and engineers who want apply wavelet theory to



their own fields and don’t have strong mathematic
background. Therefore, finding some replacement
conditions, which will be verified easily, is very sig-
nificant for the applications of wavelet theory. For-
tunately, reference [6] guarantees that Cohen Con-
dition can be used for this purpose, namely, the
condition (?7?) can be replaced by Cohen condition.
The definition of Cohen condition will be presented
below:

Definition 2.1 A set K C R is said to be 27-
congruent to 7, if |K| = 27, and there exists an
a € ZZ, such that w + 27a € K, for any w € T.
H(w) € C(T) is said to satisfy the Cohen condition,
if there exists a compact set K which is congruent
to T, and 0 is an inner point of K, such that

inf {|H(277w)|:j>1, weK}>Co>0

By applying the above definition, we have the fol-
lowing result:

Theorem 2.3 When H (w) satisfy:

1 ’

Hw)= Y —=hee™™* € C([0,2n])
keZz \/2—

Z |h]lklf < o0, 0<e<1

keZZ

|Hw)? + |Hw+m)* = 1.

Then, we have the following from Theorem 2.2

S(w) = ﬁ H(277w) € L}(R) N C(R).

j=1
In addition, the following relations are true:

(1) Let H(w) satisfy the Cohen condition, then
{p(z — k), k € ZZ} constructs an orthonormal
system.

(ii) Suppose {p(z — k),k € ZZ} constructs an or-
thonormal system, and
®(w) = ¥, |p(w + 2kx|* is continuous, then
H(w) satisfies the Cohen condition.

The question is that whether such a function
H(w) exists so that the above five condition listed
in the box are satisfied, and if so, how do we find
it? 1. Daubechies answered this question using the
Riesz Lemma in [1]. In this paper, such H(w) will
be constructed directly from trigonometric identity

(cos2 ‘% + sin? 3_;) 2N =5 (M
instead of repeating Daubechies’ work. In the
following sub-section, we will give the details of
(cos? % + sin® %)QN_I = H(w), and verify that this
H(w) will satisfy the conditions in Theorem 2.3.
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'S Hw)

In this sub-section, we will examine the trigonomet:
ric identity

3 (cos2 % + sin® %) Y

(cos2 L—;— + sin? ;—)Lw_l N =12 39

according to a stage that studies from the concrete
examples to abstract concepts, and from special
cases to general ideas. We begin with a concrete
example to construct a function H(w), where we
take N = 2 in the trigonometric identity. Thus, we
have the following construction:
Construction 1 ‘
It is clear that the value of the trigonometriciden-
tity is one, namely,

e (cos2 % + sin? %)3 3

If let

|H(w)|? = cos® % + 3 cos* g-sin2 %, ()

Then, we have

298 Tasg sogis g
|H(w + 7)|* = sin -2—+3sm 5 Cos" 5
However, there exist many H(w)s, such that
Eq. (8) is satisfied. A similar example is that
a # —a, but a®> = (—a)%. The problem we should
discuss is that, how an appropriate function H(u)
can be chosen.
It is obvious that the condition ]H(w)|2 +
|H(w + 7))* = 1 is held for all cases. Next, because
of the following formulae are true:

= —iw/2( iw/2 —iw/2
1+; s % /(e’ /2+e /)=e-iw/2cosﬂ,
)
1oeTi _eTieli(enl o) i
) 2 '
(10)

Then, the function H(w) can be chosen as

3
1 :
Hw) =) —=hee ™~ 11)
Theorem 3.1 Let H(w) be form of

5
= (=312 05 L) " e=19/2 (cos L wivo i
Hw) = (e cos 2) e (cos 5 +1\/§sm2_

Consequently, equation

¢(w) = [[ H(2™9w) € L*(R) N C([0,21])
F=1
is held, and {¢(z — k),k € ZZ} constructs an or-
thonormal system.




Similarly, we take N = 3 m the trigonometric
identity, (COS“ 9% sin’ “’) then another H(w)
or {ht} can be obtained. The detalled process will
be presented in Construction 2 as follows:
Construction 2

Let N be 3, and the value of the trigonometric
identity be one, that is

5
1 (cos2 i + sin? Z)

2 2
a2 0% % < =
= cos 7 — + 5cos® 5 sm ) + 10 cos® 5 sm
+ 10 cos4 7 sin® 3 + 5 cos? E—sins 3 +sin’® %—

Let us write

|H(w)]? = cos!® ;-}-5 cos® %sin2 3 e
(12)

then, we have

L2 §+5 sin® ;— cos? §+10 sin® (—;— cos

Recalling Egs. (9) and (10) yields

|H(w+7)? =sin

Therefore, {hi} can be constructed as follows:

ho =~ 0.332670552 hy =~ 0.806891509
hs ~ 0.459877502 hz ~ —0.135011020
hy =~ —0.085441273 hs =~ —0.035226291(13)

It is similar to Theorem 3.1, the requirements
H(w) € C([0, 27)),
9 2 9 . o
H@)F +Hw+ ) = (cos? S 45in* 2) =

2 2
H(0) =1,
2 lhk1|k|f<2|hk| k<oo, O<e<l,
keZz

are satisfied for H(w) = Z Thke —iwk which has

been constructed in Constructlon 2
Additionally, from Eq. (12), it follows that
|H()] 2 cos® 2.

When w € K = [-m, 7], since w/2it! ¢
[-7/27+1, 7 /29+1] it is clear that

2

H(270)| 2 Jeos®(w/P )] 2 feos® ] = X2, >
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£ 110 cos® %sin 5

4 W

i

This indicates that

. 7
inf {|H@9w)|: j21, we [-m )} > \/T- > 0.
Therefore, the Cohen Condition is satisfied for H (w)
in Construction 2. By applying Theorem 2.3, we
can conclude that ¢(w) which has been defined from
H(w) in Construction 2 is continuous over space
of L?(R), namely, ¢p(w) € L2(R) N C([0,27]), and
{¢(z — k), k € Z} constructs an orthonormal sys-
tem.

From the above analysis, it can be found that the

. functions, H(w)s, which are constructed by using

Z )'N_l, can

trigonometric identity, (cos iR Lt
be classified into two categones

e N=1, Hw) = —+—'i Z Thke_’wk this

is the filtering function for Harr wavelet.

2N -1

e N>2 H(w) = Z T_hke"“’" this is the fil-

tering function for the well-known Daubechies
wavelet.

4 pr) =V

We have seen that in the previous sections, we
start with an elementary mathematic formula 1 =
(cos® % +sin® £)2N =1 then, the trigonometric poly-
2N-1
1 —iwk
— S t
k§0 \/:hke is constructed,

nomial H(w) =

from which the function $(w H H(279w) is well

defined, such that $(w) € L?(R )OC([O, 27]), and fi-
nally, {¢(z —k),k € ZZ} constructs an orthonormal
system.

Note that, “orthonormal system” and “orthonor-
mal basis” are not equivalent, the difference be-
tween them is that we must consider a “space” for
the later. However, we don’t have it, so far. In
this sub-section, we will introduce a closed subspace
of L*(R), from the function ¢(w), to serve as the
space for the orthonormal basis. This closed sub-
space is symbolize by V5. It will be shown that
{¢(z — k),k € ZZ} constructs orthonormal bases
of space V. Consequently, a sequence of closed
subspaces {V;};ez of L?(IR) can be obtained, We
will further verify that {V;};cz is a multiresolution
analysis (MRA) of L?(R).

First, we will provide a general discussion to in-
dicate that under what conditions, the following

U v = L(m),

JEZ




holds for a given sequence of closed subspaces
{V;}jez of L*(R)? For this purpose, we have The-
orems 4.1 and 4.2 [3].

Theorem 4.1 Let {V;};cz be increment family of
closed subspaces of L(IR), V; be 277 ZZ-translation
invariant. Then

(oo s

jeZ

For any h(z) € L%(IR), the closed subspace Vj is
defined as follows:

V; =span {h(2'z — k),k € Z} .

V; is called a spanning space of the function fam-
ily {h(2z — k),k € ZZ} under L*(R), namely, it
is completeness of the set which is a finite lin-
ear combination of the functions in the family
{h(2z—k), ke Zz}.

The following theorem is a very important and
useful tool to solve the basic and significant ques-
tion: “under what conditions, |J V; = L*(RR) will

i€z
be held?”

Theorem 4.2 Suppose the following conditions
are satisfied for function h(z): (1), h(z) € L*(R),
(2), h(w) #0, a.e w€ (—c,c) for somec > 0, (3),
V; = span {h(2z —k),k€ Z}, (4), {Vi}jez is a
increment family. Then we have

UV—L2

Now, we turn to the discrimination of [} V; =
4
{0} by setting h(z) € L*(R), Vo = span {h(z — k) ,
ke Z},and V; = {f(z); f(2'z) € Vo}. Thiscan
be found in the following.

Theorem 4.3 Suppose the following conditions
are satisfied for function h(z):

(i) h(z) € L*(R),
(ii) V; = span {h(z — k), k € 22},
(iil) V; = { f(=)
Then we have
N

jEZ

f(2-7$) € V()}.

v; = {0}.
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We end this sub-section with a specific discussion
to indicate that under what conditions, the follow-

ing
U vi= L)
jez

holds for a given sequence of closed subspaces
{Vi}iez of L*(R)?

In the Theorems 4.2 and 4.3, the function h(z)
was chosen as a general square integrable function.
Now, we consider a special form instead of the gen-
eral one. Applying ¢(z) to replacement of the gen-
eral square integrable function establishes the fol-
lowing result.

Theorem 4.4 Let the trigonometric polynomial

2N -1 _
Hw) = Y Zzhke " be the result of solving
=0
|H(W)|>+|H(w+n)|? = (cos £ +sin’ 5)°N L NS
1,2,3,... . By setting (1), ¢ H H(27w),
@), V; = span{hlz—h).k GZZ} V=
{f(z); F(2z) € Vb}, then {Vi}jez lsamultires-

olution analysis (MRA) of L%(R).

5 Application 1 : 2-D Wavelet

with cos?% + sin’y = |1
Extracting Multiresolution

Features in Recognition of
Handwritten Numerals

By considering a special case, N = 1 in Eq. (T), we
can construct a function for a well-known wavelet
called Harr wavelet which is adequate for local de-
tection of line segments and global detection of line
structures with fast computation. This method en-
ables us to have an invariant interpretation of the
character image at different resolutions and presents
a multiresolution analysis in the form of coefficient
matrices [5, 7]. Since the details of character im-
age at different resolutions generally characterize
different physical structures of the character, and
the coefficients obtained from wavelet transform
are very useful in recognizing unconstrained hand-
written numerals. Therefore, in this application,
wavelet transform with a set of Haar wavelets has
been used for multiresolution feature extraction in
handwriting recognition.
In this way, we take



The scaling function ¢(z) and wavelet function (z)
can be represented by

cof R O el
i) = { 0 otherwise L
and
= x< 1
¥(z) = c1p(2z)—cop(2z-1) = ¢ -1 f1<r<1
0 otherwise
(15)

An image of the handwritten character can be de-
composed into its wavelet coefficients by using Mal-
lat’s pyramid algorithm. By using Haar wavelets, an
image F is decomposed. This decomposition can be
archived by convolving the 2 x 2 image array with
the Haar masks as follows:

D}c =1+l ® Hy

where, ® is the convolution operator, D,’c are decom-
posed images at resolution 27, P+l s 2 x 2 image
at resolution 2/*! and Hj are Haar masks defined
in Fig. 1.  In this application, the decomposed

(a) (b) ©) (d)

Figure 1: Haar masks

@)

Figure 2: Overview of multiresolution feature ex-
traction

results at resolution 2=! and 272 are used as mul-
tiresolution features. Fig. 2 shows the process of
multiresolution feature extraction. Fig. 2(a) gives
an input image of the handwritten number “8”, its
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digitized image is shown in Fig. 2(b). The decom-
posed feature vector at resolution 27! is illustrated
in Fig. 2(c), while the decomposed feature vector at
resolution 272 is in Fig. 2(d).

These features have been used to recognize
the unconstrained handwritten numerals from the
database of Concordia University of Canada,
Electro-Technical Laboratory of Japan, and FElec-
tronics and Telecommunications Research Institute
of Korea. The error rates were 3.20%, 0.83%, and
0.75%, respectively. These results have been shown
that the proposed scheme is very robust in terms
of various writing styles and sizes. The detailed de-
scription of this application can be referred in [5].

6 Application 2 : 2-D Wavelet
with (cos2 -~ sin? %)9 =1 Ex-
tracting Reference Lines in
Form Documents Processing

This example takes N = 5 in Eq. (7). In general,
a form document consists of straight lines which
are oriented mostly in horizontal and vertical di-
rections. These lines are called reference lines. The
information that should be entered to computer and
processed usually appears either above, beneath, or
beside these reference lines. A typical example is
a bank cheque, where reference lines are printed to
guide the users to write in the name of the payee,
amount, and date in the appropriate places. Con-
sequently, extraction of such reference lines plays a
very important role in the form processing. Wavelet
decomposition algorithm, and compactly supported
orthonormal wavelets can be used to transform a
document image into sub-images. Based on these
sub-images, the reference lines of a grey-level docu-
ment can be extracted, and knowledge about the ge-
ometric structure of the document can be acquired.

Figure 3: (a) A bank cheque, (b) its original and
(c) enhanced LH sub-images



A document image can be transformed into four
sub-images, namely:

e LL sub-image: both horizontal and vertical di-
rections have low-frequencies. It corresponds
to (V; ® V;), and its orthonormal basis is
{q)j,k,mlky me Z}

e LH sub-image: the horizontal direction has
low-frequencies, and the vertical one has high-
frequencies. It corresponds to (V; ® W;), and
its orthonormal basis is {¥} ; .|k, m € ZZ}.

e HL sub-image: the horizontal direction has
high-frequencies, and the vertical one has low-
frequencies. It corresponds to (W; ® V;), and
its orthonormal basis is {¥, _|k,m € Z}.

e HH sub-image: both horizontal and vertical di-
rections have high-frequencies. It corresponds
to (W; ® Wj), and its orthonormal basis is
(W2 lk, m € 22).

We are interested in the LH and HL sub-images.
The LH sub-image results from a filter which al-
lows lower frequency components to pass through
along the horizontal direction, and higher frequen-
cies along the vertical direction. That is an “en-
hancing” effect on the vertical, and “smoothing”
effect on the horizontal. The result of the HL sub-
image is opposite to that of the LH one. The higher
frequencies can pass through along the horizontal
direction, and lower frequency components along
the vertical direction. That is an “enhancing” ef-
fect on the horizontal, and “smoothing” effect on
the vertical.

For a Canadian Bank cheque shown in Fig. 3(a),
there exists a grey-level background on it. To re-
move the grey-level background, the special proper-
ties of the sub-images can be used. Precisely, the LH
sub-image of Fig. 3(a) has been obtained and shown
in Fig. 3(b). Since only horizontal lines remain in
the LH sub-image, reference lines which guides the
writer to fill data in the proper location can be ex-
tracted.

More details of this application can be referred in
[11].
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