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Abstract

In this paper, a novel approach based on the
wavelet orthonormal decomposition is presented to
extract features in pattern recognition. The pro-
posed approach first reduces the dimensionality of
a two-dimensional pattern, and thereafter performs
wavelet transform on the derived one-dimensional
pattern to generate a set of wavelet transform sub-
patterns, namely, several uncorrelated functions.
Based on these functions, new features are readily
computed to represent the original two-dimensional
patterns. As an application, experiments were con-
ducted using a set of printed characters with vary-
ing orientations. The results obtained from these
experiments have consistently shown the proposed
feature vector can yield an excellent classification
rate in pattern recognition

1 Introduction

Wavelet analysis and its applications have become
one of the fastest growing research areas in the re-
cent years [2]. This is in part attributed to the pi-
oneering work by the researchers as well as prac-
titioners in the field of signal processing. Morlet
first coined down the term of wavelet analysis in
early 1980’s. In 1986, Meyer developed a wavelet
basis, which is best known today as Meyer’s ba-
sis. Later, Mallat and Meyer formulated a the-
ory of multiresolution analysis theory, and subse-
quently, proposed the Mallat algorithm, making
wavelet transform readily implementable with digi-
tal computers. In 1990’s, advanced research and de-
velopment in wavelet analysis has found numerous
applications in such areas as signal processing, im-
age processing, and pattern recognition with many
encouraging results [8]. During this fast growth in
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theories and applications, the theoretical develop-
ment of high-dimensional wavelet analysis is some-
what lagging behind as compared to that of the one-
dimensional wavelet. As has been shown in several
real-life applications, the two-dimensional wavelet
analysis has not been as effectively applied as the
one-dimensional analysis.

Through mathematically sound derivations, the
goal of this paper is to reduce the problem of two-
dimensional patterns into that of one-dimensional
ones, and thereafter, utilize the well-established
one-dimensional wavelet transform coupled with
other techniques to extract feature vectors from the
one-dimensional patterns.

The present study explores the use of our previ-
ous work [7] in reducing the dimensionality of two-
dimensional patterns into one-dimensional ones.
Consequently, we can perform wavelet transform on
the derived one-dimensional patterns to generate a
set of wavelet transform sub-patterns which are a
set of uncorrelated one-dimensional functions, i.e.
non-self-intersecting curves. We then extract the
features from the individual curves. This allows us
to map the set of non-self-intersecting curves into
a feature vector corresponding to the original two-
dimensional patterns.

The overall sequence of presentation of this paper
is illustrated below:

e Construction of one-dimensional orthonormal
wavelet basis

e Wavelet orthonormal decomposition to pro-
duce sub-patterns

o Experiments

e Conclusions



2 Construction of 1-D Or-
thonormal Wavelet Basis

In pattern recognition, a one-dimensional pattern,
f(z), can always be viewed as a signal of finite en-

ergy; i.e.,

+0oo
/ | f(z) |2 dz < 400

—0oQ

This is also mathematically equivalent to say,
f(z) € L*(R). Here, we shall apply multiresolu-
tion analysis [6] in order to obtain the orthonor-
mal wavelet basis of L?(IR) space, and further-
more, decompose one-dimensional patterns pertain-
ing toL2(IR) space, with the obtained orthonormal
wavelet basis.

In the beginning of this section, we shall de-
scribe the formulation of one-dimensional orthonor-
mal wavelet basis of L*(IR) space, utilizing multires-
olution analysis [4, 5].

Definition 2.1 Let us consider a sequence of
closed sub-spaces {V;};ez of L*(IR). This sequence
is called a multiresolution analysis (MRA) if the
sub-spaces have the following properties:

1. V; C Vj_, for any j € ZZ;
2. NjezV; = {0} and closi2(UjezV;) = LA(R):
. u(z) eV, = u2z)EVi-1;

4. u(z) € Vo = u(z — k) € W for any k € ZZ;
and

5. There exists a function g(z) € Vp, such that
{g9(z — k)|k € ZZ} constitutes a Riesz basis of
Vo. That means let [ denote the space of all
square-summable bi-infinite sequences; that is,
{ax} € 12 if and only if

o

Z lax|? < oo.

n=-—0oc0

For any u € Vp, there exists a unique {ax} € [%,
we have

u(z) = E arg(z — k).

keZZ

In the above-listed properties, ZZ denotes all the
possible integers, and function g(z) is called gener-
ating function. It should be noted that based on
Property 4, the following can be deduced; namely:
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u(z) € Vo is equivalent to u(z — k) € Vp. More
over, Properties 1 and 3 imply that as a closed sub-
space of L2(IR), V;_1 is greater than Vj. The dif
ference between V;_; and Vj corresponds to exactly
the high-frequency signal component of V;_,. From
functional analysis, it is known that Vj_; can be
decomposed orthogonally, as follows:

Vier=W; 8V, )

where W; contains the high-frequency signal com-
ponent of V;_1, and V; contains the low-frequency
signal component of V1.

In other words, Eq. (1) indicates that signalsin
V; are the simple linear summation of the high-
frequency signals in W; and the low-frequency sig-
nals in Vj_;. Besides, Property 4 of Definition 2.1
also tells us that the basis of Vo is composed of
{g(z — k),k € Z}, which are not necessarily or
thonormal. In order to obtain orthonormal wavelet
basis, we need to introduce the notion of a scaling
function. The scaling function ¢(z) is deduced from
the generating function g(z) as follows:

Definition 2.2 The scaling function ¢(z) is de-
fined as follows
g(w)

1
7
m[\/zkezlg(w+‘2k7r)[2} » @

§(w) = \/—12_; / g(z)e=i%dz,
R

where, §(w) denotes the Fourier transform of g(z),
the superscript [*]V stands for the inverse Fourier
transform of [¥].

e(z) =

Theorem 2.1 The translation of scaling functions
{¢(z — k)|k € Z} is an orthonormal base for Vs,
and pj(c) = {279/%p(279%z — k)|k € Z} isan
orthonormal base for V;.

In order to prove this theorem, the following
lemma needs to be proved first:

Lemma 2.1 The necessary and sufficient condition
to constitute an orthonormal set by {o(z — k)lk €
ZZ} is as follows:

3 Ip(w + 2k) P = —=. (3

keZZ

-

Specifically, we consider a significant equation re-
ferred to as two-scale equation.

1
ﬁsp(

5)encw,




we have

= Y hep(z — k), (4)
where %2
he = <%w(§),w(x k) >
= > / — k)dz.

Eq. (4) is called two-scale equation. Using Fourier
transforms on both sides of Eq. (4) produces the
formula:

$(2w) = H(w)p(w), (4)

Z I o

ka

where

Further analysis indicates that the sequence {h;} or
its equivalent function H(w) is very important. The
multiresolution depends completely on it. {hx} is
called frequency response, and H(w) is called trans-
form function.

Let us now recall the orthogonal decomposition
of Vj_, as given in Eq. (1); namely,

Viei=W; @ V.

In this decomposition expression, the orthonormal
basis of V; has been constructed with a scaling func-

tion, which is exactly the function system {c,o] i k€
ZZ}. The problem that remains is how to construct
the orthonormal basis for space W;. In order to
solve this problem, we first obtain a wavelet func-
tion ¥(z) based on the scaling function ¢(z), and
then derive the orthonormal basis of W; from the
wavelet function.

Definition 2.3 Let gy = (—1)¥"'h;_4. o(z) is de-
fined as a wavelet function if the following condition
1s satisfied:

= > geplz — k), (6)
keZz
Eq. (6) implies that ¢(%) € V4. Further, based
on Properties 3 and 4 of Definition 2.1, it is known
that ¢(z) € V1. Now, if we apply Fourier transform,
we obtain:

4 1 ;

Y(2w) = —sgke T p(w)
kezz ﬁgk 2

G(Q)g(w)

= c@J[#%) ™)

=1
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where 1
Gw) = Z —=gre (8)
iz V2

So far as the wavelet function ¥(z) is concerned,
we shall provide the following theorem, which along
with Theorem 2.1, shall lay down the foundation for
the orthogonal decomposition of V;_;.

Theorem 2.2 Let 1/;] k =2"Y2p(2=9z — k). Thus

function system {1/)J ,k € ZZ} forms the orthonor-

mal basis of W;.

From Theorem 2.2, it can be said that the or-
thonormal basis of W; is obtained from wavelet
function ¢(z) by a binary dilation and a dyadic
translation. The proof of Theorem 2.2 can be found
n [1, 2].

Theorem 2.3 Let H(w) be form of
fs —iw/'z Ci Z -iw/Z i 5 & Q_)
Hw) = (e cos 2) e (cos 3 + iV/3sin 2)

Then H(w) satisfies the conditions listed in the fol-
lowing:

Z —h e~™* e C([0, 2n])

kez
H(0)=1
> lhillkl < oo,
keZz

|Hw)|* +|Hw+m))? =1

0<e<l1

H(w) satisfies the Cohen condition

Consequently, equation
[ee]
= [[ #(279w) € L*(R) n C([0, 27))
j=1

1s held, and {¢(z — k),k € ZZ} constructs an or-
thonormal system.

3 Sub-patterns by Wavelet

Decomposition

As can be realized, any real-world instruments for
measuring physical data are capable of acquiring in-
formation with limited precision. In other words,
the signals obtained using such instruments will
have limited resolution. The same is also true for
the one-dimensional pattern that we have derived
in the preceding sections, f(z); it must belong to



a closed space V;. Mathematically, we can express
this as follows:

A; : L}(R)=V;
D TR S W,
Since f(z) € V; C L2(R),
He) = Apflayes  saprsile)
keZZ

= B ciinbiiimle)
meZZ

+ Z dj+1,m¥j+1,m(T) (9)

meZZ

where

Ci+im =< Aj+1f, Pit1m >= Z Cjkhk—2m

keZ
(10)
dit1,m =< Djs1f, Yj1,m >= Z Cj kJk—2m
kezZ
(11)

and ilk~2m and gk_2m denote the conjugate vec-
tors of hx_sy, and gx_om, respectively. When both
hi—2m and gg_om are real, we have hx_9,; = Rk_om
and gx—2m = gk-2m-

It should be mentioned that both Egs. (10) and
(11) compute the sum of an infinite number of
terms. However, from a computational point of
view, we wish to see only a finite number of non-
zero terms, hi, hence reducing the problem of in-
finite summation to that of finite summation. In
doing so, we carry out the following procedure, in
order to find the expression

1 :
Hw)= Z —hge™ v,
kezz V2

such that the number of non-zero hy is finite.
First, let us consider:

3
1= (cos2 % + sin® %) ; (12)
Suppose that
| H(w) |*< cos® % + 3cos* %)sinz ;—, (13)
hence,
| Hw + ) [*= sin6§+3sin4%cosgg‘ (14)
Since,
P e—iw/2 = e-—z’w/?(eiw/Q s e—iw/g) B = w
2 2 :
(15)
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_ p—iw/2 —tw/2( iw/2 _ —iw/2 :
ke - (e 5 )& fe= /2 sin =
2 2
(16)

we have:

H(w) = (e7*/ cos ;)26_i“’/2(cos ; +iV/3sin ;)
(17)
at the same time, we know:

3
1 ;
Hw) = —hye ke (18)
(w) ;o Z5hee

By comparing Egs. (17) and (18), we can immedi-
ately obtain the following;:

143
he = Y5 _ .4829629131445341
: 42
o= 3FY3 (0 .8365163037378077
42
py w828 Sl ssssau B
42
L3
hs = VY3 _ _0.1994095225519603
# 42

Thus, we can simplify the wavelet transform ex-
pressions of Egs. (10) and (11) into the following:

3
Cit1,m = Z hij,k—}-L’m (19)
k=0 :
3
djy1,m = ngcj,k+2m (20)
k=0

Next, H (w) is also determined following the above
mentioned steps, except that we examine the ex-
pression of

2 W 2 W)®
= (cos 2 -+ sin 2)
to obtain
=
H(w) = = hiealis
“=27

In this case, we can simplify the wavelet transform
expressions of Egs. (10) and (11) into the following:

5
Citin= Z hicj kyom (21)
k=0
=
dj-{-l,m = ngcj,k-{-Qm (22)
k=0




In Ten Lectures on Wavelets [2], 1. Daubechies
used the following notations:

2N-1

nMo(£) = \_15 3 Nhpein (23)
n=0

where nMy(€) 1s equivalent to H (w) in our case, and
Nh, is equivalent to our hy.

In [2], Daubechies also provided the exact val-
ues of hg (or Nh,) for N = 2 to 10 in tabular
forms. (The tables might be of interest to those
readers who want to use Egs. (10) and (11) but
not to know how h;’s are computed.) When N is
large enough, the computation of hj; could become
problem-dependent. Generally speaking, the larger
the IV value, the higher the resolution of the wavelet
orthonormal decomposition will be, and at the same
time, the more costly the computation will become.

Figure 1: Examples of the wavelet transform sub-
patterns from a Chinese character

In Fig. 1, we have shown the one-dimensional
pattern resulted from the ring-projection [7] of a
two-dimensional pattern, for example, a Chinese
character, and its corresponding wavelet transform
sub-patterns. In the figure, V; denotes the re-
sulting one-dimensional pattern. V; denotes the
wavelet transform sub-pattern resulted from the jth
wavelet transform based on Eq. (21). W; denotes
the wavelet transform sub-pattern resulted from the
Jjth wavelet transform based on Eq. (22). Since

Vi = Win®Vin
= Wit ®Wj2®Vigo
= W;1.1 8 VVj+2 7] I/Vj+3 ) Vj+3

It can be seen that in Fig. 1,

Voo = WieWn
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= WieWeV,
WieW.oWsa Vs
= WioW.oWs0 Wi Vs

Figure 2: Examples of the wavelet transform sub-
patterns from a pattern

Some examples of the wavelet transform sub-
patterns from a pattern are shown in Fig. 2

4 Experiments

It is a well-known fact that in many real-life pattern
recognition situations, patterns are often found to
be rotated due to experimentation constraints or er-
rors. This implies that the new pattern recognition
method must be developed that is invariant to ro-
tations. In 1991, Tang [7] first proposed a method
of transforming two-dimensional patterns into one-
dimensional patterns through so-called ring projec-
tions. As the projections are done in the form of
rings, the one-dimensional pattern obtained from
ring-projection is invariant to rotations.

4.1 Dimension Reduction of Two-
Dimensional Patterns

This section provides an overview of the ring-
projection method for reducing the dimensionality
of two-dimensional patterns. First, suppose that a
two-dimensional pattern such as a Chinese charac-
ter has been represented by a binary image. Taking
a Chinese character “big” as an example, its grey-
scale image, p(z,y), can be discretized into binary
values as follows:

1 if(z,y) €D

0 otherwise (&

p(z,y) = {



where domain D corresponds to the white region of
the character, as shown in Fig. 3. The above mul-
tivariate function p(z,y) can also be viewed as a
two-dimensional density function of mass distribu-
tion on the plane. From Eq. (24), it is readily noted
that the corresponding density function is a uniform
distribution. That is also to say, the mass is homo-
geneously distributed over the region D. From this
uniform mass distribution, we can derive the cen-
troid of the mass for the region D, as denoted by
m(zo, ¥o), and subsequently, translate the origin of
our reference frame to this centroid.
Next, we let

M = glee%( | N(z,y) — m(zo, o) |

where | N(z,y) — m(zo,y0) | represents the Eu-
clidean distance between two points, N and m, on
the plane. Further, we transform the original ref-
erence Cartesian frame into a polar frame based on
the following relations:

Il

z v cos 6
y = <vsinf

Hence,
p(z,y) = p(ycosb,vsinb)

where v € [0, 00), 8 € (0,27].

Figure 3: An example of dimension reduction for
Chinese character “big”

Figure 4: An example of dimension reduction for a
two-dimensional pattern
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For any fixed v € [0, M], we then compute the
following integral:

(v :‘/‘~ p(7 cos 8, v sin 6)db
0

The resulting f(y) is in fact equal to the total
mass as distributed along circular rings. Hence,
the derivation of f(y) is also termed as a ring
projection of the planar mass distribution. The
single-variate function f(y), ¥ € [0, M], sometimes
also denoted as f(z), z € [0, M], can be viewed
as a one-dimensional pattern that is directly trans-
formed from the original two-dimensional pattern
through a ring-projection. Owing to the facts that
the centroid of the mass distribution is invariant
to rotation and that the projection is done along
circular rings, the derived one-dimensional pattern
will be invariant to the rotations of its original
two-dimensional pattern. In other words, the ring-
projection is rotation-invariant. From a practical
point of view, the images to be analyzed by a recog-
nition system are most often stored in discrete for-
mats. Catering to such discretized two-dimensional
patterns, we shall modify Eq. (4.1) into the follow-
ing expression

M
fy) = Z p(7y cos b, ysinb) (25)
k=0

Interested readers are referred to [7] for a thorough
discussion on ring-projection. In the succeeding sec-
tions, we are concerned mainly with how to extract
as much information as possible from the obtained
ring-projection, i.e., an one-dimensional pattern, by
way of wavelet transform. This, as will be described
later, enables us to obtain a set of wavelet transform
sub-patterns — curves that are non-self-intersecting,
from which feature vectors defined over the curves’
fractal dimensions can be computed easily.
Another example of dimension reduction for a
two-dimensional pattern can be found in Fiog. 4.

4.2 Results

This section presents the procedure as well as the
results of our experiments that aim at recognizinga
set of two-dimensional patterns, including a sub-set
of Chinese characters plus 52 upper and lower case
English letters. All samples were rotated at differ-
ent angles. Examples of Chinese character “Xin"
(in English it means heart) and English letter ‘g’
rotated at 0°, 75°, 150°, 225°, and 300° are illus-
trated in Fig. 5.

In our experiments, we performed three consec-
utive wavelet transform for each one-dimensional



S CL ). 2

0 78 150° 25° 100°
& 5% oY aas® 2oc®

Figure 5: Examples of Chinese character “Xin”
(Heart) and English letter “g” rotated at 0°, 75°,
150°, 225°, and 300°.

pattern. Hence, the one-dimensional pattern, such
as the ring-projection of Chinese character “Da”
(in English it means big), will yield seven non-self-
Intersecting curves, namely,

be Vla V27 V3: W17 W27 W3a
since

Vo, = WieW
= WieW.e
= WieW,eo W50 Va.

The graphical illustration is shown in Fig. 6, where
the curves (a), (c), (d), and (g)-(j) represent Vp-Vs
through W3-W3 respectively. Note that f(z) is the
one-dimensional pattern of Chinese character “Da”
(Big), and V, is f(z) itself in this case. Fig. 6(b)
is the frequency spectrum of V4, while Fig. 6(e) is
the frequency spectrum of V;. By comparing these
two frequency spectra, we can find that V, contains
all frequency components of f(z), while V; contains
only one half of frequency components of f(z). The
reason is that V5 is divided into two parts:

Vo=V1 & W,

As for the first part, Vi, only the low-frequency
components of V; are kept, and the high-frequency
components are lost. In addition, only the high-
frequency components of V; are kept, and the low-
frequency components are lost in W;. Similarly, V;
is further divided into two parts:

VI:V.Z@W:%

where, the low-frequency components of V; remain
in V5, while the high-frequency components of V;
are kept in W>. Hence, V> contains only one half
of frequency components of Vi, that is only one
quarter of frequency components of f(z). Again
for the same reason, V3 contains only one eighth of
frequency components of f(z), etc..
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For each of the seven curves, we further computed
its divider dimension [3], and therefore, related each
character with a feature vector.

A series of experiments have been conducted to
verify the proposed method. The results are shown
in Figs. 6 - 8.

®

f(x)

F(w)

r/\‘\\ M VWNA——————
© O]

F(w) forw,
/\—\V: W2 @ /\ Va @ Wi @

Figure 6: Wavelet transform sub-patterns of Chi-
nese character “Da” (Big) and their frequency anal-
yses.

F(w) forv,

5 Conclusion

In this paper, we described an efficient approach
to optical character recognition including Chinese
character recognition that utilizes a novel formula-
tion of feature vectors. Prior to the computation
of feature vectors, we employed a ring-projection
method to reduce the dimensionality of the orig-
inal input pattern, and a wavelet transform tech-
nique to transform the derived pattern into a set
of sub-patterns, from which the feature vectors can
readily be computed. Experimental validations on
the validity of the presented scheme for the feature
construction and recognition of characters were also
mentioned, in the paper, with illustrations. One
of the interesting extensions from the present work
would be to compare the empirical results of our
approach with those of existing approaches.



% 2 F(w)
L l ‘JM—‘L\""—‘H“-‘W"‘—’W"—JM\'M'

/“‘/\\vl Wi
: ‘ MAMNA I

F(o) forV, F(0) forW

A . ;

i

F(w) forv, F(w) forW

/j\vz : W2 /\ Va : ‘Wg

/s/\ A" w2
% P

/j\ Vi W3

Figure 7: Wavelet transform sub-patterns of Chi-
nese character “Tai” (Too much) and their fre-
quency analyses.
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