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Abstract

This paper considers the problem of choosing the num-
ber of component clusters within the context of the stan-
dard mizture of multivariate normal distributions. The
problem to choose the number of clusters in a clustering
procedure has already been dealt with, but still remains
opened. We propose to use information criteria to solve
this problem in the Gaussian mizture-model approach,
which is nowadays a standard approach in clustering.
The different criteria are presented and then compared
with other well-known criteria on synthetic data sels.
Often, the number of clusters k is unknown and needs to
be estimated. A two-stage iterative mazimum-likelihood
procedure 1s used as a clustering technique to estimate
the parameters of the mizture-model. A new criterion
¢p is derived and proposed as a criterion for choos-
ing the number of clusters in the mizture-model context.
For comparative purposes, Akaike’s information crite-
rion AIC (1973) and Rissanen’s 1978 MDL criterion
are also introduced in the mizrture-model context. Nu-
merical ezamples are shown on simulated normal data
sets with a known number of mizture clusters to illus-
trate the significance of @g in choosing the number of
clusters and the best fitting model. We demonstrate its
efficiency and robustness through experimental results
for synthetic mizture data sets.

1 Introduction and statement of
the problem

A general common problem in all clustering techniques
is the difficulty of deciding of the number of clusters
present in a given data set, cluster validity, and the
identification of the appropriate number of clusters.
This paper considers the problem of choosing the num-
ber of clusters within the context of unsupervised clus-
tering in the framework of pattern recognition.
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Most of the existing clustering procedures require
prior knowledge of the number of clusters which is of-
ten unavailable and has to be estimated [17]. In the
mixture-model cluster analysis, often the number of
component clusters k is not known and needs to be esti-
mated from the available observed data. This problem
is known as the cluster validation problem [8]. Nev-
ertheless, this aspect is often omitted in mixture type
approaches [5, 16]. Despite the increased number of
books appearing on finite mixture distributions such as
[5], a relatively little work has been done concerning the
choice of the number of component mixture clusters.

In this paper, the clustering viewpoint consists in
identifying and describing the class distribution using a
sample drawn from the mixture-model, and estimating
the number of mixture clusters k in a non-subjective

~ manner. To achieve this, we will use a two stage it-
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erative maximum likelihhod (ML) procedure (EM al-
gorithm) to estimate the parameters in the mixture-
model, and develop a new information criterion g as
a new index for cluster validation.

The paper is organized as follows. In the next sec-
tion, we introduce the ML procedure to estimate the
parameters of the model. In section 3 we introduce the
¢p criterion to perform order estimate (choice of the
number of clusters). We explain in part 3.2 the analyt-
ical expression of the criteria in the mixture-model case.
Finally, we give in section 4 some results on synthetic
datasets.

2 The standard mixture-model
cluster analysis

There are a lot of clustering algorithms to perform un-
supervised classification, for instance the k-means al-
gorithm or hierarchical classification. A standard and
powerful approach is available through a multivariate
Gaussian mixture hypothesis. Data are assumed to




be independent realizations 1, z, ..., zy of IR? coming
from a mixture of k sub-populations Py, Ps, ..., Py, each

cluster P;,1 < j < k, being characterized by a multi-
variate Gaussian probability density function (PDF):

1 1
Jile:) = (27) )

(3 = pg) 5 (@i — pt5)
(1)

The finite mixture-model is the density composed of
a sum of component densities. Throughout this work
we will assume that the mixture densities are from the
same family (ie Gaussian). Thus a typical mixture
model is of the form:

k
a(x) = Y pifi(a) (2)
il
where the f;,1 < j < K are the mixture components,
for example normal densities, and the p;,1 < j < k,
are the mixture proportions such that p; > 0 and

E?:l p; = 1. Given a model of the form (2) and data
zy,...,xN, we must fit the parameters of the model to
the data. This is done (most often) using the Expecta-
tion — Maximisation (EM) algorithm [3, 16]. This is an
iterative method, which assumes an adequate initializa-
tion of the parameters values. First the expectation of
component membership for each data and each com-
ponent is computed (w;;), given the current estimated
value of the parameters (the E step), then the param-
eters are updated as the ML solutions conditioned on
the w;; (the M step):

o E (expectation) step:
pifi(:)
S Pufilz)

e M (maximisation) step: update the estimated pa-

A

estimate w;; by w;; =

rameters p;, ij, X;:

T

Z:l
- FE u
s Np; 4 Wi Ty

=1

1 N
e ~ ~ ~\T
L = 7 wij (i — p;) (i — i)

This procedure is repeated until the parameters (or
likelihood) stop changing by more than a given fixed
amount.

The objective of the EM algorithm is to iteratively
maximizing the log-likelihood function defined by:

N N k
L(k) = logg(z:) = > log > pifi(z:) (3)
i=1 =1 r=1
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Here we assume that the number of components k is
known. The estimation of the number of components k
will be discussed in the next section. It should be noted
that the mixtures we are considering, normal mixtures,
are identifiable. This means that for finite k, there is
only one way (up to reordering the terms) of writing the
density as a mixture. This is not true for all component
densities, for example uniform densities.

Unfortunately, the ML solution is not guaranteed to
be unique for a given data set, nor is there necessarily
a single local maximum.

We can notice that the EM algorithm performs a
kind of fuzzy partition of the data. A hard partition
can be obtained by assigning each observation vector
to its component membership in the model in such a
way:

Vi, i i pifite) >psfiley=sacih, (4)
so that each observation is assigned to the nearest com-
ponent in the sense of the Mahalanobis distance.

3 Model selection criteria

The philosophy behind the choice of a model is to strike
a balance between a good modeling and a reasonable
number of parameters, which observes the principle of
parsimony. Indeed, as the number of component clus-
ters grows, the PDF approximation fits the empirical
density increasingly tightly at the expense of its capac-
ity to generalize. Moreover, a large number of clus-
ters requires a great deal of computational ressources
and time [12]. The idea is to use one objective deci-
sion which penalizes models with too many parameters.
One way of doing so is to use a type of log-likelihood
criterion usually called information criterion (IC), in
reference to the information theory. These criteria take
the form of a penalized likelihood function, that is the
negative log-likelihood plus a penalty term which in-
creases with the number of parameters. The most cur-

rent of these criteria is Akaike “s information criterion
(AIC) [1]:

AIC (k)

N
—2) logf (wil64) +2  (5)
=1

where 6}, is the ML estimator for the unknown param-
eter 6, based on the sample zq, ..., 2y, and the order

choice is such that k£ = arg H}cinAIC'(k). Theoretical

researches in the Akaike’s criterion has helped to spec-
ify the asymptotic behaviour of AIC. Akaike’s crite-
rion is then unsatisfactory since it asymptotically leads
to a strict overparametrization of the model order [15].
In order to palliate the inconsistency of Akaike’s crite-
rion, G. Schwarz (1978) proposed a new criterion for



an exponential family founded on a bayesian justifica-
tion. He suggested the Bayesian information criterion
(BIC) [13]. In a different way, J. Rissanen (1978) came
up with an equivalent criterion using a coding technique
(minimizing the codelength in relation to the observa-
tions) for a parametrized density, which is referred as
minimum description length (MDL) principle:

]\T
MDL (k) = -2 log f (x 1 ék) +klogN  (6)
1=1

This criterion is asymptotically convergent in that it
helps in finding the appropriate model when N — oo
(strong consistency). Note that the latter criterion pe-
nalizes more stringently the log-likelihood as the num-
ber of observations increases in comparison with AIC.

A third criterion was introduced by E. J. Hannan
and B. G. Quinn [6] in the case of an autoregressive pro-
cess. It substitutes k loglog N for the preceding penalty
and leads to convergence in probability of the order es-
timator (weak consistency); This criterion is written as
¢ and stands as a compromise between AIC and MDL.

Finally, let us give a more recent criterion [4, 9]
drawn on Rissanen’s [11] works on stochastic complexity
ending up in a criterion written as ¢g in the general case
of parametrized PDF (see [4] for the detailed derivation
of the criterion):

ep (k)

=
—23 log f (m | ék)+kN‘3 loglog N,0 < 3 <

=1
(7)

The selection is obtained by minimizing ¢g. This
selection is strongly consistent [10].

The criteria presented here are of the same type:
they all have the log-likelihood part depending on data
and penalization or compensation depending on the
number of free parameters and sample size. The general
form of these criteria is then (IC stands for Information
Criterion):

FOh) = —2F (ék) T ek (8)
where 6 is the ML estimator of the parameter vec-
tor relating to the model with order k, N the num-
ber of observations, ¢y is an increasing function of N
and L is the log-likelihood of the model of order k:
L (0x) = log f (=¥ 164) = =X, log s (i 16:) . The
optimal model order is the one which minimises IC,
viz:

k= arg mkln I1C (k)

For competitive models with the same number of free-
dom degrees, IC' is simply the ML estimator. We are
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making reference to [14] or [7, chap. 7] for a detailed
review of the different criteria developed in literature.

In what follows, we will discusses the choice of the
B value. In section 3.2, we will give the expression
of the criteria mentioned above for the estimation of
the number of components of a multivariate Gaussian
mixture-model.

3.1 Choice of 3

For 0 < B < 1, the g criterion given in Eq. (7) is
strongly consistent. Unfortunately, we observe in prac-
tice an underparametrization of the model for large
values of 5 (8 > 0.5). To palliate this drawback, we
consider the choice of 3 in a prescribed range which
depends on the sample size N. This choice, for N suffi-
ciently large, is defined using the following inequalities:
NP >log N and N'=7 > log N. Thus, one can obtain
the following range for the value of 3:

loglog N
log N

log log N

i)
e

(9)

: log N :
In practice, we choose 3 near I—OE)EO%—— to obtain an ad-

equate penalization form .

3.2 Expression of the criteria in the
mixture-model case

The likelihood function is optimized via the EM al-
gorithm given in section 2. To choose the number of
components, we use the penalized log-likelihood crite-
rion:

IC(k) = —2L(k) + cya(k) (10)

where L is the likelihood function given in (3) and a(k)
is the number of free parameters of the mixture-model
with k& components. The number of free parameters
for each covariance matrix equals d(d; L since each ma-
trix is symmetric. The remaining parameters are the d
free parameters per mean vector and the k — 1 mixture
proportions. Thus, the number of degrees of freedom

1S:

dd+1) _
i

k(d+1)(d + 2)

a(k)=kd+k—1+k -

(11)
To choose the maximal number of component K,
several heuristics have been proposed:

o the number of observations N must be greater than
the total number of parameters, which leads to

- 2N +
K< (d+1)(d+2) [12];
Ifor instance, l—olgol?oi,ﬁ ~ 0,28 for N = 1000 and l—oﬁl?OEN—N ~
0,24 for N = 10000, thus choosing 3 such as 0.2 < # < 0.3 seems
to be adequate for a moderate or even small sample size.




~

o another rule consists in choosing K such as K

V3 or (5w)® (2

4 Numerical simulations

In this section, we propose to test the efficiency of the
p criterion for the choice of the number of component
clusters on simulated datasets. The different examples
given below consist in samples drawn from mixture-
models with a known number of component clusters.
The EM algorithm is initialized randomly. Thus,
we iterate the algorithm until convergence. We repeat
the experiment for each value of k, 1 < k < K, where K
is fixed. The datasets are 1 or 2 dimensional. For com-
parison purpose, we also plotted the value of a variant
of AIC introduced in [2] in the mixture-model context:
AICs (k) = —=2L(k) + 3k (12)
EXAMPLE 4.1 This erxample concerns a simulated
maizture-model with 4 components. The parameters are
gwen in table 1. Figure I shows the PDF estimated by
the standard EM algorithm for an increasing number
of components.

Table 1: parameters of the mixture-model (exam-
ple 4.1)

ny =200 p=-10 o1 =2

=120 =4 og5=1

ng =260 p3=>5 05—

ng = 100 pq =10 oca=1

EXAMPLE 4.2 This numeric simulation concerns the 3
components mirture given in table 2. Components 1
et 3 have the same covariance matriz (identity matriz)
and different means, while the covariance matriz of the
second component s non-diagonal. Figure 2(b) shows
the number of clusters selected by the minimum 1C esti-
mate (MICE), and figures 2(c) to 2(f) give the clusters
shape® obtained by the EM algorithm.

EXAMPLE 4.3 This numeric simulation concerns data
where the "true” PDF is not Gaussian. The results are
gqwen in figure 3. Heuristically, the models with more

2Each ellipse represent the contour line with same density for
each Gaussian component.
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Table 2: mixture parameters used for simulation (ex-
ample 4.2)

5 1520
n1:300 /11:(0) 21:<0 1)

0 DD

-5 =0
7”13—300 [,t3—<0 ) 23:(0 1)

than 5 components seem more adequate for this dataset.
Figure 3(f) shows the estimated number of components.

The different examples given above show the better
cluster validation obtained with MDL and ¢g criteria
(see figures 1, 2 and 3), avoiding the overparametriza-
tion of the model, whereas AIC (and AIC3) generally
tends to overestimate the number of clusters. More-
over, the better minimum visualization (see figure 2(b)
for instance) of the criteria g, # = 0.1,0.2, 0.3, justifies
their benefit, even if the value 8 = 0.3 seems too large
in some cases (see figure 1(f)).

5 Conclusion

Clustering is helpful to improve the synthetic compre-
hension of a large data set, particularly in high dimen-
sion. To choose the number of clusters within a parti-
tion of these data is an old and difficult problem still
opened. In this paper, we solved this problem by con-
sidering at first a strict hypothesis about the clustering
procedure (Gaussian mixture-model). We used the EM
algorithm to obtain the ML estimates of the parame-
ters of the mixture-model, for each number of compo-
nents k. Finally, we studied the behaviour of the most
representative criteria AIC and MDL for the choice
of the number of components on simulated data sets.
We also introduce a new information criterion 3. We
compared and discuss about the behaviour of the three
criteria to choose the number of clusters and showed the
good behavior of g5, 8 = 0.1,0.2 on simulated 1D and
2D datasets. Finally, we can notice that MICE can be
applied to other well-known clustering procedures such
as the k-means algorithm or hierarchical classifications.
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Figure 3: estimated clusters for each value of k and estimated number of components
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