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Abstract - In this paper, we introduce a new self-
calibration method for a stereo rig using general rigid
motions. Unlike the existing methods, our method
does not involve any stereo correspondence. Rather the
method requires the computation of camera motion be-
tween pairs of monocular images. We show that the
computation of the stereo geometry, i.e. the rotation
and the translation between the two cameras can be car-
ried out using standard linear algebra tools. We provide
a stability study for the method in the presence of noise.
Synthetic and real experiments demonstrate the feasibil-
ity and robustness of the proposed method. Moreover,
the developed method can be used to solve the stereo cor-
respondence problem as well as the 3D shape of the ob-
served scenes using a cooperative stereo-motion frame-
work.

Keywords Self-calibration, stereo rig extrinsic pa-
rameters, motion estimation, linear algebra

1 Introduction and approach

In the last decade a number of researchers developed
self-calibration methods for vision sensors that require
no known reference object. Such methods can be
used to determine the intrinsic camera parameters, the
stereo geometry as well as the 3D shape of the observed
scene (see [3], [4], [8], [9], [12], for a single moving cam-
era and [5], [18], [19], for a moving stereo rig). The
usefulness of the self-calibration techniques can be tan-
gible in some cases where the sensor parameters are
subject to variations and no known reference objects
are available (active vision, space robots). In [18], au-
thors use motion and stereo correspondences across two
stereo pairs (one motion of the stereo rig). They pro-
pose a method that recovers simultaneously the two
internal parameters and the motion of each camera as
well as the stereo geometry. In [5], authors use stereo
correspondences across a sequence of stereo pairs. Us-

ing different projective reconstructions that are associ-
ated with each stereo pair, they propose an algorithm
for the recovery of the internal parameters and the 3D
Euclidean shape.

All previous self-calibration techniques for stereo en-
tails the solving of the correspondence problem between
left and right images which has been proved to be a
difficult problem. Several factors make the stereo cor-
respondence problem difficult: occlusions, large dispar-
ities, photometric and figural distortions. One can no-
tice that in many cases it is much easier to find mo-
tion correspondences than solving for stereo correspon-
dences.

In this paper we attempt to solve the following prob-
lem. Given a sequence of stereo pairs of unknown and
arbitrary scenes (see Figure 1), we like to recover the
stereo geometry without solving the stereo correspon-
dence problem. In the sequel, we restrict our work to
the estimation of the stereo geometry (the rotation and
the translation between the two cameras) and suppose
that the camera intrinsic parameters are known. This
assumption is not unrealistic since the intrinsic param-
eters are usually known weakly or partially. On the
other hand, there is no information about the geome-
try of the stereo rig.

Unlike the existing methods for self-calibration
which consider stereo correspondences as given, our
approach uses motion correspondences to recover the
stereo geometry. The monocular correspondences be-
tween pairs of images are easier to obtain, as an arbi-
trary number of intermediate frames can be available.
Once the stereo geometry is recovered, the stereo rig
fundamental matrix will be known. Then, the stereo
correspondences can be easily recovered. One way to
do so is to use geometrical constraints derived from
the motion correspondences and the computed funda-
mental matrix (cooperative stereo-motion) [1]. The 3D
shape of the observed scenes will be straightforward.
Thus, our proposed method is very useful in recover-
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ing the epipolar geometry of stereo rigs whose cameras
have a large orientation w.r.t. to each other (in this
case stereo correspondence will be difficult).

The proposed method is a two-step approach. In the
first step, 3D motions of each camera are estimated us-
ing feature correspondences in two monocular images.
In the second step, using the motion of the left and right
cameras, the stereo geometry of the stereo rig is recov-
ered by minimizing a cost function derived from the
invariance of the stereo geometry. Since the proposed
method does not require the same 3D features be visible
in all monocular images, the stereo rig can perform any
deliberate motion in its environment. This will improve
the accuracy of the estimated parameters.

Central to our approach is the recovery of cam-
era motion from monocular correspondences. Know-
ing the intrinsic parameters of the camera, the recov-
ery of the motion parameters, i.e. the rotation and the
translation (up to a scale factor) is a classical prob-
lem [13], [15], [16]. Closed-form and non-linear solu-
tions can be used.

The organization of this paper is as follows. Sec-
tion 2 presents in details the recovery of the stereo
geometry, i.e. the rotation and the direction of the
translation. Section 3 provides a stability study of the
method in the presence of noise. Section 4 describes ex-
periments with real images. Finally, section 5 provides
a short discussion.

Unknown scenes

Feature
correspondences
between 2 images

Feature I

correspondences
between 2 images

Left motion (_

Unknown stereo geometry

Right motion

Figure 1: Self-calibration of a stereo rig using only
monocular correspondences. It should be noted that
feature correspondences between pairs of images can
be different, that is, features need not be seen in all
monocular images.

2 Stereo geometry estimation

In this section, we show that the geometry of the stereo
rig can be recovered from camera motions estimated in-
dependently. The basic idea relies on solving a homoge-
neous system that is often used in hand-eye calibration
problem [14], [11], [6]. However, the unknowns of our
obtained system as well as the solution are different
from those of the hand-eye calibration problem.

Croatnz Do |
V=

B
\ Yo
Left camera ‘\_Xd/ Right camera

Figure 2: The stereo geometry X is related to the cam-

eras motions by the homogeneous relationship AX =
XB.

We consider one motion of the stereo rig or equiv-
alently two positions. These positions are denoted by
position 1 and position 2, respectively (see Figure 2).
Let A be the transformation between the two positions
of the left camera and B be the corresponding trans-
formation of the right camera. Let X be the stereo
geometry of the stereo rig that we are attempting to
estimate. A, B, and X are 4x4 matrices of the form:

Ry tgu
A=
( 0F 1
where R, is a rotation matrix and t4 a translation
vector.

Since the two cameras are rigidly linked, we obtain
the following relationship (see Figure 2):

AX =XB (1)

This equation can be decomposed into two equa-
tions: a matrix equation and a vector equation:

R4sRx = RxRp (2)

and:
(Ra—-Itx =Rxtp—ty

265



with I being the 3x3 identity matrix.

A and B are estimated from monocular correspon-
dences. Therefore, R4 and Rp are known, and t4 and
tp are known up to a scale factor (each one has its own
scale). _

To solve Eq. (2) one may take advantage of the par-
ticular algebraic and geometric properties of rotation
matrices. Indeed, this equation can be written as:

R4 = RxRpR%

which is a similarity transformation, since Rx is an or-
thogonal matrix. Hence, matrices R4 and R have the
same eigenvalues. A well-known property of a rotation
matrix is that it has one of its eigenvalues equal to 1.
Let ngp be the eigenvector of Rp associated with this
eigenvalue. By postmultiplying Eq. (2) with ng, we
obtain (we have ng = Rpnp):

RiARxng = RxRgpng
: = RXnB

and we conclude that Rx np is nothing but the eigen-
vector of the matrix R4 associated with the eigenvalue
1:

ny = RX ng

One can notice that ny and ng are the rotation axes
associated with the left and right rotations R4 and
R, respectively. Their derivation from R4 and Rp
is straightforward .

To conclude the stereo geometry parameters
(Rx,tx) satisfy the following constraints:

RX ng (3)
Rxtg —ty (4)

ng =
(RA—I)tX =

2.1 The rotation

Equation (3) is associated with one motion of the stereo
rig. Thus, to estimate Ry at least two independent
motions are necessary (two different directions n4). In
the general case of n motions, one may estimate the
rotation matrix Rx by minimizing this positive error
function:

fRx) =) nai— Ry ng ()

=1

Therefore, finding R x is reduced to the problem of op-
timally estimating rotation from 3D to 3D vector corre-
spondences (see [7]). To minimize f given by Eq. (5),
we represent the rotation Rx by a unit quaternion.
The solution for this unit quaternion can be found us-
ing the closed-form solution proposed by Faugeras and
Hebert [2].

2.2 The direction of the translation

In this section, we will show how we can estimate the
direction of the translation, i.e. tx up to a scale fac-
tor. We stress the fact that the norm of the translation
can not be recovered since there is no reference for 3D
lengths.

Once the rotation of the stereo rig Ry has been
determined, the direction of the translation can be de-
termined using a set of Eq. (4). Thus, for n motions
of the stereo rig we obtain the following set of vector
equations:

(Ras —Dtx =Rxtp; —ta; (6)

Solving for tx using the above system (6) is not as
easy as in the off-line calibration case (see the hand-
eye calibration in [14], [11]). In this case (off-line
calibration), both t 4; and tg; are known, therefore the
translation tx is obtained by solving a simple linear
system. In our case, we only know the direction of t 4;
and tg;; their norm can not be recovered since we have
no knowledge about the observed scene.

In the remainder of this section, we present two lin-
ear methods as well as a non-linear one to estimate the
direction of the translation tx.

2.2.1 First method

This method takes advantage of a well-known relation-
ship between the left motion A; and the right motion
B;. This is given by:

ny;-ta; =npg;-tp; (7)

O Proof: It is known that the vector (R4; — I)tx
is perpendicular to the rotation axis of R 4;, i.e. ng;.
Therefore, we have:

ng - {(Rai —Dtx} =0

Using Eq.(6) and the relations: (i) na; = Rxnp; and
(ii) (Rxnp;)-(Rx tp;) = np;- tp;, one can successively
write:

Ha (R =Tt} = 0
ny - {Rxtpi—ta} = 0
(Rxnp;) - (Rxtp;) —mai-ta; = 0

0O

ng;-tp; —ng;-ta;

Let u 4; and up; be the unit vector of the translation
vectors t4; and tp;, respectively. Let A4; and Ap; be

266



the norms of these two vectors such that t4; = Aa; ug;
and tg; = Ag;up; (both A\4; and Ap; are unknown).
Therefore, (6) can be written as:

(Rai—I)tx = AgiRx up; — Mg uy; (8)

where the unknowns are the components of tx as well
as the scalars A4; and Ag;,i =1---n.

Eq. (7) allows us to determine the ratio Aai/Agi,
noted as k;, (ng; - ta; = 0):

ki = Aai/ABi = (nB; - up;)/(na; - ua;)

By substituting Aa; = k; Ag; in (8) and considering
that tx = Ax ux (ux is the unit vector associated with
tx), (8) becomes:

(Rai —uyx = (ABi/')\X) (Rxupi —kiua;) (9)

Each motion i provides 3 linear equations in ux =
(u1,u2,u3)T and Ag;/Ax. Within these 3 equations,
one can eliminate the scale factor (Ag;/Ax) by divid-
ing the first equation and the second one by the third
one. Thus, each motion provides two homogeneous and
linear equations in uyx. For example, if we denote the
vector RX uBi_ki uy; by Z; = (Zl,'_, 2924, Zgi)T then these
linear constraints will be given by (the subscript of the
rotation R 4; has been omitted):

z3i {(ri1 — 1wy +ripus +ri3uz} —

zii{raiur +r32u2 + (r33 —uz} = 0 (10)
z3i {ra1ur + (roo — 1) ug + ragus} —
zoi{raiur +r3aus + (rs3 —Dug} = 0 (11)

with r;; being the elements of the rotation matrix R 4;.

An algebraic and geometrical analysis of Eq. (9)
shows that the resulting Egs. (10) and (11) are equiva-
lent (the rank of the matrix (R4; —I) is 2). Therefore,
at least two independent displacements of the stereo
rig are necessary to uniquely determine the unit vector
ux. The resulting system of equations can be written
in matrix form as:

G ux =0
vX
2nx3

For example the last row of G is given by the following
3-vector (see Eq. (11)): (235 T21 — 220 731, 230 (T22—1) —
ZonT32, 23 T23 — 22n (r33 — 1))T.

Finally, the solution for ux, in the sense of least
squares, will be the unit eigenvector of G G associated
with its smallest eigenvalue.

2.2.2 Second method

This method consists of determining all the unknowns
up to an overall scale factor by solving the homogeneous
linear system (8). Therefore, if we represent the un-
knowns by a (3-+2n)-vectorw’ = [t%,- -+, Aai, Api, -] 7
thus, the constraints provided by the system (8) can be
written in the following matrix form:

G u=0
N~
3nx(3+2n)

where G’ is a 3n x (3 + 2n) matrix.

Therefore, the solution for u’, in the sense of least
squares, will be the unit eigenvector of G'T G’ associ-
ated with its smallest eigenvalue. Finally, the first three
components of u’ will give the direction of the transla-
tion vector, i.e. tx up to a scale factor. The disadvan-
tage of this method is that two additional unknowns
will be obtained per supplementary displacement.

2.2.3 Non-linear optimization

Another alternative which is derived from the first
method consists of solving the non-linear form of
Egs. (10) and (11). Thus, for each motion of the stereo
rig we obtain the following two constraints:

(7‘11 — 1) U1 + r12 U2 + r13 U3 _Ziz—
T3 Ul +Tr32us + (133 — 1)ug 23

(ro1 —1)us +ro2ug +rozus 2

T3 UL +T32Us + (133 — ug 23

Therefore, the direction of the translation ux =
(uy,u2,u3)T is obtained by minimizing a positive er-
ror function which has the following form:

n

; = 21i  Zliya | 22
in gluy) = 3TC- = 2 (e

22i)2
S o 23 234
=1

(12)

where vectors z; and z; represent the left side and
the right side of the vector equation (9). Although
the above minimization is non-linear, the optimal so-
lution associated with the global minimum is easy to
find since we only have 2 independent unknowns, i.e.
the two spherical coordinates of uyx. We have used the
Levenberg-Marquardt technique in order to carry out
the minimization [10].

This method is less sensitive to noise than the linear
ones. The reason is the well-known fact that minimiz-

x5

ing an error function Y (% — 3)* is quite different

from minimizing 3" (a; 8} — a}3;)? because the latter is
weighted by the variable quantity (;0;. This will be
confirmed in the next section.

267



3 Stability study

In this section we study the behavior of the proposed
method as a function of motion noise. Since image data
are noisy, uncertainties always affect the computation
of camera motions regardless of the method being used.
Since the stereo geometry is derived from camera mo-
tions, it follows that this computation has some un-
certainties associated with it. To perform the stability
study of the proposed self-calibration method, we de-
veloped the following framework:

1. Nominal value for the stereo geometry (X) is pro-
vided. This nominal value can correspond to the
geometry of a real stereo rig.

2. Also provided are n motions for the left camera
from which the induced right camera motions can
be computed with B; = X 'A; X

3. Uniform noise is added to both the left and right
camera motions, and the stereo geometry is esti-
mated in the presence of this noise using the de-
veloped methods.

4. We study the variations of the estimated stereo
geometry as a function of the noise.

Since both rotations and the translation directions may
be represented as unit vectors, adding noise to motions
consists of changing the direction of all the associated
unit vectors. Therefore, perturbing camera motions is
equivalent to adding noise to the spherical coordinates
of all unit vectors. Simulated noise is obtained using a
random number generator with a uniform distribution
in the interval [—O©naz/2, +Omaz/2]. Thus, the level
of noise is represented as the value of ©,,,,. For each
noise level we make run the self-calibration algorithm
for a large number of trials. In the following we consider
3 motions of the stereo rig (n = 3).

The calibration errors are: rotation error and trans-
lation error. The rotation error is defined as the rota-
tion angle of the 3D rotation required to align the two
3D rotations: the theoretical one (nominal) and the
computed one. The translation error is defined as the
angle between the two translation directions: the theo-
retical one and the computed one. Figure 3.a shows the
average rotation error as a function of the uniform noise
level over 500 trials. The noise level, i.e. ©,,,, varies
from 0 to 6 degrees. Figure 3.b shows the average trans-
lation error as a function of the noise level. The solid
line corresponds to the linear method (first one) while
the dashed one corresponds to the non-linear optimiza-
tion. For example, when the level of noise is equal to
2 degrees, the error in rotation is 1.2 degree, and the
error in the direction of the translation is 6.5 degrees

for the linear method and 2.8 degrees for the non-linear
method. We have found that the second linear method
(which solves for the direction of the translation and the
norms of translation vectors) has nearly the same ac-
curacy as the first one. Though the first linear method
slightly outperforms the second one.

T N
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Average rotation error (deg.)

0.5

2 3 4
Noise level (deg.)

(é)

5 - 25,
o © = ~N S
T T T T T

N
N
N
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Average translation error (deg.)
N\
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N

2 3 4
Noise level (deg.)
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Figure 3: Error in the stereo geometry estimation in
the presence of uniform noise perturbing the left and
right motions: (a) error in rotation and (b) error in
translation, the solid curve corresponds to the linear
method (first method), the dashed curve to the non-
linear optimization.
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4 Real image experiments

We have verified our method by experiments with real
image data. To apply our proposed method of self-
calibration, we must establish feature correspondences
between two monocular images. For this purpose, we
have used the image-matching algorithm that was de-
veloped at the INRIA laboratory [17]. This algorithm
provides a set of feature correspondences between two
arbitrary images. From these correspondences we have
computed camera motions (factorization of the funda-
mental matrix). Finally, using left and right camera
motions the stereo geometry is computed using the
method described in Section 2.

All images are provided by two CCD cameras with
resolution 512x512. Camera motions (both left and
right) are computed between two consecutive positions
of the stereo rig. In the first experiment we have used 7
stereo pairs of an indoor scene. Figure 4 shows one pair
among them. Therefore, the motion data consist of 6
motions for each camera from which we have computed
the stereo geometry. The top of this figure shows the
matched features between two consecutive images that
are used in computing the left first camera motion.

In the second experiment we have used 4 stereo
pairs. Figure 5 shows one pair among them. Therefore,
the motion data consist of 3 motions for each camera.
The top of this figure shows the matched features be-
tween two consecutive images that are used in comput-
ing the left third camera motion.

In these two experiments, the number of feature cor-
respondences between 2 consecutive monocular images
varies from 70 to 190. One way to assess the quality
of the self-calibration results is to compute the residual
error of all used criteria. However, since the stereo rig
has been calibrated off-line we can consider the result
of this calibration as the ground truth and compare the
self-calibration results with it.

Table 1 summarizes the residual errors using the
self-calibration for the two experiments. The second
column shows the residual error associated with the
estimation of the rotation. The third column shows
the residual error associated with the estimation of the
translation. Table 2 shows, for the same experiments,
a comparison between the self calibration and the off-
line calibration which is considered as the ground truth.
More precisely, the second column shows the error in
rotation, the third columns the error in the direction
of the translation. One can notice that these self-

calibration results are quite accurate to obtain a precise
3D shape.

Figure 4: One among the seven stereo pairs used in the
first experiment. The matched monocular features are
shown with white crosses.

> llns — Rxng|* | Eq. (12)
Ezp. 1 0.13 455
Ezxp. 2 0.14 32

Table 1: Residual errors associated with the stereo ge-
ometry computation. The first row corresponds to the
first experiment, the second row to the second experi-
ment.
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Figure 5: One among the four stereo pairs used in the
second experiment. The matched monocular features
are shown with white crosses.

rotation err. (deg) | translation err. (deg)

Ezp. 1 3.2 5.7

Ezp. 2 49 45

Table 2: The deviation of the self-calibration results
with respect to the off-line calibration. The first row
corresponds to the first experiment, the second row to
the second experiment.

5 ConcluSion

In this paper, we have presented a new method for the
recovery of the geometry of a stereo rig which can be
used as an alternative for computing the epipolar ge-
ometry of the stereo rig. Neither known reference ob-
jects nor stereo correspondence is required; our system
is therefore self-calibrating and stereo correspondence-
less. The only requirement is that for each camera we
are able to establish feature correspondences between
pairs of monocular images which is more tractable than
solving for stereo correspondence. Furthermore, the de-
veloped method can be integrated into a cooperative
stereo-motion framework. Since the method decouples
the stereo geometry estimation from the 3D reconstruc-
tion problem, tracking the same 3D scene is no longer
required. Thus, deliberate motions can easily be per-
formed in order to determine the stereo geometry in an
accurate manner.

We have shown that the computation of the stereo
geometry can be carried out using standard linear alge-
bra tools. We also presented a non-linear optimization
method for the recovery of the direction of the trans-
lation. A unique solution can be obtained when the
stereo rig performs two motions with different rotation
axes. Experimental results with real images as well as
simulations demonstrate the feasibility and robustness
of the proposed method. Interesting enough is the 3D
accuracy obtained by the method. Although this accu-
racy is not the same as that of the off-line calibration
it is still acceptable given that the stereo geometry is
recovered by the use of unknown and natural scenes
without any stereo correspondence.

In this work, we have assumed that the intrinsic
parameters of the stereo rig are known. In case where
they are not known, one can estimate them from motion
correspondences using self-calibration techniques for a
single camera [8]. Our future work would be on the
extension of the current technique to simultaneously
estimate the intrinsic and extrinsic parameters of the
stereo rig. A more detailed version of this paper can be
obtained from the authors on request.

A cknowledgment

The work described in this paper was substantially sup-
ported by a grant from the Research Grants Council
of Hong Kong Special Administrative Region, China
(RGC Ref. No. CUHK4114/97/E). It was also par-
tially supported by the CUHK Postdoctoral Fellowship
Scheme 1998 (CUHK Ref. No. 98/15/ERG).

270



References

(1]

[2]

[6]

F. Dornaika and R. Chung. Cooperative stereo-
motion: Matching and reconstruction. In Proc. of
the IEEE International Conference on Intelligent
Vehicles, October 1998.

O. D. Faugeras and M. Hebert. The representa-
tion, recognition, and locating of 3D objects. In-
ternational Journal of Robotics Research, 5(3):27—
52, 1986.

R. I. Hartley. Estimation of relative camera posi-
tions for uncalibrated cameras. In Proc. 2nd Euro-
pean Conference on Computer Vision, pages 579
587, 1992.

R. I. Hartley. An algorithm for self calibration
from several views. In Proc. International Confer-
ence on Computer Vision and Pattern Recognition,
pages 908-912, 1994.

R. Horaud and G. Csurka. Self-calibration and
Euclidean reconstruction using motions of a stereo
rig. In Proceedings of the IEEE International Con-
ference on Computer Vision, pages 96-103, Jan-
uary 1998.

R. Horaud and F. Dornaika. Hand eye calibra-
tion. International Journal of Robotics Research,
14(3):195-210, 1995.

B. K. P. Horn. Closed-form solution of absolute
orientation using unit quaternions. J. Opt. Soc.
Amer. A., 4(4):629-642, 1987.

Q.-T. Luong and O. Faugeras. Self-calibration of
a moving camera from point correspondences and
fundamental matrices. International Journal of
Computer Vision, 22(3):261-289, March 1997.

S. J. Maybank and O. Faugeras. A theory of
self-calibration of a moving camera. International
Journal of Computer Vision, 8(2):123-152, 1992.

W. H. Press, B. P. Flannery, S. A. Teukolsky, and
W. T. Wetterling. Numerical Recipes in C: The
Art of Scientific Computing. Cambridge Univer-
sity Press, 1988.

Y. C. Shiu and S. Ahmad. Calibration of wrist
mounted robotic sensors by solving homogeneous
transform equations of the form AX = XB.

IEEE Transactions on Robotics and Automation,
5(1):16-29, 1989.

271

[12]

[15]

[18]

B. Triggs. Autocalibration and the absolute
quadric. In Proc. of the IEEE Conference on Com-
puter Vision and Pattern Recognition, pages 609—
614, June 1997.

R. Y. Tsai and T. S. Huang. Uniqueness and es-
timation of three-dimensional parameters of rigid
objects with curved surfaces. IEEE Trans. on Pat-
tern Analysis and Machine Intelligence, 6:13-27,
1984.

R. Y. Tsai and R. K. Lenz. A new technique
for fully autonomous and efficient 3D robotics
hand/eye calibration. IEEE J. Robot. Automation,
5(3):345-358, 1989.

J. Weng, N. Ahuja, and T. S. Huang. Optimal
motion and structure estimation. In Proc. of the
IEEE Conference on Computer Vision and Pat-
tern Recognition, 1989.

J. Weng, T. S. Huang, and N. Ahuja. Motion and
Structure from Image Sequences. Springer-Verlag,
Berlin, 1993.

Z. Zhang, R. Deriche, O. Faugeras, and Q.-T. Lu-
ong. A robust technique for matching two uncal-
ibrated images through the recovery of the un-
known epipolar geometry. Artificial Intelligence
Journal, 78:87-119, October 1995.

Z. Zhang, Q.-T. Luong, and O. Faugeras. Motion
of an uncalibrated stereo rig: self-calibration and
metric reconstruction. IEEE Trans. on Robotics
and Automation, 12(1):103-113, 1996.

A. Zisserman, P. A. Beardsley, and I. D. Reid.
Metric calibration of a stereo rig. In Proc. of
the IEEE Workshop on Representation of Visual
Scenes, pages 93-100, June 1995.



