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Abstract

Skeletons are widely used for 2D and 3D shape analysis
in computer vision, bio-medicine and graphics. However,
their numerical computation is non-trivial. Methods based
on Voronoi techniques preserve the object’s topology, but
heuristic pruning measures are introduced to simplify the
Voronoi graph. Approaches based on Euclidean distance
Junctions can localize skeletal points accurately, but often
at the cost of altering the object’s topology. This paper
presents an overview of an algorithm we have developed
for computing 2D and 3D skeletons which addresses these
concerns. The key idea is to measure the net outward flux
of a vector field per unit area or volume and to detect loca-
tions where a conservation of energy principle is violated.
This is done in conjunction with a thinning process applied
in a discrete lattice. The method is robust and accurate,
has low computational complexity, and preserves topology.
We illustrate the approach with several computational ex-
amples.

1 Introduction

The 2D skeleton (medial axis) of a closed set A C R? is
the locus of centers of maximal open discs contained within
the complement of the set [4]. An open disc is maximal
if there exists no other open disc contained in the comple-
ment of A that properly contains the disc. The 3D skele-
ton (medial surface) of a closed set A C R3 is defined
in an analogous fashion as the locus of centers of maximal
open spheres contained in the complement of the set. Both
types of skeletons have been widely used in bio-medicine
for tasks involving object representation [19, 30], regis-
tration [13] and segmentation [24]. They have also been
used for graph-based object recognition in computer vi-
sion [20, 33, 25, 14, 29], for animating objects in graph-

ics [31, 22], and for manipulating them in computer-aided
design. Despite their popularity, their numerical compu-
tation remains non-trivial. Most algorithms are not stable
with respect to small perturbations of the boundary, and
heuristic measures for simplification are introduced.

Approaches to computing skeletons can be broadly or-
ganized into three classes. First, methods based on thin-
ning attempt to realize Blum’s grassfire formulation [4] by
peeling away layers from an object, while retaining spe-
cial points [2, 11, 6, 18]. It is possible to define erosion
rules in a lattice such that the topology of the object is pre-
served. However, these methods are quite sensitive to Eu-
clidean transformations of the data and typically fail to lo-
calize skeletal points accurately. As a consequence, only a
coarse approximation to the object is usually reconstructed
[18, 3, 11].

Second, it has been shown that under appropriate
smoothness conditions, the vertices of the Voronoi diagram
of a set of boundary points converges to the exact skeleton
as the sampling rate increases [23]. This property has been
exploited to develop skeletonization algorithms in 2D [20],
as well as extensions to 3D [26, 27]. The dual of the Voronoi
diagram, the Delaunay triangulation (or tetrahedralization
in 3D) has also been used extensively. Here the skeleton
is defined as the locus of centers of circumscribed circles
of each triangle (spheres of each tetrahedra in 3D) [9, 19].
Both types of methods preserve topology and accurately lo-
calize skeletal points, provided that the boundary is sampled
densely. Unfortunately, the techniques used to prune ele-
ments of the Voronoi graph which correspond to small per-
turbations of the boundary are typically based on heuristics.
In practice, the results are not invariant under Euclidean
transformations and the optimization step, particularly in
3D, can have a high computational complexity [19].

A third class of methods exploits the fact that the lo-
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cus of skeletal points coincides with the singularities of a
Euclidean distance function to the boundary. These ap-
proaches attempt to detect local maxima of the distance
function, or the corresponding discontinuities in its deriva-
tives [1, 12, 10]. The numerical detection of these singular-
ities is itself a non-trivial problem; whereas it may be pos-
sible to localize them, ensuring homotopy with the original
object is difficult.

This paper presents an overview of a novel algorithm we
have developed for computing skeletons in 2D as well as
in 3D which is robust and accurate, has low computational
complexity, and preserves topology. The key idea is to mea-
sure the net outward flux per unit area or volume of the gra-
dient vector field of the Euclidean distance function, and to
detect locations where a conservation of energy principle is
violated [28]. This is done in conjunction with a topology
preserving thinning process, such that the resulting skeleton
is homotopic to the original object [8, 7]. We illustrate the
algorithm with several 2D and 3D examples.

2 Hamiltonian Skeletons

Consider Blum’s grassfire flow [4]
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acting on a 2D closed curve C, such that each point on its
boundary is moving with unit speed in the direction of the
inward normal A. In recent work, we have shown that
this formulation leads to a Hamilton-Jacobi equation on the
Euclidean distance function to the initial curve [28]. In
physics, such equations are typically solved by looking at
the evolution of the phase space of the equivalent Hamilto-
nian system. Since Hamiltonian systems are conservative,
the locus of skeletal points coincides with locations where
a conservation of energy principle is violated. This loss of
energy can be used to formulate a natural criterion for de-
tecting singularities of the distance function.

More specifically, let D be the Euclidean distance func-
tion to the initial surface Cp. The magnitude of its gradi-
ent, || VD ||, is identical to 1 in its smooth regime. With
q = (z,y), p = (Ds, Dy), the Hamiltonian system is given
by
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with an aslsociated Hamiltonian function H 1 -
(D2 + D2)%. It is straightforward to show that all Hamil-
tonian systems are conservative [21, p. 172]; hence they are
divergence free. Conversely, when trajectories of the sys-
tem intersect, a conservation of energy principle is violated.
This suggests a natural approach for detecting the skeleton:
compute the divergence of the gradient vector field g and
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detect locations where it is not zero. The divergence is de-
fined as the net outward flux per unit area, as the area about
the point shrinks to zero:

fL<aN>d

Aa, 3)

le(q) = limA-d_.,g
Here Aa is the area, L is its bounding contour and N is
the outward normal at each point on the contour. Via the
divergence theorem

/div((’;l)da = / <q,N >dl )
a L

In other words, the integral of the divergence of the vector
field within a finite area gives the net outward flux through
the contour which bounds it. Locations where the flux is
negative, and hence energy is lost, correspond to sinks or
skeletal points of the interior. Similarly, locations where
the flux is positive correspond to sources or skeletal points
of the exterior.! The extension of the above analysis to 3D
is straightforward: simply replace the initial closed curve C
with a closed surface S in Eq. (1), add a third coordinate z to
the phase space in Eq. (2), and replace the area element with
a volume element and the contour integral with a surface
integral in Eq. (3).

Figure 1 illustrates the divergence-based computation on
the silhouette of a panther shape. The gradient vector field
of the Euclidean distance function is shown on the top,
with the total outward flux on the bottom. Observe that the
smooth regime of the vector field gives zero flux (medium
gray), its sinks coincide with the medial axis of the interior
(black), and its sources with the medial axis of the exte-
rior (light gray). Hence, a threshold on the divergence map
yields a close approximation to the skeleton, as used in [28].
However, in general it is impossible to guarantee that the
result is homotopic to the original shape by simple thresh-
olding. A high threshold may yield a connected set, but
it is not thin and unwanted branches may be present, Fig-
ure 2 (top). A low threshold yields a thin set, but it may be
disconnected, Figure 2 (bottom). The solution, as we shall
now show, is to introduce additional constraints to ensure
that the topology of the shape is preserved. The main idea
is to incorporate a homotopy preserving thinning process,
where the removal of points is guided by their divergence
values.

3 Homotopy Preserving Skeletons

Our goal is to combine the divergence computation with
a thinning process, such that as many points as possible are
removed without altering the object’s topology. In digital

1 Note that the classical definition of divergence as the sum of the partial
derivatives of the vector field in its component directions cannot be used
where it is singular, and these are precisely the points we are interested in.
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Figure 1: The gradient vector field of a signed distance func-
tion to the boundary of a panther shape (top), with the as-
sociated total outward flux (bottom). Whereas the smooth
regime of the vector field gives zero flux (medium gray), its
sinks correspond to the medial axis of the interior (dark gray)
and its sources to the medial axis of the exterior (light gray).

e

Figure 2: Thresholding the divergence map in Figure 1. A
high threshold yields a connected set, but it is not thin, and
unwanted branches are present (top). A low threshold yields
a closer approximation to the desired medial axis, but the
result is now disconnected (bottom).
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Figure 3: LEFT: A 3x3 neighborhood of a candidate point
for removal P. RIGHT: An example neighborhood graph for
which P is simple. Note that there is no edge between neigh-
bors 6 and 8 (see text).
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topology a point is simple if its removal does not change the
topology of the object. In 2D we shall consider rectangular
lattices, where a point is a unit square with 8 neighbors, as
shown in Figure 3 (left). Hence, a 2D digital point is simple
if its removal does not disconnect the object or create a hole.
In 3D we shall consider cubic lattices, where a point is a
unit cube with 6 faces, 12 edges and 8 vertices. Hence, a
3D digital point is simple if its removal does not disconnect
the object, create a hole, or create a cavity.

3.1 2D Simple Points

Consider the 3x3 neighborhood of a 2D digital point
P contained within an object, and select those neighbors
which are also contained within the object. Construct a
neighborhood graph by placing edges between all pairs
of neighbors (not including P) that are 4-adjacent or 8-
adjacent to one another. If any of the 3-tuples {2, 3,4},
{4,5,6}, {6,7,8}, or {8,1,2}, are nodes of the graph,
remove the corresponding diagonal edges {2,4}, {4, 6},
{6,8}, or {8,2}, respectively. This ensures that there are
no degenerate cycles in the neighborhood graph (cycles of
length 3). Now, observe that if the removal of P disconnects
the object, or introduces a hole, the neighborhood graph
will not be connected, or will have a cycle, respectively.
Conversely, a connected graph that has no cycles is a tree.
Hence, we have a criterion to decide whether or not P is
simple:

Proposition 1 4 2D digital point P is simple if and only
if its 3x3 neighborhood graph, with cycles of length 3 re-
moved, is a tree.

A straightforward way of determining whether or not
a graph is a tree is to check that its Euler characteristic
|[V| — |E| (the number of vertices minus the number of
edges) is identical to 1. Note that this check only has to be
performed locally, in the 3x3 neighborhood of P. Figure 3
(right) shows an example neighborhood graph for which P
can be removed.



3.2 3D Simple Points

In 3D a digital point can have three types of neigh-
bors: two points are 6-neighbors if they share a face; two
points are 18-neighbors if they share a face or an edge;
and two points are 26-neighbors if they share a face, an
edge or a vertex. This induces three n-connectivities, where
n € {6,18,26}, as well as three n-neighborhoods for
(N,.(x)). A n-neighborhood without its central point is de-
fined as N = N,(z)\{z}. An object A is n-adjacent to
an object B, if there exist two points z € Aandy € B
such that z is an n-neighbor of y. A n-path from x; to xi
is a sequence of points i, Tz, ..., Tk, such that for all z;,
1 < i < k, z;_1 is n-adjacent to ;. An object represented
by a set of points O is n-connected, if for every pair of points
(zi,2;) € O x O, there is a n-path from z; to z;.

Based on these definitions, Malandain et al. provide a
topological classification of a point z in a cubic lattice by
computing two numbers [16]: i) C*: the number of 26-
connected components 26-adjacent to = in O N N5, and ii)
C': the number of 6-connected components 6-adjacent to
in O N Nig. An important result with respect to our goal of
thinning is stated in the following theorem:

Theorem 1 (Malandain et al.
C*(P)=1and C(P) = 1.

1993) P is simple if

We can now determine whether or not the removal of a
point will alter the topology of a digital object. When en-
suring homotopy is the only concern, simple points can be
removed sequentially until no more simple points are left.
The resulting set will be thin and homotopic to the object.
However, the relationship to the skeleton will be uncertain
since the locus of surviving points depends entirely on the
order in which the simple points are removed. In the cur-
rent context, we have derived a natural criterion for ordering
the thinning, based on the divergence of the gradient vector
field of the Euclidean distance function.

3.3 Divergence-Ordered Thinning

Recall from Section 2, that a conservation of energy prin-
ciple is violated at skeletal points. The total outward flux of
the gradient vector field of the Euclidean distance function
is negative at such points, since they correspond to sinks.
The magnitude of the total outward flux is proportional to
the amount of energy absorbed, and hence provides a natu-
ral measure of the “strength” of a skeletal point for numeri-
cal computations. The essential idea is to order the thinning
such that the weakest points are removed first, and to stop
the process when all surviving points are not simple, or have
a total outward flux below some chosen (negative) value, or

2Conversely, skeletal points of the background correspond to sources,
with positive total outward flux.
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Figure 4: An end point is defined as the end of a 6-
connected curve or the corner or rim of a 6-connected sur-
face in 3D. For each configuration, there exists at least one
plane in which the point has at least three background 6-
neighbors.

both. This will accurately localize the skeleton, and also en-
sure homotopy with the original object. Unfortunately the
result is not guaranteed to be a thin set, i.e., one without an
interior.

One way of satisfying this last constraint is to define an
appropriate notion of an end point. Such a point would cor-
respond to the end point of a curve (in 2D or 3D), or a point
on the rim of a surface, in 3D. The thinning process would
proceed as before, but the threshold criterion for removal
would be applied only fo end points. Hence, all surviving
points which were not end points would not be simple, and
the result would be a thin set.

In 2D, an end point will be viewed as any point that could
be the end of a 4-connected or 8-connected digital curve. It
is straightforward to see that such a point may be character-
ized as follows:

Proposition 2 A 2D point P could be an end point of a 1
pixel thick digital curve if, in a 3x3 neighborhood, it has a
single neighbor;, or it has two neighbors, both of which are
4-adjacent to one another.

In 3D, the characterization of an end point is more dif-
ficult. To facilitate this task, we restrict our definition to a
6-connected neighborhood. In other words, an end point is
either the end of a 6-connected curve, or a corner or point
on the rim of a 6-connected surface. It is straightforward to
enumerate the possible 6-connected neighborhoods of the
end point, and to show that they fall into onc of three config-
urations (see Figure 4). Notice that for each configuration,
there exists at least one plane in which the point has at least
three background 6-neighbors, and that the end point must
also be a simple point:

Proposition 3 4 3D point P could be an end point of a
6-connected curve, or a corner or point on the rim of a 6-
connected surface, if it is simple and there exists at least



one plane in which the point has at least three background
6-neighbors.

We now have all the tools to design our divergence-
ordered thinning process. Simple points will removed
sequentially, ordered by divergence, until a threshold is
reached. Subsequently, simple points will continue to be
removed if they are not end points.

34 The Algorithm

The thinning process can be made very efficient by ob-
serving that a point which does not have at least one back-
ground point as an immediate neighbor cannot be removed,
since this would create a hole or a cavity. Therefore, the
only potentially removable points are on the border of the
object. Once a border point is removed, only its neighbors
may become removable. This suggests the implementation
of the thinning process using a heap. A full description of
the procedure is given in Algorithm 1; its worst-case com-
plexity can be shown to be O(n) + O(klog(k)), where n is
the total number of points in the 2D or 3D array and k is the
number of points in the interior of the object [7].

Algorithm 1 The divergence-ordered thinning algorithm.
Part I: Total Outward Flux
Compute the distance transform of the object D [5].
Compute the gradient vector field VD.
Compute the net outward flux of VD using Eq. 4
For each point P in the interior of the object
Whue(P) =Y " | < N;,VD(F) >,
where P; is an n-neighbor
(n = 81in 2D, n = 26 in 3D)
of P and NV; is the outward normal
at P; of the unit (disc in 2D, sphere in 3D),
centered at P.
Part II: Homotopy Preserving Thinning
For each point P on the boundary of the object
if (P is simple)
insert(P, Heap) with Flux(P)
as the sorting key for insertion
While (Heap.size > 0)
P = HeapExtractMax(Heap)
if (P is simple)
if (P is not an end point) or (Fluz(P) > Thresh)
Remove P
for all neighbors Q of P
if (Q is simple)
insert(Q), Heap)
else mark P as a skeletal (end) point
end { if }
end { if }
end { while }
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Figure 5. Tor: A subpixel medial axis, with branch points
shown as empty circles and end points as filled circles.
Compare with the results in Figure 2. BotToM: The re-
construction as the envelope of the maximal inscribed disks
(grey) of the medial axis, overlayed on the original shape.

We first present examples of medial axes, computed for
a range of shapes. The same divergence threshold was used
in each example, to determine which end points to pre-
serve. The implementation uses an exact distance function
to a piecewise circular arc interpolation of the boundary,
which allows for subpixel computations (details are pre-
sented in [8]). Figure 5 (top) shows the subpixel medial
axis for the panther silhouette with branch points shown
as empty circles and end points as closed circles. The ac-
curacy of the representation is illustrated in Figure 5 (bot-
tom), where the shape is reconstructed as the envelope of the
maximal inscribed discs associated with each medial axis
point. Figure 6 depicts subpixel medial axes for a number
of other shapes. The results demonstrate the robustness of
the framework under Euclidean transformations, as well as
changes in scale.

Next, we show medial surfaces computed for synthetic
data as well as volumes segmented from MR and MRA im-
ages. For these we used the D-Euclidean distance func-
tion [5] which provides a good approximation to the true
distance function. Once again, the only free parameter is
the choice of the divergence threshold below which the re-
moval of end points is blocked. For these examples, the
value was selected so that approximately 25% of the points
within the volume had a lower divergence.

Figure 7 compares our approach with the parallel thin-
ning method introduced by Manzanera et al. [18]. Note that
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Figure 6: Subpixel medial axes for a range of shapes, ob-
tained by divergence-ordered thinning.

the latter method yields only a subset of the “true” medial
surface for these data sets, and hence only a coarse approxi-
mation to the object is possible. In contrast, the divergence-
based medial surfaces carry more information, from which
a near perfect reconstruction is possible.

Recall from Section 2 that thresholding the total outward
flux provides an approximation to the skeleton at low com-
putational cost. However, as we showed in the 2D case (Fig-
ure 2), if the threshold is too high, slight perturbations of
the boundary will be represented, and the resulting struc-
ture will not be a thin set. On the other hand, lowering the
threshold can provide a thin set, but at the cost of altering
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Figure 7: LEFT COLUMN: Three views of a cube. MIDDLE
COLUMN: The corresponding medial surfaces computed us-
ing the algorithm of [18]. RIGHT COLUMN: The correspond-
ing divergence-based medial surfaces.
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Figure 8: LEFT COLUMN: Three views of the ventricles of a
brain, segmented from volumetric MR data using an active
surface. MIDDLE COLUMN: The corresponding medial sur-
faces obtained by thresholding the divergence. R1IGHT COL-
UMN: The divergence-based medial surfaces obtained using
the same threshold, but with the incorporation of homotopy
preserving thinning.

the object’s topology. This is illustrated for a 3D object in
Figure 8 (middle column) where the medial surfaces corre-
sponding to the views in the left column are accurate and
thin, but have holes. Observe that with the same thresh-
old as before, the divergence-based thinning algorithm now
yields a thin structure which preserves topology (Figure 8
(right column)).
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Figure 9: Tor Row: Blood vessels segmented from volu-
metric MRA data, with details of parts shown in the mid-
dle and right columns. MIDDLE Row: The correspond-
ing divergence-based medial surfaces. THIRD Row: The
divergence-based medial surfaces (solid) are shown within
the vessel surfaces (transparent).

Finally, we illustrate the robustness of the approach on
a data set of blood vessels obtained from an MRA image
of the brain, in Figure 9. The blood vessels have com-
plex topology with loops, and are already quite thin in sev-
eral places. The bottom row illustrates the accuracy of the
method, where the medial surfaces are shown embedded
within the original data set. Generically these structures are
thin sheets which approach 3D curves when the blood ves-
sels become perfectly cylindrical.

5 Conclusions

We have presented an overview of a novel algorithm for
computing 2D and 3D skeletons which is robust and accu-
rate, computationally efficient, invariant to Euclidean trans-
formations and homotopy preserving. The essential idea is
to combine a divergence computation on the gradient vec-
tor field of the Euclidean distance function to the object’s
boundary with a thinning process that preserves topology.
In 2D, the digital medial axis is also shifted to be within
arbitrary precision of the “true” medial axis, and may be
directly interpreted as a skeletal graph [8]. In 3D, the char-
acterization of simple (or removable) points is adopted from
[16], but we have also introduced the notion of an end point
of a 6-connected structure, in order that the algorithm may
converge to a thin set [7]. We have illustrated the advan-
tages of the approach on synthetic and real binary volumes
of varying complexity.

We note that in related work, Leymarie and Levine uti-
lized the magnitude of the gradient vector field to design
a potential function to attract a snake moving in from the
object’s boundary [12]. Geiger et. al have introduced a
variational approach to computing symmetric axis trees,
where portions of a curve are matched against others, in-
corporating constraints including co-circularity and paral-
lelism [15]. Dynamic programming is used to make the
computation efficient. Zhu has posed the computation of
the medial axis as a statistical inference problem, leading to
an approximation of the skeleton [34]. Tek and Kimia have
introduced a promising approach for calculating symmetry
maps, which is based on the combination of a wavefront
propagation technique with the use of an exact (analytic)
distance function [32]. Finally, Malandain and Fernandez-
Vidal obtain two sets based on thresholding a function of
two measures, ¢ and d, to characterize the singularities of
the Euclidean distance function [17]. Whereas empirical
results are good, the choice of appropriate thresholds for
these measures, as well as strategies for combining them,
are based on heuristics.

In contrast, our method is rooted in a physics-based anal-
ysis of the gradient vector field of the Euclidean distance
function, which shows that a conservation of energy prin-
ciple is violated at skeletal points and provides a single
consistent framework within which to compute skeletons in
2D and 3D. We use the divergence theorem to compute the
total outward flux of the vector field, and to locate points
where energy is absorbed. It should be clear that whereas
we have focussed on the interior of an object, the skeleton of
the background can be similarly obtained by locating points
that act as sources, and have positive total outward flux.
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