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Abstract We present quantitative results for
computing local least squares and global regularized
tange flow on a real range sequence. We review the
tomputation of local range flow [11], including the
o types of normal range flow, computed in a least
Squares framework, and then show how its computa-
lion can be cast in a global Horn and Schunck like
tegularization framework [13]. This is done by using
Tange data only and by using a combination of image
and range data [12]. We present quantitative results
for three regularization algorithms and a least squares
image-range algorithm for one real range sequence.

Introduction

We can use image sequences to compute optical flow
local least squares framework, for example, Lucas
Kanade [6]. or in a global iterative regularization,
xample, Horn and Schunck [4]. In addition to the
use of image intensity data, it is possible to use densely
sampled range sequences [14] to compute range flow,
the 3D velocity of environmental points relative to the
sensor. Range data (from a Biris range sensor [2]) con-
s of 2D arrays of the 3D coordinates (in millime-
of a scene, i.e. the 3D X, Y and Z values of
ath pixel, plus the grayvalue intensity at those points.
;1 the range sensor we used acquires images under
ithographic projection we can only compute 1mage
low (orthographic optical flow) rather than perspec-
optical flow, although the same algorithms can be
in both cases. The Biris range sensor is based on
live triangularization using a laser beam and on a
ual aperture mask. It has a reported depth accuracy
Labout 0.1lmm for objects at a distance of 250mm
|. This paper investigates the computation of range
OW on a real range sequence made with a Biris range
ISor using regularization algorithms on both range
intensity /range derivatives. We show how local and
obal optical flow computations can be extended into
). allowing the calculation of dense accurate range
oW fields, often when the number of individual range
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velocities is sparse.

2D optical flow methods have recently been gener-
alized into the 3D domain. Chaudhury et al. [3] formu-
lated a 3D optical flow constraint, using I,,, 1,, I, and
I; derivatives. Thus, they have a time-varying volume
of intensity where all 4 derivatives can be computed.
A lot of this work has been medically motivated, for
example, to compute 3D flow for CT, MRI and PET
datasets [9, 10, 15, 5]. Since range flow is computed
with respect to a moving 3D surface rather than moving
3D volumetric data, derivative data in the Z dimension
1s not available, resulting in slightly different constraint
equations for range flow and for 3D optical flow.

The basic algorithms used in this paper have been
reported in more detail elsewhere:

1. Quantitative flow analysis using the Lucas and
Kanade least squares calculation and the Horn and
Schunck regularization were reported in [1].

2. The computation of full range flow (and its two
types of normal flow) in a total least squares frame-
work was reported in [11]. Here, we reformulate
the range flow calculation in a least squares frame-
work.

3. The direct and indirect regularizations are first
presented in [13] for a number of different se-
quences, including a real sequence made from the
3D motion of a growing castor oil bean leaf using
a different Biris range sensor.

4. The computation of range flow from both inten-
sity and range data in both a total least squares
framework (as opposed to a least squares frame-
work used here) and a regularization framework is
reported in [12].

We examine the quantitative performance of all of these
algorithms on a real sequence where both the range
and intensity data are poor. We know the true 3D
velocity and are thus able to quantitatively analyze the
flow. The results are quite good, especially when one
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considers that the range structure is uniform at most
locations (the surfaces are planar).

2 2D Image Flow

The well known motion constraint equation:
Leu+ Lyv+1; =0 (1)

forms the basis of most optical flow algorithms. I,
I, and I in equation (1) are the z, y and ¢ intensity
derivatives while ¥ = (u,v) is the image velocity (or
optical flow) at pixel (z,y). which is an approximation
of the local image motion. Equation (1) is 1 equation in
2 unknowns and manifests the aperture problem. Nor-
mal velocity (the component of image velocity normal
to the local intensity structure can be totally expressed
in terms of derivative information:

S5 ‘g
it et (2)
5l

while tangential velocity, ¥; cannot, in general, be re-
covered.

To solve for ¥ we need to impose an additional con-
straint. An example of a local constraint is to assume
that locally all image velocities are the same. For exam-
ple, Lucas and Kanade [6] use a least squares computa-
tion to integrate local neighbourhoods of normal image
velocities into full image velocities. For a n x n neigh-
bourhood, they solve a n x 2 linear system of equations
Apxot = Bpxy as

EafdlA) 2ALE, (3)

where A has entries I;; and I; in the Tk

has entries —I; in the i** row. We perform eigenvec-
tor/eigenvalue analysis on AT A using routines in [7].
Eigenvalue (A < A1) and corresponding eigenvector (€g
and ¢é;) decomposition of the symmetric matrix AT A
yields least squares full image velocity, if both Ag > 7p4
and A; > 7pi, or least squares normal image velocity,
v, = U - €1, if A1 > 7p1 but Ay < 7p1. On the other
hand, Horn and Schunck [4] impose a local smoothness
constraint on the optical flow field and minimize:

row and B

//(Iru+va+I,)2+a2(u§+uZ+v§+v§)5z8y. (4)

We can write the Euler-Lagrange equations (with VZu
and V?v approximated as 4 —u and % — v respectively)
for Horn and Schunck as:

(a4 I2) £ ul [ (a?a—L1L)
1Ly (a2+I§) o e (agﬂ—lylt) :
A
(5)
yielding the Gauss Seidel iterative equations:
,un+1 Hinsny (a2,un & IzIt)
[ it ] = 4 [ (a?v" — L L) | (6)
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3 3D Range Flow

Biris range data consists not only of 3D coordinalf
(XY, 7) data of an environmental scene but also iner
sity data for each of those environmental points. Th
motion constraint equation can easily be extended inle
the range constraint equation [14] in 3D:

ZxU+ 2y V+ W+ Z, =0, ("

where V = (U.V, W) is the 3D range velocity and Zy,
Zy and Z; are spatio-temporal derivatives of the deptl
coordinate Z. Raw plane normal velocity can also be
computed directly from Z derivatives as

5 = _Zt(ZX:ZY:l)T
e

For a n x n neighbourhood, we can solve a n x 3
system of equations A, x3V = B, as

V=(ATA)"'ATB,

where A has entries Zx;. Zy; and 1 in the i row
and B has entries —Z; in the " row. A total leas
squares approach was also used [11]. The eigenvalies

(éo. é1 and €5) can be computed from the 3 x 3 sym
metric matrix A7 A and then used to compute Jeast
squares full range velocity, Ve, when Ag, A1 s > ™
an estimate of least squares line normal velocity.
when A1, Az > Tpa, Ag < 7Tpo and an estimate of the
least squares plane normal velocity, Vp, when Ay > s,
Ag. A1 < Tpa. The terms line and plane normal rang
velocity are motivated by the fact that these typesd
normal velocity always occur on lines or planes on th
3D surface. That is:

VF = (Véo)ég—l—(v él)él +(V~éz)€z (l
Vi = (V-é&)é+ (V- éa)én (L
VP = (‘7 * GQ)éQ. (I

Of course V is Vp. This computational scheme break
down if AT A cannot be reliably inverted as then we can
not compute V as required in equations (10) to (1)
Below we outline how to compute line and planar nor
mal flow when A7 A is nearly singular. We can rewils
the eigenvalue/eigenvector equation, AT Aé; = Xié;, &

éo pTR e ‘
ATA| & | =ATAR=1] 0 X 0 [HS
és 00 '

Ol

where R = [¢o, €1, €2]7. Thus we can rewrite equa

(9) as: ’

G0 0y
gusiap oo aie Bl (
b =0midy



Where V! = (U'.V'.W') = R'V and B =
[ U)T = RTATB. If Xy is small, Mg < 7,
A1.As > Tpy, we are dealing with a line normal velocity,
Vi = (U, Vi, Wr). Then the 27¢ and 3"¢ equations of
(14) give two equations that define constraint planes
that the normal velocity must lie in. The line normal is
given by the point on their intersecting line with mini-
mal distance from the origin. The direction of this line
isgiven by ég = é; x éa, which yields a third equation.
The system of equations to be solved is:

b/

Vi=e1oUr +enVi + €Wy, = )\—l (15)
1
bl

Wi=enlUr+enVitenW, = 2 (16)
9

entlir +en Vi + ey, = 0. (17)

Itboth Ay and A; are less than Tpo then we can only
ompute planar normal range flow. In this case, we
have one constraint:

bl
eaolp + €01 Vp + €2 Wp = /\—2 (18)

1] 2
The plane normal flow is the point on this plane with

'imal distance from the origin:

== €20 / €20

2 2

= €21 = €31 % (19)
P 2 2 2

€30+ €5 + €355 o Az s

Least
Flow

Squares Image-Range

Wenote that if we compute derivatives of intensity with
ispect to X and Y, rather than z and y (the per-
pective projection of X and Y) the motion constraint
ation becomes:

IxU+ILyV+ 1 =0. (20)
there U and V' are the first 2 components of range
W. Since a Biris sensor’s images are made under or-
ographic projection we use standard optical flow as
age flow. (U, V) can then be recovered by a least
ares calculation. They are the first two compo-
of range flow and are orthographic image velocity
h we call image flow). If we use equations of the
m in (20) and (7) whenever intensity and/or depth
brivatives reliably available, we obtain a least squares
ear system of equations for U. V and W in terms
i the spatio-temporal intensity and depth derivatives.

We require at least one equation of the form in equa-
tion (7) be present to constrain the W parameter. We
use [ to weigh the contribution of the depth and inten-
sity derivatives in the computation of (U, V, W) so that
they are of equal influence. We solve for (U, V, W) using
least squares as outlined above, checking the eigenval-
ues against a third threshold, 7p3.

5 Direct
Flow

We can compute regularized range flow directly using
the spatio-temporal derivatives of Z by regularizing

Regularized Range

////(ZXU+ZYV+W+Zt)2+a2(U§(+U§+U§+

Vi + Vi +VE + Wk + Wi + W2)oXaYazZot.  (21)
We can write the Euler-Lagrange equations using the
approximations V2U = Uxx + Uyy + Uzz = U - U,
V2V = Vxx + Voy + Vzz = V — V and and V2W =
Wxx + Wyy + Wyz =& W — W respectively as:

(o +2%) ZXZy Zx U (o U= Zx 21)
ZxZy (o +23) Zy V| = | («?V - 2yzy)
Zx Zy (a2 41) 44 (02W — 2y)

A
(22)

The Gauss Seidel equations then become:

g (a2Un — Zx Z,)
VRl = am | (e?Vn = 2y Zy) (23)
Wit (a?Wn — ;)

6 Indirect
Flow

Given VF, VL and Vp as computed above by a least
squares computation we can compute range flow by reg-
ularizing

////”to(v-éo)ég-{-tl(‘;'é])é]+t2(f/’-ég)ég—VM“§

+o?(U% + U3 + U5 + Vi + Vo 4+ Vi+
Wk + Wy + W3)oXaYazZot,

Regularized Range

(24)

where t3, ¢, and ¢y are integer values of 1 or 0, de-
pending on whether or not a full, line normal, or plane
normal velocity can be computed directly in the least
squares framework at a location. If Vp can be com-
puted tg = 4, =1, = 1, if V, only can be computed
thentg = 0 and ¢t; = t> = 1 and if Vp only can be com-
puted then {p = ¢; =0 and s =1. Htg =% =1, =0
no velocity information can be recovered. VM is the
computed full, line or plane range velocity. The term
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in the squared 2-norm in equation (24) can be written
as

BV = BV vidodiot tell s Je1 wiolV 6a)es — Vy

= BV —Vu. (25)

The 3 x 3 idempotent matrix B can be written as

B =t0é] -é0 4+ 1167 - &1 + 12éT . ¢y, (26)

where €7 is a row vector and ¢ is a column vector.

We can compute (“;(‘7‘/ ) as 2B(BV — V) =2B(V —
VM). Thus the Euler-Lagrange equations can be writ-
ten as:

= [ (12(1] + BUpn
(B+e’)V =| o’V +BVy (27)
g o | oW + BWy
yielding the Gauss Seidel equations:
frtd [ az(:]" + BUpy
pndlal — sl a?V" + BVy (28)
wntl i oW + BWpy

7 Combined Range Flow from
Intensity and Range Deriva-
tives

It is possible to compute 1% using both intensity and
range derivatives via equations (20) and (7) and the
same smoothness term given in equations (21) and (24).
We regularize:

////(ZXU+ZYV+W+ZL)2+52(IXU+IYV+L)2

+o* (U + Uy + Uy + +Vx + Vi + Vi+

Wi + W5 + W2)0X9YdZa, (29)
The Euler-Lagrange equations are:
U C!QQ—ZXZt —ﬂ.'z]x]t
ALV =02V iy s — B Iy I (30)
w QQW = Zt == ﬂQI-t
where 4 is
Z§+ﬂ21§+a2 Z);Zy+ﬂ21_xfy Zx
ZxZy + B Ixly Zi+ B I + o Zy
Zx Zy 1+a?
(31)
The Gauss Seidel equations are then:
2kl aQU:"—Z_th—ﬂzlei
yrtl | = 471 ] Q2yn — Iy Z; — B’ Iy 1,
Wwntl a’Wn — 7, — 821,
32)

The matrix A~ only has to be computed once in equa-
tions (23), (28) and (32) at the start of the itera-
tions. The existence of the inverse is guaranteed by
the Sherman-Morrison- Woodbury formula [13].
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8 Differentiation

The use of a good differential kernel is essential to the
accuracy of both image and range flow calculations. We
use the balanced/matched filters for prefiltering and dif
ferentiation proposed by Simoncelli [8]. A simple aver
aging filter [%, %, }—1] was used to slightly blur the ima:
before prefiltering/differentiation. The prefiltering ker
nel’s coefficients were (0.0356976, 0.2488746, 0.4308557;
0.2488746 and 0.0356976) while the differential kemnel
coefficients were (—0.107663, —0.282671, 0.0, 0.28267l
and 0.107663). For example, to compute I, we first
convolve the prefiltering kernel in the ¢ dimension, that
convolve the prefiltering kernel on that result in they
dimension and finally convolve the differentiation ker
nel in the z dimension on that result. We assumea
uniform sampling of the Z data in X and Y in gen
eral, this would not true (but it is almost always true
for our data). '

o

!
9 Error Measurement

We report 2D error for image flow and 3D error fo
range flow using relative magnitude error (as a per
centage) and angle error (in degrees). V. is the correct
image/range flow and V. is the estimated or comput;
image/range flow in the equations below. For magnk
tude error we report: ‘,A

[IVell2 = [1Vell2 ‘

by = ———— x 100%, (33

[IVell2 ‘

while for angle error we report:

Ua'= arccos(f/c . Ve) (

For line normal range flow we compute an estimated
correct line flow as:

Vie = (Vi -é1)é1 + (V. - é9)és. (3

Of course ¢; and és have error in themselves as they
are computed from the least squares integration ma
trix. We then report magnitude and angle error as giver
in equations (33) and (34). Finally, for planar norma
range flow we can only compute the planar magnitud
€ITor: :

Ve - Vo — [[Vell2 4
- x 100%,
[1Vell2

as the direction of the computed and estimated

Yp3p =

eigenvector corresponding to the largest eigenvalue)
We also examine 9,,. the average absolute error:

N
Yars = ) IV - Vil = |1Vl



(a)

figure 1: (a) The smoothed subsampled intensity im-
age for frame 25 of the NRC sequence and (b) its cor-
responding depth (Z) image.

(b)

Finally we compute bias magnitude error for full and
ime normal flow as

[IVellz = [1Vll2
Z 11Vl |2

which will tell us if there is a consistent under estimate
orover estimate in the magnitude error.

x 100%,  (38)

made by moving a scene (consisting of some boxes
tapped in newspaper) a set of fixed equal distances

anslation (0.095377, 1424751 0. 087113) mm/ frame
known, allowing quantltatlve error analysis. NRC’s
iris range sensor was also mounted on another linear
tioner and at each time three sets of four overlap-
(intensity and X, Y and Z) images were acquired.
images are then manually viewed and joined into
e larger image (some partially overlaid data was dis-
ided). A sheet of white paper was also imaged and
d to correct the intensity images by rescaling their
iensities so that all intensities were white and then
staling the acquired images by these same factors.

Thanks to Luc Cournoyer at NRC for helping the 1 author
ake this data.

i i ’5 I

y 1

ARVANTIVAN

(a) (b)

Figure 2: The (a) computed and (b) correct XY full
range flows for the NRC sequence.

In retrospect, if we were to make these images again,
we would not use only planar surfaces, as only plane
range flow can be recovered there. Sparse full and line
flow can be recovered, but only at the boxes’ corners
and edges. Nevertheless, we were able to compute some
meaningful and dense full range flow fields using our 3
regularization algorithms. To attenuate the effects of
noise artifacts and to improve computational time we
used level 1 of the Gaussian pyramid to compute all
flows (3D Gaussian smoothing with a standard devia-
tion of 1.0 and the subsampling in the X and Y dimen-
sions by 2). Figure la shows one intensity image in the
sequence while 1b shows its depth (Z) map (scaled into
an image). Because there are intensity patterns on the
surfaces (the printed newspaper text) and there is slight
distortion in parameter estimation caused by the local
intensity variation, the Z values vary slightly according
to the surfaces’ intensity and one is able to read some
text in the Z images (see Figure (1b)). The top and
bottom parts and some of the right side of the image
in Figure (la) are part of the linear positioner setup:
one cannot obtain good derivative values here and to
increase computational accuracy and speed we masked
out these parts of the image in our flow calculations.

Figures 2 and 3 show the corresponding computed
and correct full and line XY flows for this sequence
(see section 3). The plane flows (which we don’t show
here) have very small magnitudes. To fully show the
3D flows, we also need to show the XZ flows; however
since the X and Z flow components are only about 6%
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Figure 3: The (a) computed and (b) correct XY line
range flows for the NRC sequence.
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Figure 4: (a) The image flow computed using ITorn and
Schunck method (2000 iterations) and (b) the XY range
flow using the direct image-range flow calculation.

of the Y component for this sequence the XZ flows are
generally quite small relative to the XY flows and due
to space limitations are not shown here. The correct
line and plane flow are computed using eigenvectors of
AT A: hence they are not really “correct” but have the

Full Range Flow (7ps = 0.2)

Uy 21.76% + 23.36%
Ya 22.66° + 14.53°
B 16.41% 4+ 27.39%
Density | 1.04%

Line Normal Range Flow (7pa2 = 0.2)

Ym 15.88% + 21.83%

Y 36.41° + 22.42°

¥p 6.43% + 26.21%

Density | 18.06%

Plane Normal Range Flow (7p2 = 0.2)
Yass 0.20 £+ 3.25

Density | 28.34%

Table 1: Direction and magnitude error of the con
puted full, line and plane range velocities wrt the e
mated “correct” full, line and range flow for the NR(
real range sequence.

eigenvector error. Table 1 give the quantitative result
for these full, line normal and plane normal fields.
report only 44, for the plane normal flow; the rel
magnitude and angle errors and their standard devia
tions for this flow are quite large due to the often la g
relative differences of individual computed and coret
plane normal flows. In all cases, the absolute sizes o
the computed and correct plane normal velocities were
quite small.

Figure 4a shows the image flow recovered by Hom
and Schunck’s algorithm (2000 iterations) (section (
while Figure 4b shows the XY range flow from usinga
least squares computation on the intensity and rang
derivatives. Table 2 show the magnitude and dire
tion errors for these flows (plus the flow for Lucas and
Kanade). The image flows may appear to be a bit bet
ter (although the Lucas and Kanade flow is not dens)
but the image-range algorithm actually computed
range flow.

Figures 5 and 6a show the regularized range flo
fields for the direct (section (5)), combined (section ()
and indirect regularization (section (6)) algorithms,
1000 iterations while Table 3 shows their magnituds
angle and bias errors. We used o = 10.0 and 3 = L.0fo
all the regularizations. T'or direct regularization, over
all results are poor because most of the image only ha
plane flow information, the regions surrounding full floy
have good velocities. Results improve with more itel
tions. For indirect regularization results, while betta
are still not good. The denser flow fields result whereve
full or line normal flow can be computed. For the s
direct flow field computed with 1000 iterations, 50.46
had an magnitude error more that 50% (average magi
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Table 2: Direction and magnitude error of the com-
puted llorn and Schunck image flow (for 1000 and 2000
iterations), Lucas and Kanade image flow (for rp; = 0.1
and 7p; = 1.0) and for the 3D range flow computed
Via the least squares optical-range flow algorithm (for
p3 = 0.2) for the NRC range sequence.

tude error of 58.84%+12.58% and average angle error of
12.70°£9.92°). The combined regularized flows are the
best, these use both intensity and range derivative data
and yield dense flow. We report one last experiment:
We use the flow after 1000 iterations of the combined
tgularization algorithm to initialize the direct regular-
ization algorithm (also 1000 iterations). The flow is
shown in Figure 6 and the error in Table 3. 71.75%
of the flow had 10% or less magnitude error (average
magnitude error of 4.29% =+ 2.51% and average angle
emmor of 0.24° 4 1.64°). This was the best result of all
the NRC flows when using range flow only. This use of
linitial set of non-zero velocities in the initialization
fiep of regularization seems to be one way to obtain
ense accurate flow for the NRC sequence.

Conclusions

e have shown the computation of full, line normal and
lane normal range flow on a real intensity /range se-
uence. Our computation was in a least squares frame-
: fotal least squares is used in [11, 13, 12] and we
currently investigating the difference.

‘The NRC sequence is perhaps the most difficult type
range sequence to analyze: most of the surfaces are
anar with little or no full or line normal velocity. The
tect and indirect regularization algorithms were only
to compute full flow in the vicinity of this full and
¢ normal flow. The combined regularization used
;\'x intensity and range data to obtain full flow every-

Horn and Schunck XY Flow (2000 iterations) Direct Regularization (1000 iterations)
Uu 10.33% + 12.47% Yam | 39.97% £ 24.52%
A 3.48° + 5.53° Ya | 7.84°+3.97°
(7] —4.54% + 15.55% ¢p | —39.71% + 24.95%
Density | 82.67% Indirect Regularization (1000 iterations)
Lucas and Kanade XY Flow (7p; = 1.0) Yam | 39.59% + 22.87%
Um 10.51% + 10.073% tha | 11.72° 4 7.75°
(7 9.68° + 5.57° Yp | —24.31% + 38.72%
Ug 6.01% + 13.26% Combined Regularization (1000 iterations)
Density | 8.11% Yy | 15.46% 4 20.06%
Least Squares Image-Range 3D Flow (rp5 = 0.2) Ya | 16.50° £ 13.08°
Um 13.80% + 12.50% Yy | 0.97% £ 25.31%
s 14.04° &+ 5.94° Direct Regularization (1000 iterations) initialized
Up 3.87% + 18.21% by Combined Regularization (1000 iterations)
@sity 65.25% Ua | 9.56% £ 9.99%

¥a | 9.02° £ 2.86°
s | —5.54% + 12.66%

Table 3: Direction and magnitude error of the direct,
combined and indirect regularized flow for 1000 itera-
tions for the NRC sequence. Also shown are the error
results when the indirect regularized flow is used to ini-
tialize the direct regularization. The density of all flow
fields (due to masking) is 82.68%.

where. The usefulness of combining the two types of
data should not be in doubt; the flow was better than
that with the use of range data alone and, of course,
image flow, by itself cannot be used to recover the 3¢
component of range flow. Finally, when we initialized
direct regularization with combined regularized flow, we
obtained the best results.
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