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Abstract We present a local least squares com-
putational approach for computing 3D velocity (3D
optical flow) from 3D radial velocity. We demon-
strate the performance of our algorithm quantita-
tively on synthetic radial velocity data and qualita-
tively on real radial velocity data, obtained from the
Doppler radar at Kurnell Radar station, Botany Bay,
New South Wales, Australia. Radial velocity can be
used to predict the motion of storms in sequences
of Doppler radar datasets. Keywords: 3D Optical
Flow, 3D Doppler Full/Radial Velocity, Local Least
Squares.

1 Introduction

We present an extension of our 2D Doppler storm
tracking work into 3D [7, 8, 13] by using local 3D
radial velocity neighbourhoods to compute local 3D
velocity. Radial velocity (measured by the Doppler
effect) is the component of 3D velocity along the ra-
dial vector from the radar station to some 3D mov-
ing atmospheric point. Our computation of full ve-
locity from environmental radial velocities uses a lo-
cal least squares framework, much like Lucas and
Kanade [16]. An iterative regularization technique,
like Horn and Schunck’s [11], is presented in [5, 6]. In
addition to computing 3D velocity from radial veloc-
ities, it is also possible to use densely sampled range
sequences [22] to compute range flow, the 3D veloc-
ity of environmental points relative to a range sensor,
in a similar manner [20, 21]. Note that range flow
is computed with respect to a moving 3D surface
rather than moving 3D volumetric data (3D radial
velocity).

2D optical flow methods have recently been gen-
eralized into the 3D domain. Chaudhury et al. [4]
formulated a 3D optical flow constraint, using I,
Iy, I. and I; derivatives. Thus, they have a time-
varying volume of intensity where all 4 derivatives
can be computed. Much of the 3D optical flow work
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has been used for medical applications, for example,
to compute 3D flow for CT, MRI and PET datasets
[18, 19, 23, 15, 14, 2, 9, 10, 12].

The well known 2D motion constraint equation:

Lu+ v+ =0 (1)

forms the basis of most 2D optical flow algorithms.
I, I, and I; in equation (1) are the z, y and ¢ inten-
sity derivatives while ¥ = (u,v) is the image veloc-
ity (or optical flow) at pixel (z,y), which is an ap-
proximation of the local image motion. Equation (1)
is one equation in two unknowns and manifests the
aperture problem. The true velocity is some point on
this line. Normal velocity (the component of image
velocity normal to the local intensity structure) can
be totally expressed in terms of derivative informa-

tion: i
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while tangential velocity, #; cannot, in general, be

recovered. Normal velocity can be shown to be the
point on the motion constraint line closest to the
origin. Note that

l-"‘nIUn, (3)

where n is the unit normal direction vector, is an-
other equivalent way to write equation (1), with
=Ty

To resolve the aperture problem and solve for ¥
we need to impose an additional constraint. An ex-
ample of a local constraint is to assume that locally
all image velocities are the same. For example, Lu-
cas and Kanade [16] use a least squares computation
to integrate local neighbourhoods of normal image
velocities into full image velocities. For a N = n xn
neighbourhood, they solve a N x 2 linear system of
equations AyxoU = Byx1 as

7=(ATA)"1ATB, (4)
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where A has entries I;; and Iy; in the it" row and B
has entries —I;; in the i** row. We can perform eigen-
vector /eigenvalue analysis on AT A using routines in
[17]. Eigenvalue (Ag < A1) and corresponding eigen-
vector (g and e;) decomposition of the symmetric
matrix A7 A yields least squares full image velocity,
if both Ag, Ay > 7, or least squares normal image
velocity, vy, = ¥ - eq, if Ay > 7 but Ag < 7 [3].

The 3D motion constraint equation can be de-
rived in a similar fashion, as the 2D motion con-
straint equation:

Ixl bV LWL =8, (5)

where 3D velocity V has components U/, V' and W
and Ix, Iy, Iz and I; are the X', Y, Z and ¢ intensity
derivatives. Equation (5) describes a 3D plane, with
the true 3D velocity being a point on that plane.
The aperture problem is manifested as the velocity
on this plane closest to the origin (the plane normal
velocity). If 3 distinct plane normal velocities are the
result of the projection of a single 3D velocity, then
these different 3D planes intersect at a unique point,
which is that projected 3D velocity. If two planes
intersect (at a line) we call the point on that line
closest to the origin the line normal velocity. Plane
and line normal velocities are described in full detail
in Spies et al. [20, 21] The 3D motion constraint
equation can be rewritten as

-

V.on=1,, (6)

where \7}1 = V,n is a 3D plane normal velocity which
can be described solely in terms of intensity deriva-
tives:

et —(IX,I%IZ)Iz. 7

: i L I

Both the 2D and 3D motion constraint equations
assume rigid motion amd pure translation. When
velocity derivative data is computed from intensity
data, lambertian shading is also assumed, meaning
there are no specularities and all intensity changes
are assumed to be due to motion alone. We use the
3D constraint equation here under the assumption
that locally these first two assumptions hold (radial
velocity obviously has no intensity component). Al-
though Doppler data is highly deformable, the radial
velocity data is effectively instantaneously sampled
[1], making these first two assumptions valid.

2 Doppler Data

Our 3D Doppler data consists of datasets sampled
at 10 minute intervals. Each data set is comprised
of 15 elevations of atmospheric radar reflectivity and
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radial velocity data. Each elevation consists of 360
equally spaced rays of such data and each ray con-
sists of 600 reflectivity and radial velocity data stored
as unsigned characters. We have implemented an X
windows visualization tool to allow us to examine
(and explore) the data. This program allows one
not only to view the same elevation of data over
time but also to view all the elevations at one time,
both 1n movie mode. As well, all the elevation data
at one time can be simultaneously viewed (using Z
buffer hidden surface removal) and manipulated by
3D affine transformations [5]. Our tool also performs
bilinear interpolation to allow graphically pleasing
views of the data. Figure 1 illustrates the 3D struc-
ture of Doppler radar datasets. Figure 2 shows the

600 points ( density/velocity value)

I 360 rays |
(1 ray foreach degree of a circle )

The 3D structure of Doppler radar
The scanning surfaces of radar rays are
15 cones with different elevation angles. 360 rays are

Figure 1:
datasets.

recorded on the surface of each cone; the angle be-
tween arbitrary two adjacent rays is one degree. Each
ray is divided into equal parts by 600 points which
contains the reflectivity and the radial velocity of
atmospheric water precipitation. Each ray point lo-
cation is described in 3D spherical polar coordinates.

bilinearly interpolated reflectivity and radial veloc-
ity data for time 199909161510 (1990, September
16, 15:10) at elevation 2 produced by our visualiza-
tion program. We used the same shading (colouring)
scheme as used by the Kurnell radar station to indi-
cate radar reflectivity and radial velocity magnitude
and direction in these and all other radar images in
this paper.

Currently this data is stored in a three-
dimensional array which consists of the 3D Carte-
sian coordinates of each data point, i.e. the 3D X
Y and Z values (in kilometers) of each data point
after conversion from the spherical polar coordinate
format of input data.



(b) Radial Velocity.

Figure 2: Real Doppler radar data obtained at time
199909161510 at elevation level 2. (a) Precipitation
Density and (b) Radial Velocity.

3 3D Velocity in a Least

Squares Framework

To compute the 3D full velocity V= (U, V, W) from

radial velocity V;., we use the dot product of V and
P, 1.6 Vir =1, to obtain:

Urx + Vry + Wrz =V, (8)

which is one equation in three unknowns. Essen-
tially, this is the 3D motion constraint equation for
3D optical flow, i.e. equation (6), but with radial
velocity replacing plane normal velocity.

To solve for V at a point, we select a small lo-
cal neighbourhood in the vicinity of the point. Cur-
rently, we use a 7 x 7 x 7 neighbourhood (determined
by trial and error). Before the least squares estima-
tion, the data is smoothed. For each point, we calcu-
late the average radial velocity in its 7 x 7 x 7 neigh-
bourhood, then replace the original radial velocity
at that point with its average value. Experimen-
tal results here and in a thesis [5] show smoothing
the data before the computation and using large size
neighbourhoods for least squares integration produce
better results. One should note that this box filter-
ing approach is sound as, for all effective purposes,
the data is uniformly sampled. Two adjacent rays
are oriented differently by 1 degree (or less in the Z
dimension for the lower elevations), yielding radial
velocity data that is very close to being uniformly
sampled.

Since the neighbourhood is small compared to the
whole Doppler dataset, we can assume that all points
in the neighbourhood move with the same full ve-
locity V. Since the radial velocities V, for differ-
ent points satisfy different motion constraint planes,
their intersection defines the common 3D full velocity
V = (U, V,W), where U, V, W are three components
of the velocity vector respectively along X, Y and 7
axes. This forms the basis of our computation.

For a N = n x n x n neighbourhood, we obtain a
N x 3 linear system of equations

TPy - Ve

ExXs ry, (8 U V, 9
Vali= i (9)
4%

"Xy TYn TZn Ve

which can be written as:

AnxsV = Bnxi, (10)

where A has entries rx,, 7y, and rz, in the i'" row,
B has entry V;. in the i"" row and N is the number
of locations in the neighbourhood. Actually, in a real
computation, not all the “neighbours” have accept-
able radial velocity values. We threshold out those
less than a minimum radial velocity value. At these
locations most of the velocity information is either
tangential to the radial direction and/or the velocity
data is aliased, meaning that the use of the 3D mo-
tion constraint equation to recover the 3D velocities
is likely fail. A has the size N x 3 when there is no
thresholding. An alternate approach to thresholding
suggests itself: threshold radial velocities where the
precipitation density data is low. However, because
the precipitation and radial velocity data are sam-
pled at slightly different times, they do not perfectly
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correlate. Nevertheless, we will investigate this pos-
sibility further in future work.
We can solve for V' in the least squares sense as:

AL slirasV =A% By, (11)

where AT A is a 3 x 3 symmetric real matrix (all
eigenvalues are real and positive).

The system can be solved if and only if AT A can
be reliably inverted, i.e. AT A4 is non-singular. The
solution is:

V =[ATA]7'ATB. (12)
The eigenvalues (Ag < A; < A3) and their corre-
sponding eigenvectors (€p, ¢; and és) can be com-
puted from the 3 x 3 symmetric least squares inte-
gration matrix AT A. When Xy, A1, A2 > 7, we can
reliably recover a least squares 3D full velocity 7
otherwise we assume there is no reliable 3D veloc-
ity there. Line normal and plane normal velocities
[20, 21] can possibly then be defined here and com-
puted, however they seem to provide no useful pur-
pose for 3D storm tracking.

Lastly, we note that theoretically, we could com-
pute full 3D velocity from neighbouring radial veloc-
ities at adjacent time intervals as well as at one time
as we show in this paper. Problems that arise in
this case include the fact that storms are non-rigid
deformable objects (and hence the 3D motion con-
straint equation would not hold) and that the sam-
pling rate of one Doppler dataset every 10 minutes
leads to aliased data.

4 Projection of 3D Flow

3D velocity vectors are projected onto a 2D image
plane for display purposes.

A 3D point ﬁ(l‘, y, z) which moves with full ve-
locity V will reach P'(a’,y/, ') after time ¢:

—

-
= (X,Y,2)+ (Vxt, Virt, Vzt)

= (Xt Y+t 24Vt (13

Then, we can project P and P’ onto a 2D XY im-
age plane at p and p'’ respectively using perspective
projection:

el e (14)
e s

TSl Y
T2+ Vat) T (2 F Vit

b

o= ), (15)

where ¥ &~ '/ — ' is the 2D projection velocity of V.

[ 1s the focal length of our virtual camera, which we
arbitrarily set to obtain “nice” looking images.
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5 Synthetic Doppler Velocity
Results

In assess the accuracy of the method, we applied our
approach to synthetic radial velocities. We generate
synthetic data by projecting 3D velocity along the
same radial lines as the Doppler radar uses. Full ve-
locity was then recovered in our least squares frame-
work using this synthetic data with controlled noise
added to it. The correctness of the approaches and
their implementation can be tested by comparing the
true and the estimated velocity field on the surfaces
of 15 cones, which have the same coordinates and
elevation angles as real Doppler radar rays.

Dats 1l name 1 200003251525 CONVIL 2
Elevation Ho. :E

Figure 3: Visualization of least squares full velocities
for noisy synthetic radial velocities with 10% ran-
dom Gaussian noise (o = 1.0) using the least squares
method and 80.47% density. The true artificial full
velocities is Vi = (20,0, 0).

The experimental process for the creation and
analysis of synthetic Doppler data has four steps:

1. Set artificial constant full velocity for each point
on the cones. The two examples we choose
here are full velocities V4 = (20,0,0) and V5 =

(12.-16,20).

2. Compute the artificial radial velocity for each
point using the constant full velocities. Since the



Tata file nane : 200003251515_COWOL_n2
Elevation No. :E 2

Figure 4: Visualization of least squares full velocities
for noisy synthetic radial velocities with 10% random
Gaussian noise and 80.29% density. The true artifi-
cial full velocity is Va = (12, —16, 20).

radial velocity at some atmospheric point can be
viewed as the projection of the full velocity at
that point along its radial direction, we have:
Vie=(Vx Wy, Vg) (ix ry,Tz)
VxX WY VzZ ,
- tre e ol (16)
R R R

o

where V. = (Vx,VW,Vz) is the full veloc-
ity and r = (rx,ry,rz) is the unit vector
which indicates the direction of the radial ve-
locity. 7 is computed from the Cartesian co-
ordinates, (X,Y, 7), of the atmospheric point.
The coordinate magnitude is given by R =

VX2 4+Y2+ Z? and is used for vector normal-

1zation purposes.

3. Apply the least squares method to step 2 ra-
dial velocities velocities to estimate the 3D full
velocity flow field.

4. Quantitatively compare the estimated velocities
and the true constant velocities at each point.

Figures 3 and 4 show the computed full velocity fields
for V7 and Vs with 10.0% random Gaussian noise
(standard deviation of 1.0). As mentioned earlier,

the shades (actually colour, although not reproduced
here) are the same as those used by the Kurnell radar
station to indicate radial velocity magnitude and di-
rection (towards or aways from the radar). The av-
erage magnitude and angle error for the 2 motions
is shown in Table 1 below. In another paper [6], we
show that global regularization applied on these least
squares velocities can reduce the average magnitude
and angle error to less than 1% and 1° respectively.

We only compute full velocities at locations where
the radial velocity magnitude is > 5. Typically,
un-aliased radial velocities range from —40 to +40.
We also reject full velocity calculations where the
condition number of the least squares integration
matrix is > 1,000,000. Typically, these condition
numbers are less than 30,000 but one did reach a
value of 80,000,000 (an obvious outlier). Large con-
dition numbers usually mean the radial velocity are
at a motion discontinuity, i.e. some radial veloci-
ties are negative while others are positive. Figure 6
illustrates computed full velocities using blurred ra-
dial velocities from the same Doppler dataset. The
flow fields are smoother than those without blur-
ring. These results show that smoothing the data
before the velocity computation stage and increas-
ing the neighbourhood size produce better results.
Finally, Figure 7 show the flows computed at time
200009251640 (2000, September 25, 16:40) for ele-
vations 2 and 5 while Figure 8 show the flows for
the same two elevations computed 40 minutes later
at time 200009251700 (2000, September 25, 17:00).
All the flows at 200009251640 are in the directions
the Doppler clusters have moved to at 200009251700.
For elevation 2, the average velocity is 20m/sec or
1.2km/minute. After 20 minutes this corresponds
to a predicted displacement of 24km or (after the
appropriate scaling) 18 pixels. The approximate dis-
placement of the storm between the two images is 20
pixels, which is quite close to the predicted displace-
ment. Numerous other flow calculation examples are
available [5].

6 Real Doppler Velocity Re-
sults

For the least squares approach, to solve for full ve-
locity V at a point, we select a small local neighbour-
hood around the point. Trial and error led us to the
observation that 7 x 7 x 7 neighbourhoods gave the
best results. We also examined the effect of smooth-
ing the radial velocity data before the least squares
computation. The average value of the radial veloci-
ties in the 7 x 7 x 7 neighbourhood of an atmospheric
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Dataset Mag. Error Angle Error Density
Vi (5%) | 3.171% + 0.282% 3.284° + 7.415° 81.49%
Vi (10%) | 5.926% + 0.621% | 6.814° + 13.7817° | 80.47%
Va(5%) 3.689% + 0.297% 2.315> 4 3.823° 81.32%
V2(10%) | 6.699% + 0.778% 4.618° £ 6.515° 80.29%

Table 1: Magnitude and angle errors for V; and
for 5% and 10% random Gaussian noise (o =
Density were obtained by thresholding all radia
locities with magnitude less than 5.0.

Va
.0).

ve-

—_—

point, instead of the original radial velocity at that
point, was used to do the computation.

Figure 5: Computed full velocity flow field for real
Doppler radial velocity dataset 200009251510 in a
least squares framework using 7 x 7 x 7 neighbour-
hoods without smoothing.

7 Conclusions

We have shown, quantitatively on synthetic data
with controlled amounts of random Gaussian noise,
that we can accurately compute full 3D velocity from
3D radial velocity. We have shown, qualitatively on
real Doppler datasets, that we can compute good
(realistic) velocity fields. We found that the ra-
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Figure 6: Computed full velocity flow field from real
Doppler radial velocity dataset 200009251510 in a
least squares framework using 7 x 7 x 7 neighbour-
hood with smoothing before the least squares com-
putation stage.

dial velocities should be pre-smoothed before a least
squares computation to obtain the better results.
The real velocities are always in the direction of the
storms, indicating their general correctness and use-
fulness as a storm motion predictor. The algorithm
used here works for severe weather storms, extreme
weather events such as tornadoes, have not been ex-
amined and may be problematic because of their rel-
atively small sizes.
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