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Abstract

The paper presents a local learning framework for
pattern classification by partitioning a pattern space
into different overlapped subsets and combining de-
cisions in a local space. In contrast to designing a
classifier on the global space, the advantage of the
local learning framework is to reduce the complexity
of component classifier which helps to enhance gen-
eralization. Our experimental results on handwritten
digit database (CENPARMI and MNIST) are com-
parable with current best classifiers, which indicates
that the proposed method is effective for classifying
real world patterns. In addition, we have analyzed
the characteristics of overlapped subsets and discov-
ered that a simple average of the outputs of component
classifiers achieves the best performance by optimizing
the weights.

1 Introduction

In the classical pattern recognition problems, we se-
lect a classifier and tune it on a given training set. Our
goal is to keep the misclassification error as small as
possible on testing patterns extracted from the same
distribution as the training patterns. The classifica-
tion function approximates the global properties of
the target concepts. But in real world problems, the
size of the training set is not large enough to achieve
this goal. Although the small values of the empirical
risk are easily achieved on the training sets, this does
not guarantee a good generalization without control-
ling the complexity of the designed classifier using the
framework of statistical learning theory [1]. When the
size of the training set is small compared to the com-
plexity of the classifier, the learning machine usually
overfits the noise in the training data. Thus effective
control of complexity of a classifier plays a key role
in achieving good generalization. Some theoretical re-
sults (see [1], [2]) and experimental results (see [3], [4])
indicate that a local learning algorithm (that is learn-
ing machine trained on the training subset) provides

a feasible solution to this problem.

In recent years, learning based on the training sub-
set has been an exciting research topic and some im-
portant theoretical and experimental results have been
obtained. In fact, local learning is not a new con-
cept and it has appeared in the early years of pat-
tern recognition. The obvious example is the nearest
neighbor method: given a testing pattern, we estimate
its class from the closest pattern in the training set.
Cover and Hart [5] proved that the asymptotic prob-
ability of error does not exceed twice the Bayes error.
A well-known technique to estimate probability den-
sity function is the Parzen kernel estimate. For small
training sets the performance of both methods is not
very good because they do not use information about
the class boundary when they are applied to pattern
classification. Vapnik and Bottou [6] proposed the-
oretical model of a local learning algorithm and ob-
tained bounds for the local risk minimization estima-
tor for pattern recognition and regression problems us-
ing structural risk minimization principle. Although
these estimated bounds are independent of the distri-
bution, experiments have shown that they are quite
loose in practice. Radial basis functions (RBF) [7]
which have been justified by regularization theory [§]
share many interesting properties with local learning
algorithms. Compared with multi-layer perceptron,
RBF interprets the data more intuitively. However,
effective determination of the radial basis centers lacks
satisfactory solution.

Another promising approach is the combination
of classifiers in which individual classifiers are con-
structed on the training subsets and combined into
a powerful decision system. Among these combina-
tion techniques, the best methods are bagging [9] and
boosting [10]. These two methods rely on a random
“sampling” technique to generate a training subset.
In bagging, subsets of the raw training samples, ran-
domly and independently selected with replacement




(bootstrap sampling) according to a uniform proba-
bility distribution, and used to construct a set of com-
ponent classifiers, which are combined by a majority
vote in the final decision system. In boosting, the cre-
ation of each subset depends on previous classification
results. Consequently, AdaBoost adjusts the distribu-
tion of training instances and gradually concentrates
it on the subsets of “hard” patterns( boundary pat-
terns). It is important to discover boundary patterns
using AdaBoost, which is similar to support vector
machine (SVM) which extracts from the training data
the support vectors that are most important in the
classification. However, AdaBoost has two obvious
weaknesses. One is that AdaBoost tends to overfit
the noise when the training set contains some “out-
liers”. The other disadvantage is that AdaBoost has
not provided an ideal framework for classifier combi-
nation with some intrinsic structures. As a result, Ad-
aBoost seems to enhance the performance of a weak
classifier where complementary information from addi-
tional features can not be used to design the classifier.

In this paper, we attempt to construct a hierar-
chical local learning framework for classification. The
framework is expected to satisfy three basic princi-
ples. First, a complex classification task is decom-
posed into sub-tasks that can be easily solved through
partitioning a pattern space (or feature space) into
different subsets. Second, the component classifiers
with low complexity are constructed from these sub-
sets and combined into an effective decision rule. Fi-
nally, the framework is formalized and its character-
istics and performance can be analyzed by means of
mathematical tools. The initial idea originates from
Suganthan [3] who proposed a hierarchical overlapped
SOM’s for pattern classification. Two-level maps are
constructed and trained by standard Kohonen’s SOM
algorithm [11]. For each neuron in the low-level layer,
an upper-level SOM is constructed by using the train-
ing subset from the winner neuron and runner-up neu-
rons. Consequently, a degree of overlap in the upper
layer is achieved. This overlap makes it possible to
make a final decision by fusing the decisions of several
maps for every training and testing example. Atuko-
rale [4] obtained good performance for handwritten
digit recognition by replacing SOM with neural gas al-
gorithm [12], which is an extension of SOM. But in the
above models, SOM or neural gas are not ideal choices
for the classification function of upper-level layer be-
cause a small training subset for upper-level maps is
insufficient to estimate the probability density. Our
experimental results also confirm this observation. In
addition, we found that better performance can be
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achieved if we replace SOM or neural gas in the upper
layer with other classifiers such as MLP taking into
account the characteristics of the training subset.

The organization of this paper is as follows. We
first describe the model. Then we discuss the problem
of selecting the category of classification functions in
two layers. In section 4, the model is applied to hand-
written digits recognition and experimental results are
analyzed. In addition, we compare the performance of
our model with that of Atukorale. Finally, we draw
conclusions.
1.1 Problem formulation

Before we describe our model, it seems appropriate
to formally define some problems that the model can
solve. First, suppose that we have input/output pairs
(z,y) € X x {1,---,m} ,where X C R™ is an input
pattern space and m is the number of classes. We
assume that the training and test data are generated
independently and identically (i.i.d) according to an
unknown distribution f(z,y). The training data is
denoted by:

S={(x17y1)a"',(xlryl)} (1)

where [ is the number of training samples.
Now we partition the pattern space X into different
clusters whose centers are w;, 1 =1,---, N.

Procedure 1 Let X C R™ be generated from an un-
known marginal distribution function f.(x). Our goal
s to find N clustering centers by minimizing

N
/Z e < o e R

fil Az(‘r~ wi)

where N is a fized number and || - || denotes the
FEuclidean vector norm. w; € R*, i =1,---,N, \; is
a “soft-max” factor
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e

After determining the centers we partition the fea-
ture space using the following procedure

Procedure 2 Assume that w;, i@ = 1,---,N are
known. The sets S; where i = 1,---, N are empty
initially. Then for every sample (z,y) in the training
set,

k1 =argmin; |z —w; ||
I — argmil;grp, .k 13 || z —w; ||

4)

wherem <n. S;={z}US, l € {k1, -, km}.



Since the N clustering centers are known, each sam-
ple in the training set is put into the m nearest neigh-
borhood, where m is the number of the overlapped
neighborhoods. So we get partially overlapping sub-
sets in a local area.

Procedure 3 Let H denote the function space from
which the base classifiers are chosen. S; C X. The
cardinality of set S; is K;. h(z,a) € H, a € A. We
minimize the empirical risk, where I(-) is an indicator
function.

h(e;af) = min = 4:_;, I(y; # h(z,0))  (5)

Procedure 4 Let h(z,af), i = 1,---, N be the base
classifiers constructed on set S;. For each sample x,
we get

k1 = argmin, || z — w; ||

kp, = argmin, || = w; || )
m g li{kl-,"'-,km-l} )

Then the final decision function can be gener-

ated by taking a weighted average of classifiers from
h(z,a}).

n:x— Z
ke{k1, - km} s
(7)
In order to analyze the performance of our model,
we define a measure of overlap between two different

training subsets S; and S; given by

i : 1 :
484 85) = 5157 Y min lo—2ll+e~ D min |z—z]))
4 TE€S; - J ZESj

(8)

where ||.|| is Euclidean norm and |.| is the cardi-

nality of a set. It can be seen from the equation 8,

that the smaller the measure d(s;, s;), the greater the
overlap between clusters s; and s;.

2 Model selection

The framework introduced in section 1.1 can be
applied to different learning models. Procedure 1 is
called vector quantization. Typical examples of these
include self-organizing maps, learning vector quantiza-
tion(LVQ) [11], neural gas and other extension models
based on the first two (see [13], [14]). In our paper we
select neural gas algorithm which can in contrast to
SOM minimize a global cost function and adapt the
weights of reference vectors without any fixed topolog-
ical arrangement of neuron units. Procedures 3 and 4
correspond to supervised learning and classifier com-
bination, respectively. Procedure 2 is an important

arh(z, ) where ap > 0 Zak =1

part of our model that partitions the pattern space
into different local overlapping subsets. Local learn-
ing can lower the complexity of the design classifier
and improve the generalization. In the rest of the pa-
per we describe our local learning framework, which is
similar to HONG network developed by Atukorale [4].
We change the learning model in HONG network from
neural gas to multi-layer perceptrons and combination
method. In this paper, we introduce a new learning
framework and thoroughly analyze it in numerous ex-
periments.

The learning framework basically consists of two
layers: the lower layer is for unsupervised learning and
the upper layer for supervised learning. In the first
layer the neural gas (NG) is applied to vector quan-
tization. The initial size of the network depends on
the number of classes and the size of the training set.
We select it by the rule of thumb. The components of
reference vectors are initialized with different uniform
distributions whose variances are consistent with that
of component variable. Atukorale’s modified version
of NG algorithm is applied to train the network of the
first layer. During the training stage, neurons that
never win during an epoch are deleted. After hav-
ing completed the unsupervised learning, the neurons
in the base layer are labelled using a simple majority
voting method. Then LVQ is employed to fine tune
the reference vector to obtain a smaller quantization
error.

Next we employ Procedure 2 to partition the train-
ing set into different overlapping subsets in order to
train the second-level MLP network. A training pat-
tern is not only assigned to the training subset for a
winning neuron but also to these training subsets for
a predefined number of runner-up neurons. Thanks
to this procedure the training samples become non-
uniformly distributed among the neurons. Figure 1
depicts our model framework.

In order to combine the outputs of the overlapped
second-level network, we consider a generalized com-
mittee prediction given by a weighted combination of
the outputs:

Ygen Zz 1 h(z, O‘k) 9)
= h(z,0") + L, ae(@)
where Z —1a; = 1, and L denotes the number of

committee members. £ is a class of mapping;: hize
R™ — R° where c is the number of classes and h(z,a*)

is the target function. We define €;(z) = h(z,a}) -
Rz, a*).

We introduce the error correlation matrix C with
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NG network

X input feature vector

Figure 1: A framework of local learning

elements given by
Cij = Ele] (2)¢;(@)] (10)
The error of generalized committee can be written

Egen = E[Hggen i E(ZE,O(*)HQ]
E[(Si aue] (@)(T5o (@) (A1)
= Y i Ble] (2)¢(2)

The optimal value of a; can be obtained by mini-
mizing Ege, under the linear constraint equation for
«;. By employing Lagrange multipliers, a; was found
to have the following form [15]

5 Zf:l(c—l)ij = (s
Zé:l Zf:l(c_l)kj EiL:l(C_l)iz'

In practice, matrix C' is calculated by using a finite
sample approximation

(12)

2%

Ny
€, YU & GErYEEn 1)
ke{k1,.km)} n=1
(13)
where t™ is the target vector corresponding to the
input vector ™, Ny is the size of training subset that
corresponds to the neuron unit k.

3 Experimental results

In this section we present the experimental results
on testing and performance of our model. In addition
we compare the performances of our model and other
methods such as the HONG network.

Our experiments were performed on two well-
known handwritten digit databases: MINIST database
and CENPARMI database. In MNIST database the
original gray-level images are centered in 28 x 28 box;
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therefore, binarization is first applied to generate bi-
nary images. MNIST database consists of 60,000
training samples and 10,000 test samples. CEN-
PARMI database consists of 6000 unconstrained hand-
written numerals originally collected from dead letter
envelopes by the U.S. postal service at different lo-
cations. The numerals in this database are stored in
bi-level format, whose resolution is approximately 166
PPI [16]. We used 4000 numerals for training and
2000 for testing. Figure 2 shows typical samples from
MNIST database

6 7.8 97395

| 7

2]
e o L
(S 0

Figure 2: Typical samples in MNIST database.

In our experiments linear normalization and feature
extraction based on the stroke edge are applied. All
character images are size-normalized to fit the 32 x 32
box while preserving their aspect ratios. Besides nor-
malization, a directional feature based on the gra-
dient of gray scale image [17] is extracted by using
the Robert edge operator. Several experiments have
shown that this feature was effective for handwrit-
ten character recognition (see [18], [19]). After 400-
dimensional feature vector has been extracted, princi-
pal component analysis was employed to compress the
high dimensional feature vector to a low dimensional
vector with only 60 dimensions in order to avoid the
“curse of dimensionality”. At the same time the com-
putational cost was reduced dramatically.

Our first experiment evaluates the performance of
our model on the two databases and compares it with
other methods. Before we present the experimental
results, some related parameter configurations are de-
scribed. For neural gas algorithm the initial network
size is set to 250. The decay factor A\ decreases ex-
ponentially with the number of adaptation steps as
AMt) = M(gp/A)Htmes with A; = 10, Ay = 0.01.
tmaz 1S set to the maximal training time which is
equal to epoch (> 200) timing the number of training
samples. The step size ¢! has the same time depen-

1Here, € differs from that in section 3.



dence as A ie. €(?)

€i(€p/€;)/tme= with ¢ = 0.5

and €y = 0.005. For LVQ training, the learning step
size decreases linearly with the number of steps t, i.e.
at) = ap X (1.0 — t/tmaz) With g = 0.005. The pre-
defined number of overlapping subsets was set to 10.
Finally, in our model MLP is a fully-connected net-
work with a simple structure (60 x 5 x 10). We use the
sigmoid activation function, i.e. 1.0/(1.0 + exp(—=x)).
All MLP’s are trained using the gradient method with
a momentum factor, which can avoid oscillations com-
mon with the standard backpropagation algorithm
when the error surface has a very narrow minimum
area. The momentum factor and initial learning step

size are set to 0.9 and 0.25, respectively.

Methods Recognized), | Substituted), | Rejected’
Kim[20] 95.40 4.60 0.00
Kim[20] 95.85 4.15 0.00
Krzyzak [21] 86.40 1.00 12.60
krzyzak [21] 94.85 5.15 0.00
Lam [22] 93.10 2.95 3.95
Legault [23] 93.90 1.60 4.50
Mai [24] 92.95 2.15 4.90
Suen[16] 93.05 0.00 6.95
Cho[25] 96.05 3.95 0.00
Dong[19] 98.00 2.00 0.00
HONG network 96.30 3.70 0.00
proposed method 97.50 2.50 0.00

Table 1: Comparison

with other methods

of performances of our

Comparison of performances of difference methods on MNIST

model

Proposed method
HONG network 18
Multiply similarity[19]
80-80-10 MLP[19] 16
MQDF{[19]
Soft Margin[26]14
Tangent Distance[26]
K-NN Enclidear{26] 12
Boosted LeNetd{26]
LeNet5[26] 10
LeNetd/k-NN[26]
LeNetd/Local[26] s
LeNetd[26]
LeNetl[26] &
400-300-10 MLP[26]
RBF network[26] 4
PCA+Polynomial[26]
Pairwise linear[26] 2

Baseline linear{26]

Substitution( %)

Figure 3: Error rate on the test set of MNIST

database, each bar represents a classifier.

Table 1 and Figure 3 compare performances of dif-
ferent algorithms on the CENPARMI and MNIST

databases, respectively.

In our experiments, when

HONG network is constructed, almost the same pa-
rameter configuration is applied to the first-level and
second-level neural gas algorithm. For CENPARMI
database, the proposed method which outperforms
HONG network ranks 2 although the structures of

the two models are similar. The reason is that the
second-level NG in the HONG network is not capa-
ble of well approximating probability density of in-
put patterns because overlapping subsets are small,
consisting of 300 training examples on the average.
With respect to the MNIST database, our method
also achieves a good performance with 1.3% substitu-
tion error, although it does not outperform the fami-
lies of LeNet networks, tangent distance classifier and
support vector machine(SVM). However,the compu-
tational costs of tangent distance classifier and SVM
algorithms are expensive because tangent distance is
the type of nearest neighbor classifier and SVM needs
to solve a quadratic programming problem during the
test stage. Furthermore, our model has an inherent
advantage in problems of pattern classification involv-
ing a large training set and a great number of cat-
egories such as Chinese character recognition due to
our local learning model that effectively controls com-
plexity of component classifiers without sacrificing the
generalization performance.

Having completed the above performance compari-
son, we now analyze the characteristics of overlapping
subsets to give an insight into our model and explain
how the quality of subsets affects the overall perfor-
mance. First, the distribution in the subsets is cal-
culated to evaluate clustering quality of the first-level
neural gas algorithm. Figure 4 gives the pseudocode
of the main procedure.

Calculate the distribution of subsets

Input: a series of subsets 4;,i=1,---,n.

Output: distribution histogram A[j], 7 = 1,-:+,¢
where c¢ is the number of classes.

Initialize: h[j] — 0,j =1,-,c.

for i=1 ton

1. Calculate frequency of examples in each
class for A;

2. Store them to array freg[j], j =

1, “ e . s c‘
3. Sort the array freq in the decreasing
order.
4. hlj] < h[j] + freq[j], j =1,---,c
end {for}

Figure 4: Procedure for calculating the distribution of
subsets.

In the above procedure, the obtained histograms es-
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timate the distribution of samples for winner neurons
and runner-up neurons. It can be seen from Figure 4
that the examples for winner neurons take up most of
resources in comparison with those of runner-up neu-
rons, which indicates that the neural gas algorithm
basically partitions similar patterns into a subset.

Distribution of sample in training subset

Frequency
<]
S

Figure 5: The distribution of samples for winner and
TUNner-up Neurons.

Now we take into account a case in which rela-
tion between characteristics of overlapping subsets and
classification is investigated. We randomly pick an in-
put pattern from the test set. When the input pattern
whose class label is 9 is fed into our model, the final
recognition is correct although the label of the winner
neuron is 4. The class distribution of 10 subsets that
corresponds to winner neuron and runner-up neurons
is illustrated in Table 2. All neurons in the neural gas
are indexed from 0 to 249.

In Table 2, S; is the subset corresponding to the
winner neuron 210. From this table, we can observe
that examples that belong to class 4 and 9 take up
most resources, which indicates that in the local space,
patterns that belong to classes 4 and 9 are similar.
What is the topological structure between these sub-
sets? Here we use a measure denoted by equation 5 to
investigate their relationships.

We find from Table 3 that under this measure the
distances between subsets are almost equal. It is in-
teresting to note that these subsets are symmetric.
It indicates that boundary patterns are contained in
most subsets. Then a simple averaging will smooth the
function for component classifier in the local neighbor-
hood of “boundary patterns”.

We now consider how to optimize the majority
weights for each component classifier to obtain the

best performance. Suppose that the farther the
runner-up neuron from winner neuron is, the smaller
contribution the component classifier that corresponds
to this neuron makes to the final decision. If we in-
dex these classifiers such that the number for winner
classifier is 0, and the number for the second best win-
ner is 1 and so on, the weight will be a nondecreasing
function whose variable is the index number. The fol-
lowing four weighted functions are applied:

041<i) 1 (14)

az(i) = exp(—1/10) (15)

as(i) = 1.0-4/10 (16)

ay(i) (1.0 — i/10)? (17)

where ¢ = 1,---,10. In addition, it is easy to verify
that the following inequalities hold:

a1(i) = ao(t) 2 as(i) = aa(i) (18)

Our experimental results show that the equal
weight function (o) achieves the best performance.
This indicates that the above assumption is not com-
pletely correct. We employ the method from Section
3 to optimize the weights. The C~! calculated on the
overlapping subset as above is given in Table 4.

We can see from Table 4 that diagonal elements far
exceed the sum of the non-diagonal elements in any
column. So we can ignore non-diagonal elements and
optimal weights are determined by diagonal elements.
Thus the obtained optimal weights are almost identi-
cal, which confirms that a simple average vote achieves
the best performance.

4 Conclusion

We have presented a local learning framework for
pattern classification through partitioning a pattern
space into different overlapping subsets and combining
decisions in a local space. Local learning can reduce
the complexity of component classifiers and improve
the generalization performance although the global
complexity of the system can not be guaranteed to be
low. Our experimental results on handwritten charac-
ter recognition exhibited excellent performance of the
proposed method. This indicates that it is possible to
obtain a feasible solution to problems of pattern classi-
fication in the real world by local learning because ap-
proximating global target function is hard given that
usually not enough training samples are available. Be-
sides extensive comparison of performance of differ-
ent algorithms we have analyzed the characteristics of
overlapping subsets in detail and found that topolog-
ical relationships among these subsets are symmetric



Subset | Neuron | CO | C1 | C2 | C3 ca C5 [ C6 [ C7 cs 9
S1 210 11 [ 1396 | 9 | 30 | 1932 | 47 | 86 | 111 | 236 | 759
Sa 37 2 116 3 75 749 26 1 662 83 2080
S3 230 8 839 9 116 696 49 2 792 217 2222
S 146 7 205501 | 20 s 20| 8 o5 v oty o619
S5 65 g 54 |11 [ 50 | 890 | 83 | 1 | 173 | 123 | 1659
Se 90 1 18 2 3 2561 2 2 48 19 1484
S 120 1 23 2 | 15 [ 1693 | 13 | 1 | 95 31 | 1324
Sg 179 2 3 1en|oes e i [ B oty
So 198 1 9 2 2 1960 3 4 8 6 456
S10 32 83 | 135 [ 68 [ 260 | 74 | 165 | 57 | 64 | 1298 | 168
Table 2: Class conditional distribution of 10 subsets
Neuron | Subset | S; Sa S3 Sy S5 Se Sy Ss So S10
210 S1 0.99 [ 1.03 | 0.96 | 1.05 | 0.92 | 0.88 | 0.94 | 1.01 | 0.98
37 Sa 1.15 [ 1.07 | 1.17 [ 1.03 [ 0.99 | 1.05 | 1.12 | 1.09
230 S3 R e e e R
146 Sy 1.14 | 1.00 | 0.96 | 1.02 | 1.09 | 1.06
65 S5 1:10 [ 1.06 [1.12 | 1.20 [1.16
90 Ss 0:92" 0,98 1=1,067 1 1,02
120 S7 0.94 | 1.01 | 0.98
179 Sg 1.07 | 1.04
198 So 1.11
32 S10
Table 3: Overlapping distance between subsets
i/j | O 1 2 3 4 5 6 7 8 9
0 0.93* 0.07 -0.11 | -0.11 | -0.05 | -0.13 | -0.03 0.02 -0.07 | -0.04
1 -0.07 | 0.65" -0.19 | -0.06 | -0.16 | -0.04 | -0.01 | -0.03 | -0.03 | -0.05
2 =011 |- =0 190 70" -0.14 | -0.08 | -0.08 0.03 0.025 | -0.10 | -0.09
3 -0.11 | -0.06 | -0.14 | 0.95* =0.00:[-=0.12 | -0.01 | -0.37 0.02 -0.04
4 -0.06 | -0.16 | -0.08 | -0.00 | 0.93" -0.05 | -0.23 | -0.07 | -0.11 | -0.02
5 -0.14 | -0.05 | -0.08 | -0.12 | -0.05 | 0.79* 0.02 =0. 151 . =0:.21 0.03
6 -0.03 | -0.02 0.03 =021 =0:23 0.02 0.95" =0.27 | =047 | =0:03
7 0.02 -0.03 0.03 -0.37 | -0.07 | -0.15 | -0.27 | 0.93* -0.04 | -0.02
8 -0.07 | -0.03 | -0.10 0.02 -0.11 | -0.21 | -0.17 | -0.04 | 0.79* 0.00
9 -0.04 | -0.05 | -0.09 | -0.04 | -0.02 0.03 -0.03 | -0.02 0.00 0.36™
Table 4: Inverse correlation matrix
under the defined measure. Moreover, by optimizing Neural Computation, vol. 7, no. 2,

the combined weights our experiments showed that a
simple averaging method is the best. In the future
we will investigate the performance of this model on
the classification problem with a large number of cat-

egories.
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