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Abstract

Although the fundamental ideas underlying research ef-
Jorts in the field of computer vision have not radically
changed in the past two decades, there has been a trans-
formation in the way work in this field is conducted. This
i primarily due to the emergence of a number of tools, of
both a practical and a theoretical nature. One such tool,
celebrated throughout the nineties, is the geometry of visual
Space-time. It is known under a variety of headings, such as
multiple view geometry, structure from motion, and model
building. It is a mathematical theory relating multiple
views (images) of a scene taken at different viewpoints to
three-dimensional models of the (possibly dynamic) scene.
This mathematical theory gave rise to algorithms that take
asinput images (or video) and provide as output a model of
the scene. Such algorithms are one of the biggest successes
of the field and they have many applications in other disci-
plines, such as graphics. One of the difficulties, however,
is that the current tools cannot yet be fully automated, and
they do not provide very accurate results. More research is
required for automation and high precision. During the past
Jew years we have investigated a number of basic questions
underlying the structure from motion problem. Our investi-
gations resulted in a small number of principles that char-
acterize the problem. These principles, which give rise to
automatic procedures and point to new avenues for study-
ing the next level of the structure from motion problem, are
the subject of this paper.

1 Introduction: The problem

We are given a number of images of a scene taken at
different viewpoints and the goal is to create 3D models
of the scene in view. What is a geometric model of im-
age formation? To make an image, we first pick a point in
space and consider all the light rays passing through this
point. Then we cut these rays with a surface. For the stan-
dard pinhole camera, this surface is a plane and images are
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formed by central projection on a plane (Fig. 1a). The focal
length is f and the coordinate system OXY Z is attached
to the camera, with Z being the optical axis, perpendicular
to the image plane. Image points are represented as vectors
r = [z,y, f]T, where = and y are the image coordinates
of the point in the coordinate system ozy, with oz||0X,
0y||OY and O the intersection of the axis OZ with the
image plane, and f is the focal length in pixels. A scene
point R is projected onto the image point

R
R-z

where 2 is the unit vector in the direction of the Z axis.

If we cut the rays with a sphere, we obtain a spherical eye
with a full field of view (Fig. 1b). In the case of video, the
camera is moved to different locations while acquiring new
images. Thus, video acquired by a moving camera amounts
to a collection of images of a scene, i.e., projections onto an
imaging surface, acquired from different viewpoints. Figur-
ing out a model for the scene and the movement in the scene
becomes a problem of relating the different projections (im-
ages) to each other.

In general, when a scene is viewed from two positions,
there are two concepts of interest:

ey 6y

(a) The 3D transformation relating the two viewpoints.
This is a rigid motion transformation, consisting of
a translation and a rotation (six degrees of freedom).
When the viewpoints are close together, this transfor-
mation is modeled by the 3D motion of the eye (or
camera).

(b)

The 2D transformation relating the pixels in the two
images, i.e., a transformation that given a point in the
first image maps it onto its corresponding one in the
second image (that is, these two points are the projec-
tions of the same scene point). When the viewpoints
are close together, this transformation amounts to a
vector field denoting the velocity of each pixel, called
an image motion field.

Perfect knowledge of both transformations described above
leads to perfect knowledge of models of space and ac-
tion. Regarding models of space, this is easy to under-
stand. Knowing exactly how the two viewpoints and the
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Figure 1. Image formation on the plane (a) and on the sphere (b). The system moves with a rigid |
motion with translational velocity t and rotational velocity w. Scene points R project onto image k
points r and the 3D velocity R of a scene point is observed in the image as image velocity r. :

images are related provides the exact position of each scene
point in space. Regarding models of action, knowing the
exact velocity of each image point, by projecting it back
onto the scene, for which a model is available by the previ-
ous step, we can find the 3D motion vector for each scene
point at every time instant. The sequence of evolving 3D
motion fields constitutes a general model of action (since
action is the extension of shape into time). Let us make
these ideas more explicit. In the case where the viewpoints
are close to each other, the 3D transformation becomes the
camera’s 3D motion, and the 2D transformation becomes
an image motion field. Considering a camera with the ge-
ometric model of Fig. la moving in a static environment
with instantaneous translation t = (U, V, W) and instanta-
neous rotation w = (a, 3,7) (measured in the coordinate
system OXY Z), a scene point R moves with velocity (rel-
ative to the camera)

R=-t-wxR )

The image motion field then consists of the sum of two vec-
tor fields, one due to the translational part of the 3D mo-
tion and the other due to the rotation. Equation (1) and (2)
give [1]:
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) ZX(rx(wxr)) =

U (t) + ot (w) (3)
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where Z is used to denote the scene depth (R - z), and
Uy, Uroy the direction of the translational flow and the rota-
tional flow respectively. Due to the scaling ambiguity, only
the direction of translation (focus of expansion—FOE, of
focus of contraction—FOC, depending on whether the ob-
server approaches or moves away from the scene), and the
three rotational parameters can be estimated from monocu-
lar image sequences [2].

Equation (3) demonstrates model construction. If the im-
age motion vector I is known at point r, then knowledge of
t (up to scale) and w provides Z (up to scale), i.e., the depth
at point r in the camera’s coordinate system. Knowledge of
Z (or, equivalently, R) for all image points r providesa
model for the scene in view, for the current viewpoint of
the camera. Knowledge of t,w and R provides then, from
eq. (2), knowledge of R (up to scale), that is, the 3D motion
vector. A sequence of 3D motion vector fields is a model of
action, as it shows how different parts of space move.

Thus, a key to the basic problem of building models of
space-time is the recovery of the two transformations de-
scribed before and any difficulty in building such models
can be traced to the difficulty of estimating these two trans-
formations. Of course, there exist many issues to be ad:
dressed before models can be built, but recovery of the cam-
era’s 3D motion and the image motion field are the essential
prerequisites for acquiring scene depth, which is the corner:
stone of the model building process.

Naturally, the community addressed the problem in the
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form of three modules having a hierarchical structure. The
first module worries about finding the 2D transformation
relating the pixels in the different images; it deals with the
correspondence problem. The second module worries about
recovering the 3D transformation relating different view-
points. And the third module uses the first two to recover the
depth of the scene and subsequently surfaces and models.
Our work demonstrates that these modules do not work in-
dependently of each other but they are rather components of
an intricate feedback loop. Nevertheless, in order to put our
contributions into the context of current work, we choose to
describe them in relation to these modules.

11 What the paper is about

In this paper we show that there exist inherent difficulties
in both the estimation of the 2D and 3D transformation, if
addressed using the classic bottom-up strategy. It has been
known that discontinuities in depth and motion are a prob-
lem for the estimation of image motion or correspondence.
There is another problem however, which is of a statistical
nature. The estimation of image features is biased and thus
there is an ambiguity in the computation of image motion
as well as the correspondence of points and lines. Section
2 discusses this principle through a number of well known
geometric optical illusions. The inherent limitations in the
estimation of correspondence suggest that the estimation of
3D motion should use as input the movement perpendic-
ular to image edges, which, in contrast, constitute a well-
defined quantity. Section 3.1 describes constraints relating
this movement directly to 3D motion and structure. Section
3.2 discusses a general problem in the estimation of 3D mo-
tion from image measurements. For conventional cameras
with restricted field of view there is an ambiguity in the es-
timation of the parameters describing the rigid transforma-
tion; translation is confused with rotation. This confusion
does not exist for cameras with a full 360-degree field of
view (Section 3.2.1). This has motivated our efforts to de-
sign new imaging mechanisms (sphere-like cameras) with
which it is possible to obtain 3D motion very accurately
(Section 3.3). Section 4 discusses issues related to the esti-
mation of structure. Erroneous 3D motion estimates lead to
adistorted structure. The consequence is that exact models
of the 3D scene cannot be obtained. These studies demon-
strate that the estimates of the 2D and 3D transformation are
inherently coupled. The 2D transformation cannot be com-
puted accurately without knowledge about the structure of
the scene, and 3D motion and structure cannot be estimated
well before the 2D transformation is available. We argue
that a complete solution to structure from motion requires a
synergistic approach to the estimation of the two transfor-
mations, and a plausible way to achieve this is through feed-
back. First, using the movement of edges, an initial estima-
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tion of 3D motion and structure is performed from video.
Then, using these estimates, the system recomputes both
the image transformation and 3D transformation, but now
using as input features of larger extent, not only points and
lines, but image patches. Section 5 discusses an approach
along this direction. It introduces new constraints which
relate textured image patches to 3D motion and structure.

2 The 2D transformation: Bias

If the viewpoints are far apart, then points and lines are
extracted in the two images and their correspondence is es-
timated, thus resulting in the 2D transformation [3]. If the
viewpoints are close to each other, the image motion field
is an estimate of the 2D transformation. In whatever way
the process of matching is done, and it is not at all clear
how this process could be achieved, it has to be preceded
by a step where image features such as lines, intersections
of lines, or local image movement must be derived. How-
ever, as we will show next, noise in the image intensity and
its derivatives causes problems in the estimation of features;
in particular, it causes bias. As a result, the locations of fea-
tures are estimated erroneously. The bias occurs with any
visual processing of line features, thus creating problems in
the estimation of the transformation relating the images in
a video sequence. Under average conditions the bias is not
large enough to be noticeable, but one can construct patterns
where it can clearly be perceived. Incidentally, illusory pat-
terns, known as geometric optical illusions, are such that the
bias is highly pronounced. In general, this bias cannot be
avoided and any vision system, biological or artificial, must
cope with it. This constitutes a general uncertainty princi-
ple governing the workings of vision systems, and demon-
strates that if we start the process of structure from motion
by localizing points and lines and matching them in the im-
age sequence, or if we attempt to estimate the image motion
field, we will have an ambiguity.

Let us now go deeper into the nature of this uncertainty.
Even if we end up using points, lines or image motion fields,
we should be aware of the uncertainties that are introduced.

(a) Line localization The best way to explain this princi-
ple as far as line localization is concerned, is through geo-
metric optical illusions. Consider Figs. 2, 3 and 4. Although
in all the figures the lines are straight and parallel, they do
not appear so. In Figs. 2 and 3 they appear bulging and
wiggly and in Fig. 4 they appear to be tilted. The reason is
due to the uncertainty principle mentioned above. There is
noise in the image intensities and there are many sources of
noise. For example, the lenses cause blurring, there are er-
rors due to quantization discretization, and there are errors
due to temporal integration. The effect of all these sources



of noise is equivalent to smoothing the image with a Gaus-
sian function. There is a mathematical framework which
describes images, or signals in general, under smoothing,
which is called scale space analysis.
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Figure 3. (a) “Waves” illusory pattern.

The scale space behavior of straight edges is illustrated
in Fig. 5. There are three cases to be considered: Edges
between a dark and a bright region do not change location
under scale space smoothing (Fig. 5a). The two edges at
the boundaries of a bright line, or bar, in a dark region (or,
equivalently, a dark line in a bright region) drift apart, as-
suming the smoothing parameter is large enough that the

e

Figure 4. Café wall illusion.

whole bar affects the edges (Fig. 5b). Finally, the effect of
smoothing on a line of medium brightness next to a brigh
and a dark region is to move the two edges towards each

other (Fig. 5c¢).
(a) (b) (c)

Figure 5. A schematic description of the
behavior of edge movement (drift) in scale
space: (a) no movement, (b) drifting apart,
(c) getting closer.

This suffices to explain the main cause underlying the
three illusions in Figs. 2—4, and several others [4]. Local
edge elements which are tilted are estimated as illustrated
in Figs. 6, 7 and 8. To fully explain the illusory percep-
tion of the wiggly and tilted lines we have to add, that lo-
cal edge elements must be linked through a fitting process
which considers the orientation and position of edge ele-
ments.

(b) Point localization Similarly, there is bias in the inter-
section of lines, i.e., points. Let us analyze the estimated
position of an intersection of straight lines. Assuming the
image to be I(x,y), the inputs are edge elements, parame-
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Figure 6. (a) Small part of the figure (b) edge
detection without smoothing, (c) Gaussian
smoothing, and (d) smoothing and edge de-
tection have been applied.

terized by the image gradient (a vector in the direction nor-
mal to the edge) (I, I,) and the position of the center of
the edge element xo = (2, ¥o)-

(a)

Figure 7. (a) The result of smoothing and edge
detection on a part of the figure. (b) and (c)
The drift velocity at edges in the smoothed
image logarithmically scaled for parts of the
figure.

Consider additive, independently identically distributed
(iid.) zero-mean noise in the parameters. In the sequel
unprimed letters are used to denote estimates, primed letters
to denote actual values, and §’s to denote errors, where I, =
I;"l'(SI@,Iy = Illl +61y, Lo = .’IJ6 +dxg and yp = y(’) + dyo.-

For every point (z, y) on the lines the following equation
holds:

Le+Ly=Lzs+ Ly 4)
This equation is approximated by the measurements. Let
n be the number of measurements. Each measurement 7
provides one equation

I&Eix + I, U= Izixoi +1 : Y0, ®)

D
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Figure 8. (a) Small part of the figure. (b) Re-

sult of smoothing and edge detection. (c) and
(d) Zoom-ins on the drift velocity.

and we obtain a system of equations which are represented
in matrix form as

Ix=0

Here I, is the n-by-2 matrix which incorporates the data
in the I;; and I, and C is the n-dimensional vector with
components I, zo, + I, yo,. The vector x denotes the inter-
section point whose components are = and y. The solution
to the intersection point using standard least square (LS) es-
timation is given by

x=ll ) 10 (6)
Itis well known [5] that the LS solution to a linear system of
the form Ax = b with errors in the measurement matrix A
is biased. The statistics of the estimation have been studied
for the case of i.i.d. noise in the parameters of A and b. In
our case b is the product of terms in A and two other.noisy
terms and thus the statistics are somewhat different.

To simplify the analysis, the variance of the noise in the
spatial derivatives in the z and y directions is assumed to be
the same, let it be o2, and also the expected values of higher-
(than second) order terms are assumed to be negligible. In
[6] the expected value of x is found by developing (6) into
a second-order Taylor expansion at zero noise. It converges
in probability to

plim,_, x = x' + nM' " (%o — x')o? @)

where
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x' is the actual

[ % ZZ:l To;
n 4i=1 J0:

Using (7) allows for an interpretation of the bias. The
estimated intersection point is shifted by a term which is
proportional to the product of matrix M’ ™" and the differ-
ence vector (Xo — x’). Vector (Xg — x') extends from the
actual intersection point to the mean position of the edge el-
ements. M’'~!, which depends only on the spatial gradient
distribution, is a real symmetric matrix and thus its eigen-
vectors are orthogonal to each other. The direction of the
eigenvector corresponding to the larger eigenvalue of M/'~!
is dominated by the normal to the major orientation of the
image gradients and thus the product of M'~! with vector
(%Xo—x') is most strongly influenced by this orientation. For
the case of two intersecting lines in an acute angle, the in-
tersection is between the lines, the size of the bias decreases
as the angle increases, and there is more displacement of the
intersection point in the direction perpendicular to the line
with fewer edge elements.

The best known illusions due to intersecting lines are the
Poggendorff and Zollner illusions. A version of the Poggen-
dorff illusion as described by Zollner is displayed in Fig. 9
(for an interactive version see [7]). The upper-left portion
of the interrupted, tilted straight line in this figure is appar-
ently not the continuation of the lower portion on the right,
but is too high.

intersection point and X, =

] is the mean of the xo,.

Figure 9. Poggendorff illusion.

The phenomenon is explained by the bias in the estima-
tion of the intersection point. Referring to Fig. 9, the in-
tersection point of the left vertical with the upper tilted line
is moved up and to the left, and the intersection point of
the right vertical with the lower tilted line is moved down
and to the right. As a result the two line segments appear
to be shifted in opposite directions and not to lie on the
same line anymore. The model also predicts the findings
of many parametric studies, for example, findings regarding
the change in the size of the illusory percept with a change
in the angle of the intersecting lines and the orientation of
the figure [4].

Fig. 10 shows a version of the Zollner illusion. The ver-
tical bands in Fig. 10 are all parallel, but they look conver-
gent or divergent. The biases in the intersection points of
the edges of the bands with the short line segments cause
the edge elements along the long edges between intersec-

tion points to be tilted, as illustrated in Fig. 10b. In a second
computational step, long lines are computed as an approx-
imation to the small edge elements, and this gives rise to
tilted lines or bars in the same direction as perceived by the
visual system. Fig. 11 shows the estimation of the tilted line
elements for a pattern such as in Fig. 10a with 45 degrees
between the vertical and the tilted bars.

VAT

(b)

Figure 10. (a) Z6liner pattern. (b) The bias in
the intersection points of the edges causes
the line elements between intersection points
to be tilted.

P i

Figure 11. Estimation of edges in Z6liner pat-
tern. The line elements are found by connect-
ing two consecutive intersection points, re-
sulting from the intersection of edges of two
consecutive bars with the edge of the verti-
cal bar (one in an obtuse and one in an acute
angle). The data consists of edge elements
uniformly distributed on the vertical and on
the tilted line (with 1.5 times more elements
on the vertical).

(c) Image motion The basic image representation when
the viewpoints are close to each other, is the optical flow.
Optical flow is derived in a two-stage process. In a first
stage the velocity components perpendicular to linear fea-
tures are computed from local image measurements. In the
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computational literature this one-dimensional velocity com-
ponent is referred to as “normal flow” and the ambiguity in
the velocity component parallel to the edge is referred to as
the “aperture problem.” In a second stage the optical flow
is estimated by combining, in a small region of the image,
normal flow measurements from features in different direc-
tions, but this estimate is biased, as will be shown.

We consider a gradient-based approach to derive the nor-
mal flow. The basic assumption is that image gray level
does not change over a small time interval. Denoting the
spatial derivatives of the image gray level I(z,y,t) by
I, 1, the temporal derivative by Iy, and the velocity of an
image point in the z- and y-directions by u = (u,v), the
following constraint is obtained:

Liu+Lv+1L; =0 (8)
This equation, called the optical flow constraint equation,
defines the component of the flow in the direction of the gra-
dient [8]. We assume the optical flow to be constant within
aregion. Each of the n measurements in the region pro-
vides an equation of the form (8) and thus we obtain the
over-determined system of equations
L+ T, =0, (C)
where I; denotes, as before, the matrix of spatial gradients
(Iz;, I, ), I; the vector of temporal derivatives, and u =
(u,v) the optical flow. The least-squares solution to (9) is
given by

u=~(IT1,)Y 111, (10)

As a noise model we consider zero-mean i.i.d. noise in the
spatial and temporal derivatives. As in the previous section,
we assume equal variance o for the noise in the spatial
derivatives in the two directions and we assume that higher
than second-order noise terms can be ignored.

The statistics of (10) are well understood, as these are
classical linear equations. The expected value of the flow,
using a second-order Taylor expansion, converges in proba-
bility to

plim, . u=u'—no2M'"1u, (1D
where, as before, the actual values are denoted by primes.

Equation (11) is very similar to (7) and shows the bias
depends on the gradient direction (that is, the texture) in
the region. The estimated flow is always underestimated in
length and its orientation is biased towards the majority of
gradients.

Fig. 12 shows a variant of a pattern created by Hajime
Ouchi [9]. The pattern consists of two rectangular checker-
board patterns oriented in orthogonal directions—a back-
ground orientation surrounding an inner ring. Small retinal
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Figure 12. A pattern similar to the one by
Ouchi.

motions, or slight movements of the paper, cause a segmen-
tation of the inset pattern, and motion of the inset relative to
the surround.

The tiles used to make up the pattern are longer than they
are wide, leading to a gradient distribution in a small region
with many more normal flow measurements in one direc-
tion than the other. Since the tiles in the two regions of the
figure have different orientations, the estimated regional op-
tical flow vectors are different. The difference between the
bias in the inset and the bias in the surrounding area is inter-
preted as motion of the ring. In addition to computing flow,
the visual system also performs segmentation, which is why
a clear relative motion of the inset is seen.

2.1 The inherent problem

An important question arises. Is there bias because of
the architecture of the vision system? Is the bias due to the
linear estimation only? Could it be corrected using more
sophisticated statistical techniques, or could it be avoided?

It is well known that linear estimation is biased if there
are errors in all the measurement variables, but any method
of compensating for the bias requires knowledge of the
statistics of the noise. In the noise models considered in
the previous sections, this amounts to knowledge of the co-
variance matrix of the noise. If this were available, inverse
filters could be applied to reconstruct the gray level signal,
and the corrected least squares estimator could be used to



remove the asymptotic bias when solving linear systems on
the basis of image derivatives. The major problem, how-
ever, lies in the acquisition of the statistics of the noise. We
argue that often it is not possible to obtain accurate enough
estimates of the noise parameters to improve the solution.

There exist other models for computing optical flow.
Besides gradient-based models there are frequency do-
main and correlation models, but computationally they are
not very different. In all the models there is a stage
in which smoothness assumptions are made and measure-
ments within a region are combined to obtain more exact
measurements. At this stage statistical difficulties occur,
and noisy estimates lead to bias. For an extensive discus-
sion of the statistics of optical flow estimation see [10].

In recent years the technique of total least squares for
solving systems of linear equations has received a lot of at-
tention. The problematic bias arises because in the system
of equations Ax = b, there is error in the variables in ma-
trix A in addition to the error in the variables in vector b.
The nonlinear total least squares estimator has been shown
to provide an asymptotically unbiased solution for such sys-
tems, if the noise variables are independent and identically
distributed. This means that we have to know the relative
amounts of noise in the error variables, that is, the ratios of
the two spatial and temporal derivative noise terms or the
noise in position, but information about noise ratios is diffi-
cult to compute. It can be obtained only from the variation
in the estimated variables over the image. There is another
problem with this technique: the variance is larger. Total
least squares is known to perform very poorly if outliers are
present, and these are difficult to detect from a few mea-
surements.

Why is it so difficult to obtain accurate estimates of the
noise parameters? To acquire a good noise statistic a lot
of data is required, so data needs to be taken from large
spatial areas acquired over a period of time, but the models
used for the estimation can only be assumed to hold locally.
Thus to integrate more data, models of the scene need to
be acquired. Specifically, long edges and bars need to be
detected, and in the case of motion, discontinuities due to
changes in depth and differently moving entities need to be
detected and the scene segmented.

If the noise parameters stayed fixed for extended peri-
ods of time it would be possible to acquire enough data to
closely approximate these parameters, but usually the noise
parameters do not stay fixed long enough. Sensor charac-
teristics may stay fixed, but there are many other sources
of noise besides sensor noise. The lighting conditions, the
physical properties of the objects being viewed, the orien-
tation of the viewer in 3D space, and the sequence of eye
movements all have influences on the noise. Aside from all
these factors, in order to estimate derivatives (or to compute
Fourier transforms) the system needs to interpolate. The ac-

curacy of interpolation can depend in complex ways on the
pattern of gray levels in the image.

Thus, it appears that it is very hard to deal with the struc-
ture from motion problem using the local measurements of
the sort considered. In the case where the cameras are far
apart, we would need to make measurements in a whole im-
age patch. This is, at the very least, a sensible alternative, if
we need to move beyond points and lines. In the case where
the cameras are close together, we have at least the option of
considering local image motion measurements that are per-
pendicular to edges, the so-called normal flow. Unbiased
estimates for normal flow are possible. The sensitivity of
the problem, however, suggests that we should be looking
for constraints that are of a global nature, so that little local
mistakes should not matter.

Let us then concentrate on the second module, the one
devoted to estimating 3D motion. Addressing the prob-
lem starting with the normal flow values, that is, without
attempting to estimate correspondence or flow at the begin-
ning stages, is known under the heading of “direct meth-
ods.” Work on this subject is sparse and mainly due to two
research groups [11, 12, 13, 1, 14].

In the sequel we develop global constraints on the basis
of normal flow, i.e., constraints involving quantities that are
the outputs of filters with finite extent (values in patches).

3 The 3D transformation
3.1 The visibility constraint

If u is the motion vector at a point (z,y) and n =
(ngz,mny) is a unit vector in gradient direction, the normal
motion uy, is

u, = (u-n)-n.

Let us substitute for the components of u from (3), with
(zo,y0) = (%, %), the focus of expansion (i.e., the
point where t pierces the image plane), and ug =
(Utr, Utr); Viot = (Urot, Urot). The point where the axis of
rotation pierces the image will be denoted by AOR (direc-
tion of rotation). We obtain u,, for the value of the vector
uy, along the gradient direction:

Un = U Tz & Uy, Mg =P Upor Ty S U, Ty (12)

and thus
2 (@ = zo)me + (0= w0)my)
(a5
(a (? + f) = 55;1 = ws) ny. (13)
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We are concerned with the question: Where in the image
plane can the normal motion field take on a certain constant
value u,, (i.e., where could normal motion vectors of a cer-
tain length u,, and direction (n,,n,) be?)? The only con-
straint that we can apply is that the depth has to be positive
because the scene is in front of the camera. If we assume
W > 0, we obtain the following inequality. This is the visi-
bility constraint also known as the positive depth constraint.

= (=7 -2 (5 +7) + )

2
c8) o]
[(z = z0) Nz + (¥ = Yo) ny]
h(un7a7ﬂaﬁ/7$7y) 'g(zoayﬂawvy)

> 0
> 0314

hlun, @, 8,7,2,9) = un — (@2 — B(% + f) + yy)ne —

(@(% + f) = B2 — yz)n, and g(zo,90,2,y) = (z -
%) + (Y — yo)ny. The equation h(z,y) = O describes
a hyperbola that splits the image plane in an area where
h(z,y) > 0 and an area where h(z,y) < 0. The equa-
tion g(z,y) = 0 describes a line through the FOE, which
is perpendicular to (7, 7n,), and which separates the plane
into an area where g(z,y) is positive and an area where
g(z,y) is negative. Thus, through this inequality a region
I, consisting of two areas bounded by a hyperbola and a
line are defined as the locations where the normal motion
could take on a certain value u,. The two areas meet at one
point, the intersection of the hyperbola and the line. This
point, which contains information about the whole pattern,
will be denoted by S,,, (see Fig. 13).

0 0 20 o 20 3 &

Figure 13. Iso-normal motion regions are
bounded by a line (¢9(z,y) = 0) and a hyper-
bola (h(z,y) = 0).

In the other areas of the image plane the value of the
motion vectors in direction (ns,n,) is constrained. Where
h(z,y) < 0 we have u,, > Urqt - 1 (i.e., the rotational com-
ponent of the normal motion is greater than w,). Where
g(2,y) > 0 the translational component of the normal mo-
tion is greater than zero. In the area where h(z,y) < 0
and g(z,y) > 0, we can thus conclude that the normal
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motion (the sum of the rotational and translational compo-
nents) is greater than u,. Similarly, where h(z,y) > 0
and g(z,y) < 0, the value of the normal motion has to be
smaller than wu,, (see Fig. 14).

Figure 14. Separation of the image plane into
areas by the values of the normal motion vec-
tors in certain directions: In the area marked
by horizontal lines all normal motion vectors
in direction (n,,n,) are greater than u,,. In the
area marked by vertical lines all normal mo-
tion vectors in direction (n,,n,) are smaller
than u,. Vectors of length v, in direction
(ng,ny) can only be in the complementary ar-
eas (the region 1, ).

To summarize these results, considering for a given nor-
mal motion field due to rigid motion t and w the vectors
along the gradient direction (ns,n,), we find that the im-
age plane is split by a hyperbola and a line into four areas.
All vectors which are of length w,, are in two opposite areas.
One of the two other areas contains only values greater than
Uy, and the other only values smaller than u,,.

The line (g(z, y) = 0) is defined by the translational mo-
tion; it passes through the FOE and is perpendicular to the
gradient (n,,n,) of the normal motion vector. Therefore,
this line is described by only one unknown parameter (its
direction is known). Furthermore, the line is independent of
Uy, the value of the normal motion vector. For any general
uy, the hyperbola (h(u,,, z,y)) is defined by the three rota-
tional parameters. For the case when u,, = 0, the number of
unknowns reduces to two (% and g expressing the direction
of the rotation axis). If we consider parallel normal mo-
tion vectors, i.e., normal motion vectors of value k(uy, vy, ),
where k any scalar, we find areas in the image plane which
are bounded by a line that is the same for all values and hy-
perbolas which differ only in their linear terms (see Fig. 15).

3.1.1 Coaxis and copoint vectors

In this section the concept of selection of normal motion
vectors of a given length and direction is generalized. In-
stead of considering vectors of the same value, we examine



Figure 15. Iso-normal motion regions corre-
sponding to parallel normal motion vectors:
The hyperbolas h(une,z,y), h(un1,2,y), and
h(unz2,z,y) are corresponding to the paraliel
normal motion vectors u,g, un1, and u,2. The
length of u,o is zero, thus h(uno,z,y) passes
through the AOR. The line ¢g(z,y) = 0 is inde-
pendent of the length of the normal motion
vector and thus the same for all parallel nor-
mal motion vectors.

various classes of vector-valued functions. In particular, we
investigate the coaxis and copoint vectors [15, 16].

The copoint vectors are defined with respect to a point.
The (r, s) copoint vectors are defined as the normal vectors
which are perpendicular to straight lines passing through
the point (r,s). An (r, s) copoint vector at a point (z,y)
is parallel to the vector (s — y,2 — r) (see Fig. 16). It be-
comes clear that the normal motion vectors of same length
and direction can be considered as special cases of the co-
point vectors. They represent the copoint vectors, for which
7 and s both are 0o and £ = %,

Na

Figure 16. Copoint vectors (r, s).

The coaxis vectors are defined with respect to a direc-
tion in space. The (A, B, () coaxis vectors are defined
as follows: A line through the image formation center de-
fined by the directional cosines (A, B, C') defines a fam-
ily of cones with axis (A, B,C) and apex at the origin.
The intersection of these cones with the image plane gives
rise to conic sections. The normal vectors perpendicular to
these conic sections are called (A, B, C) coaxis vectors .
At every point (z,y) a coaxis vector is parallel to the vector

(—=A(y® + f?) + Bzy + Cz, Azy — B(2® + f?) + Cy) (see
Fig. 17).

/
e 7] (AC, BIC)
e e ' x S~

Figure 17. (A, B, C) coaxis vectors.

As in the case of the iso-normal motion vectors, we
choose vectors of a given length and direction and evaluate
the regions with positive depth measurements. We consider
the (r, s) copoint vectors and the (A, B, C') coaxis vectors
of length u,(z,y) (with u,(z,y) a function in = and y).
Where & > 0 the following inequalities hold:

[y (xo —7) — 2 (yo — 8) — Zo5 + Yor] - [Un (z,9)

e e (% pr
s 1) = L (arap) 4 2y f+f)

PR L R —(afr+ﬂfs)} >0
(15)

[un (z,y)—(y (9‘% £ ﬁ>+z (51 5 C_ﬁ) +AS-Ba

ol o Faa )
2,2, ] 2 (A% )_ By é@)
(z+y+f)}[y<f+c $y<f+f
+x2(%’9+0>—y(Bf+C’yo)—w(Af+Cz0)

+ Az f +By0f] >0 (16)

For u,,(x,y) = 0 we obtain regions defined by a line and
a conic section. In the case of the copoint vectors the line
separates the translational components and the conic sep-
arates the rotational components of the vectors. The line
passes through the FOE and also through the point (r, ),
and thus it can be described by only one unknown. The
conic is specified by only two unknowns, an and % In
the case of the coaxis vectors, the line separates the rota-
tional components. It passes through the AOR and through
the point (7, s) and thus it is also described by only one un-
known. The conic separates the translational components.
It is defined by the two coordinates of the FOE, (z0,Y0)-
One of the two other regions defined by the above described
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curves contains only vectors of length greater than zero, and
the other contains only vectors smaller than zero. An illus-
tration is given in Fig. 18, which shows these regions for the
class of coaxis vectors displayed on Fig. 17. We call these
structures on the image plane which define regions contain-
ing vectors of positive, negative or zero value, coaxis pat-
tems and copoint patterns.

==

Figure 18. Separation of (A4, B, C') coaxis vec-
tors whose directions are shown in Fig. 17:
A line passing through the AOR separates
the positive and negative rotational compo-
nents. A conic through the FOE separates
the positive and negative translational com-
ponents. In the area marked by horizontal
lines all (A, B,C) coaxis vectors are greater
than zero, i.e., the sign of the flow along the
direction of the coaxis vectors is positive. In
the area marked by vertical lines all (4, B, C)
coaxis vectors are smaller than zero. The two
other areas contain all the (A, B,C) coaxis
vectors of length zero.

3.1.2 Algorithms

The geometric patterns just described show that the 3D mo-
tion is globally encoded in a motion field. This gives rise
10 pattern recognition algorithms for recovering 3D motion.
There is an interesting way to design such patterns so that
the directions of the translation t and rotation w vectors
(points FOE and AOR) can be recovered, using very simple
measurements, namely the sign of the flow along different
directions. Consider a point (small patch) in the image. It
is safe to say that today we have a number of signal pro-
cessing techniques available (See [12] for a review) that can
estimate the sign of the image movement along some orien-
tation vector [. This is equivalent to deciding whether the
angle between the actual flow and the vector [ is less than,
greater than, or equal to 90 degrees. There will be orienta-
tions for which we will be able to find this sign very reliably.
When the flow has a very small positive or negative value, it
will not be easy to distinguish the real value and there will
be some uncertainty. Nevertheless, this operation can be
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performed for all image points and for a very large number
of orientations, thus obtaining a repository of local image
motion information, let’s call it V1. Then we can pick any
coaxis or copoint vector field and calculate its sign by com-
paring with the repository already built. Indeed, place any
vector field on the image, and consider any vector v of the
field. Now look at the motion measurements in V1 at the
point in the base of v and select the measurement in the ori-
entation of v. If it has the same direction as v, then call
v positive and color its base point blue; if it has the oppo-
site direction, call it negative and color it red. If it is close
to zero, call it uncertain and color it white. Thus, given
any video sequence taken by a moving camera, by select-
ing a vector field (coaxis or copoint) we can transform the
original video into a new video containing only three col-
ors, red, blue and white. See, for example, for the video
in Video 1 [http://www.cfar.umd.edu/users/yiannis/proc-
ieee/videoOl.mpg] (See Fig. 19 for a frame), by select-
ing coaxis fields as in Fig. 20, we obtain the new videos
in Video 2 [video02a.mpg, video02b.mpg, video02c.mpg]
(See Fig. 21 for a frame). We already know, however, that
in such a three-color image, there is a pattern of positive and
negative areas, defined by a straight line and a conic, that
depends only on the underlying 3D motion and not on the
scene. By finding these patterns, we localize the FOE and
AOR. In a perfect situation, these points are found through
the intersection of the straight lines and conics that consti-
tute the pattern (See Fig. 22). In an actual situation, instead
of curves there will be bands of uncertainty and instead of a
point signifying the direction of t or w, there will be an area
where the FOE or AOR will lie. Given that we can search
for a very large number of patterns, the final solution will be
an area containing the FOE and another area containing the
AOR. But even if we have excellent signal processing al-
gorithms and we obtain very small uncertainty in the local
image motion measurements, we will still obtain an area as
a solution. This may be a small area or it may appear some-
what elongated, and this is the best one can do regarding 3D
motion recovery using sign of flow along a direction (1 bit).

On the other hand, traditional epipolar minimization ap-
proaches provide a specific answer for the 3D motion. What
is not known, however, is that the solution obtained with this
technique, a result of a minimization process, could be any-
where inside some area if the initial conditions of the mini-
mization are slightly perturbed. In other words, whether we
utilize the visibility constraint with the values of the nor-
mal flow or we employ the epipolar constraint with image
correspondence, we will have uncertainty. The next section
makes this explicit.



Figure 19.

(@ (b)

Figure 20. Coaxis vectors when the axis is the z, y or z-axis of the camera coordinate system. They
are known as the ¢, 3 and v vectors, respectively.

Figure 21.

/AOR
FoE| /1 _—

: Positive
D : Don't know

Figure 22. o, § and v patterns. («) Image motion measurements along the a-vectors form patterns
of positive and negative values which are defined by a horizontal straight line and a hyperbola. (3)
B-patterns are defined by a vertical straight line and a hyperbola and () v-patterns are defined by
a straight line through the image center and a circle passing through the center of the image. The
intersection of the straight lines gives the AOR and the intersection of the conics gives the FOE.
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32 The ambiguity

Let’s assume that, despite the problems mentioned, a
motion field can be estimated to some degree of accuracy,
and thus optic flow is available. There exists a veritable
cornucopia of techniques for finding 3D motion from optic
flow [17]. Almost all techniques are based on the so-called
epipolar constraint, which shows how the motion of image
points is related to 3D rigid motion and the scene. The
epipolar constraint can be easily understood in the discrete
case. Consider two cameras at two positions, with their co-
ordinate systems related by a rigid transformation, and a
scene point. The scene point, together with the camera cen-
ters define the so called epipolar plane which intersects the
image planes in the epipolar lines. The epipolar constraint
then states that a point in one image has to be matched with
a point lying on the corresponding epipolar line in the other
image. Deviation from the epipolar constraint is the epipo-
lar error. Minimization of epipolar errors is the basis of
most 3D motion estimation algorithms. For the differential
case of video, the epipolar constraint is obtained from the
image motion equations as (t X r) - (f +w x r) = 0 [18].
One is interested in the estimates of translation t and ro-
tation w which best satisfy the epipolar constraint at every
point r according to some criteria of deviation. Usually the
Euclidean norm is considered leading to the minimization
of function.

Me,,:// [(Exr)-G+@xo))’de (7

image

Experience has shown that estimating 3D motion by
minimizing the above functional, or variations of it, is a very
difficult problem. One main reason for this difficulty has to
do with the apparent confusion between translation and ro-
tation in the motion field. This is easy to understand at an
intuitive level. If we look straight ahead at a shallow scene,
whether we rotate around our vertical axis or translate par-
allel to the scene, the motion field at the center of the image
1§ very similar in the two cases. Thus, for example, trans-
lation along the x axis is confused with rotation around the
y axis. The basic understanding of this confusion has at-
tracted few investigators over the years. (See [19, 18] for
areview.) It has been shown that the confusion exists no
matter what estimator is used, proving that there is an in-
herent limitation to the estimation of 3D motion from data
of only a limited field of view. This has been shown in
[20] through a statistical analysis of all the possible com-
putational models that can be used to derive 3D motion is
possible to perform. Next, this analysis is carried out for the
classic epipolar minimization.

Any approach to 3D motion estimation using as input
optic flow would minimize function (17). Thus, we per-
form a topographic analysis of the five-dimensional surface
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described by this function (two dimensions for t/|t| and
three for w). We want to know how the valleys of (17)
are structured and what the properties of the minima are
at the locations that will be found by different estimators.
Specifically, we are interested in the relationship between
the 3D motion errors in the minima of (17). Expressing
in terms of the real motion, function (17) can be expressed
in terms of the actual and estimated motion parameters t,
w, t and & (or, equivalently, the actual motion parame-
ters t,w and the errors t. = t — ¢, w, = w — @) and
the depth Z of the viewed scene. To conduct any analy-
sis, a model for the scene is needed. We are interested in
the statistically expected values of the motion estimates re-
sulting from all possible scenes. Thus, as our probabilistic
model we assume that the depth values of the scene are uni-
formly distributed between two arbitrary values Z,;, and
Zmax (0 < Zmin < Zma,x)~
Thus, we obtain the function

Z=Zmax
B, = / M,,dZ
Z=Zmin

(18)

measuring deviation from the epipolar constraint. Since for
the scene in view we employ a probabilistic model, the re-
sults are of a statistical nature, that is, the geometric con-
straints between t., w, at the minima of (18) that we shall
uncover should be interpreted as being likely to occur. Our
approach expresses function (18) in terms of t, w, t. and w.
and finds the conditions that t. and w, satisfy at the local
minima which represent solutions of the different estima-
tion algorithms. Procedures for estimating 3D motion can
be classified into those estimating either the translation or
rotation as a first step and the remaining component (that
is, the rotation or translation) as a second step, and those
estimating all components simultaneously. Procedures of
the former kind result when systems utilize inertial sensors
which provide them with estimates of one of the compo-
nents of the motion, or when two-step motion estimation
algorithms are used.

Thus, three cases need to be studied: the case were no
prior information about 3D motion is available and the cases
where an estimate of translation or rotation is available with
some error. Imagine that somehow the rotation has been
estimated, with an error w.. Then our function becomes
two-dimensional in the variables t. and represents the space
of translational error parameters corresponding to a fixed
rotational error. Similarly, given a translational error t.,
the functions become three-dimensional in the variables w,
and represent the space of rotational errors corresponding
to a fixed translational error. To study the general case, one
needs to consider the lowest valleys of the functions in 2D
subspaces which pass through 0. In the image processing
literature, such local minima are often referred to as ravine
lines or courses.



The following convention is employed. We use letters
with hat signs to represent estimated quantities, unmarked
letters to represent the actual quantities and the subscript
“¢” to denote errors, where the error quantity is defined as
the actual quantity minus the estimated one. For example,
1,4 (w) represents actual rotational flow, u, (&) estimated
rotational flow, t. the translational error vector, o, = Zo —
o, Qe = @ — @, etc.

Lett = (wo,y0,1) and w = (o, §,7). Assuming a small
field of view, the quadratic terms in the image coordinates
are very small relative to the linear and constant terms, and
are therefore ignored. The case of noise-free flow is studied,
in which case the analysis becomes a study of the inherent
geometric confusion between rotation and translation.

Considering a circular aperture of radius e, setting the
focal length f =1, W = 1 and W = 1, the function in (18)
becomes

Zmax €

= ] (G2

Z=2Zmin =0 ¢=0

(y —9o) — (L‘Zﬂ +a.

— B+ ’Yey)

== ’YG-VI:)

(z —:fco))zr}drdq&dz

where (r,¢) are polar coordinates (x = 7TcOS¢,y
rsin ¢). Performing the integration, one obtains

1 v
Eep = e? ((Zmax - Zmin) <§’7364 + Z (’Y? (.’Eg o= yg)
67 (o +08) + i + 62) e Goc + GoB)?

1
+(In (Zmax) = In (Zmin)) ('2‘(3% (0. Yo—Y0.Z0) +Zo, Be

—yo, 0 )e*+2 (2o, Yo — Yo.To) (Foae + Hole) ) + (

1 1,4 2
Zmax) (4 (yOE . o

a Assume that the translation has been estimated with
a certain error t. = (Zo,,¥o,,0). Then the relationship
among the errors in 3D motion at the minima of (19) is ob-

Z min

) e* + (zo.yo — yogmo)Q))
(19)

tained from the first-order conditions gE =2 = OF _
a Be O7e
0, which yield
o, = 10 08(Zmas) ~In(Zimin))
2 Zmax—ZLmin
Be = -moe(lnz(Zmai)Z-l.n(Zmin)) (20)
Ve 0

It follows that a. /B = —2o. /yo.,Ye = 0. The first of these
constraints is called the orthogonality constraint ((c, 8¢) L

(zo.,Y0.))-

b Assuming that rotation has been estimated with an error
(e, Be,Ye), the relationship among the errors is obtained
from BBEE — 8‘9? = 0. In this case, the relationship is very
elaborate and the translational error depends on all the other
parameters—that is, the rotational error, the actual transla-
tion, the image size and the depth interval.

¢ In the general case, we need to study the subspaces in
which E changes least at its absolute minimum; that is, we
are interested in the direction of the smallest second deriva-
tive at 0, the point where the motion errors are zero. To
find this direction, we compute the Hessian at 0, that is the
matrix of the second derivatives of E with respect to the
five motion error parameters, and compute the eigenvector
corresponding to the smallest eigenvalue. The scaled com-
ponents of this vector amount to

Y =0

To. = Zo Yo. = Yo Be = _aea’g'

Qe = 2yOZmianax (11’1 (Zmax) —In (Zmin))/

( (Zmax = Zmin) (Zmamein
== 1) e ((Zmax o mm) (Zmamein K3 1)2

1/2
+4Z1%1ax mm(ln (Zmax) In (Zmin))2) )

As can be seen, for points defined by this direction, the
translational and rotational errors are characterized by the
“orthogonality constraint” a./B8. = —%o, /Yo, and by the
constraint z¢/yo = £o/§o, Which is called the “line con-
straint.” It basically means that (z¢, yo)—the direction of
the real translation, and (£, §o)—the direction of the esti-
mated translation, lie on a line passing from the origin.
The practical significance of this result is that, in general,
it is not possible to find the 3D motion or 3D transformation
using two views of a scene. No matter what procedure is
followed, the best one can hope for is to find a set of so-
lutions. The above mentioned results, translated into plain
language, mean that when one sets up an optimization func-
tion to find the 3D motion, no matter what technique one is
using, the function is such that it has valleys at the loca-
tions of its minima. It’s very hard to show valleys of the
five-dimensional function (three rotational and two transla-
tional parameters), so we resort to showing the valleys for
the translation only (two parameters). Let’s say that E is
the function one chooses to optimize in order to find the 3D
motion (or rigid transformation), that is, the desired trans-
lation and rotation constituting the global minimum of E.
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The following procedure shows the valleys for the transla-
tion. For each possible translation, estimate the correspond-
ing rotation from the data. One can then plot E as a func-
tion of the translation. Fig. 23 shows such a valley for two
frames of a video sequence. Video 3 [video03.mpg] shows
the valley for the translation, with the function E painted on
the sphere. (During the illustration, points corresponding to
negative depth are removed, thus reducing the ambiguity.)
Fig. 24 shows just one view of the sphere. Every point of
the sphere represents the direction of a possible translation.
Red indicates the lowest points of the optimizing function.
One can clearly see a valley. It is worth noting that the ac-
tual solution lies inside the valley but it is not necessarily
the lowest point in the valley, if such a point exists. The
valley may turn out to be elongated and thin, or quite large,
depending on the uncertainty in the data. One can attempt a
reconstruction of the scene from two frames in a video only
if the corresponding valley has a small extent. In Video 4
[video04.mpg] we show the valleys for all video frames for
the translation for the underlying camera motion that cap-
tured the video in Video 5 [video05.mpg]. Fig. 25a shows
just the valley for two frames of the video, one frame of
which is shown in Fig. 25b. Deep red signifies the lowest
part of the valley. Clearly there are parts of the video where
the valley is highly restricted, as there are parts where the
valley has a very large extent. Failure to accurately local-
ize the solution for the 3D motion will create problems in
shape reconstruction. See, for example, the object in Video
6 (video06.mpg). Video 7 (video07.mpg) shows the depth
fecovery as one moves along the corresponding translation
valley obtained from two consecutive frames of the video
(as the slider moves from left to right, the recovered trans-
lation moves along all points in the valley). Clearly, even in
the case of this smooth object, there is quite a lot of variabil-
ity in the recovered shape for different translations inside
this small valley.

Error Function

LS e
Sehane, S
\\\\\\\f%/ka

ey FOE position on extended image plane

Figure 23. Minimizing E (translation only).
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3.2.1 Spherical eyes

Why is it that biological systems that need to fly and thus
require good estimates of 3D motion (insects, birds) have
panoramic vision implemented either as a compound eye or
by placing camera-type eyes on opposite sides of the head?
This is a fascinating question that has remained open since
the time of the pioneer investigator, Sigmund Exner, at the
beginning of this century. The obvious answer is, of course,
that flying systems should perceive the whole space around
them—thus panoramic vision emerged. There is, however,
a deeper mathematical reason and it has to do with the abil-
ity of a system to estimate 3D motion when it analyzes
panoramic images, as shown in this section. Put simply,
a spherical eye (360 degree field of view) is superior to a
planar eye (restricted field) with regard to 3D motion esti-
mation. Recall that, given a sequence of images, 3D mo-
tion is estimated by minimizing function E that represents
deviation from the epipolar constraint. It was shown that in
the case of images captured by a planar eye (e.g., a common
video camera), this function has a special topography which
is such that the errors in the motion are mingled, causing
confusion between rotation and translation and thus produc-
ing a wrong result. If, however, the field of view goes to 360
degrees, the topography of the surface drastically changes
with the minimum clearly standing out. It is no wonder
then that flying organisms possess panoramic vision!

Figure 24.

The analysis that leads to this result is almost identical
to the analysis performed for planar eyes. Panoramic vision
is modeled by projecting onto a sphere, with the sphere’s
center as the center of projection (Fig. 1b). In this case, the
image r of any point Ris r = %, with R being the norm



of R (the range), and the image motion is

r= ﬁ((t-r)r—t) s e %u"(t) + Urot(w).
21

The function M., representing deviation from the epipolar
constraint on the sphere has the exact same form as in the

plane for our nomenclature. We integrate over the range R
within an interval bounded by Rumin and Rp,,x and obtain

E, =
Rmax

/ // {(z_(}r{_xi)_(we Xr))'(fin)}szdR

R.,in sphere

where A refers to a surface element. Due to the sphere’s
symmetry, for each point r on the sphere, there exists a
point with coordinates —r. Since ug(r) = ug(—r) and
Urot (T) = —Urot(—T), when the integrand is expanded the
product terms integrated over the sphere vanish. Thus

Eep, =
Rmax

/// %ﬁﬂ(“’f”)'@”)f dAdR

Rmin sphere

a Assuming that translation t has been estimated, the w, (a) The image size is denoted by four corners
that minimizes E., is w. = 0, since the resulting function
is non-negative quadratic in w, (minimum at zero). The
difference between sphere and plane is already clear. In the
spherical case, as shown here, if an error in the translation
is made we do not need to compensate for it by making an
error in the rotation (w, = 0), while in the planar case we
need to compensate to ensure that the orthogonality con-
straint is satisfied!

(b)

b Assuming that rotation has been estimated with an error

w,, what is the translation t that minimizes E,p? Since Figure 25.
R is assumed to be uniformly distributed, integrating over

R does not alter the form of the error in the optimization.

Thus, E,,, consists of the sum of two terms:

K=K1// ((txf)-r)2dA

and

L=L1// (we x1)- (£ x 1)) dA,

sphere

where K1, L; are multiplicative factors depending only on
Rmin and Rpyax. For angles between t,t and t,w, in the
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range of 0 to 7/2, K and L are monotonic functions. K
attains its minimum when t = t and L when £ L w.. Fix
the distance between t and t leading to a certain value K,
and change the position of . I takes its minimum when
(t x f) - we = 0, as follows from the cosine theorem. Thus
E,, achieves its minimum when t lies on the great circle
passing through t and w., with the exact position depending
on |w| and the scene in view.

¢ For the general case where no information about ro-
tation or translation is available, we study the subspaces
where F,, changes the least at its absolute minimum, i.e.,
we are again interested in the direction of the smallest sec-
ond derivative at 0. For points defined by this direction we
calculate, using Maple, t = t and we L t.

There are only two fundamentally different constraints
that relate image measurements to 3D motion parameters.
The first one is the epipolar constraint, which is applied with
estimates of correspondence or flow, and any techniques
which utilize these measurements minimize some measure
of deviation from the epipolar constraint. The second one,
which is used with normal flow measurements, is the posi-
tive depth constraint. Algorithms that utilize this constraint
search for the motion parameters that produce a minimum
number of negative depth values, as explained in Section
3.1. The analysis of this constraint is harder and we will
only provide the results from the proofs that appeared re-
cently [21, 22].

The table below summarizes the results for both con-
straints.

The preceding results demonstrate the advantages of
spherical eyes for the process of 3D motion estimation. Ta-
ble 1 lists the eight out of ten cases which lead to clearly de-
fined error configurations. It shows that 3D motion can be
estimated more accurately with spherical eyes. Depending
on the estimation procedure used—and systems might use
different procedures for different tasks—either the transla-
tion or the rotation can be estimated very accurately. For
planar eyes, this is not the case, as for all possible proce-
dures there exists confusion between the translation and ro-
tation. The error configurations also allow systems with in-
ertial sensors to use more efficient estimation procedures. If
a system utilizes a gyrosensor which provides an approxi-
mate estimate of its rotation, it can employ a simple algo-
rithm based on the negative depth constraint for only trans-
lational motion fields to derive its translation and obtain a
very accurate estimate. Such algorithms are much easier
to implement than algorithms designed for completely un-
known rigid motions, as they amount to searches in 2D as
opposed to 5D spaces [12]. Similarly, there exist computa-
tional advantages for systems with translational inertial sen-
SOrs in estimating the remaining unknown rotation.
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3.3 Camera technology: Building new eyes

Since it turns out that spherical eyes such as the ones of
insects, or, in general, panoramic vision provides much bet-
ter capability for 3D motion estimation, and since the prob-
lem of building accurate space and action descriptions de-
pends on accurate 3D motion computation, it makes sense
to reconsider what the best eye for model building should
be. There are a few ways to create panoramic vision
cameras, and the recent literature is rich in alternative ap-
proaches, but there is a way to take advantage of both the
panoramic vision of flying systems and the high resolution
vision of primates. An eye like the one in Fig. 26, assem-
bled from a few video cameras arranged on the surface of
a sphere and capable of simultaneous recording,' can easily
estimate 3D motion since, while it is moving, it is sampling
a spherical motion field!

An eye like the one in Fig. 26 not only has panoramic
properties, eliminating the rotation/translation confusion,
but it has the unexpected benefit of making it easy to es-
timate image motion with high accuracy. Any two cameras
with overlapping fields of view also provide high-resolution
stereo vision, and this collection of stereo systems makes it
possible to locate a large number of depth discontinuities. It
is well known that, given scene discontinuities, image mo-
tion can be estimated very accurately. As a consequence,
the eye in Fig. 26 is very well suited to developing accurate
models of the world.

We built our own imaging system, called the Argus eye.”
(We are currently working on a new version consisting of
twelve cameras). Fig. 27a shows a schematic version of
the Argus eye, consisting of six cameras arranged to point
outwards. Fig. 27b shows an actual view of the system,
and Video 8 [video08.mpg] shows graphically what such a
system sees (it samples parts of the visual sphere). When
the Argus eye is moving with an unrestricted 3D motion
collecting synchronized video from all six cameras, it be-
comes easy to compute its 3D motion using data from all six
videos, if the cameras are calibrated in an extrinsic sense. If
we analyze each video separately we find, at each instant, a
valley for the translation of each of the cameras, as shown
in Fig. 28. As the rotation of each camera is the same as
the rotation of the system, there are easy ways to compute
the rotation. For example, consider one camera. For each
translation inside the valley, there is a corresponding rota-
tion. For all translations the corresponding rotational values
lie on a surface in 3D space. Considering all cameras, these
surfaces intersect at one point in space which provides the
rotation. (Video 9 [video09.mpg] shows the growth of these
surfaces and their intersection.) If we then derotate each one

ILike a compound eye with video cameras replacing ommatidia
2Named after a mythological figure, the guardian of Hera (the goddess
of Olympus).



Figure 26. A compound-like eye composed of conventional video cameras.

Svnchronizer

(@ (b)

Figure 27. The Argus eye. (a) Schematic. (b) Implementation.

Figure 28. Initial valleys from each camera Figure 29. Translation valleys after derota-
(translation). tion.
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Table 1: Summary of results
Spherical Eye

Camera-type Eye

Epipolar minimization, given
optic flow

(a) Given a translational er-
ror t., the rotational error
we=20

(a)

For a fixed translational error
(zo,,¥0.), the rotational error
((151 ,Bey '\/e) is of the form = 0,

a =
(b) Without any prior informa- ol Pe 0. /40,

tion,t = 0and w, L t (b) Without any a priori information
about the motion, the errors sat-
iSfy e — 0’ ae/ﬁe - _xoﬁ/y057

Zo/yo = fb‘oe/yos

Minimization of negative (a) Given arotational error we, (a) Given a rotational error, the trans-
depth volume, given the translational error t. = lational error is of the form
normal flow 0 —%o, /yo. = /B

(b) Without any prior informa-  (b) Without any error information, the
tion,t. = O0and w, L t errors satisfy 7. = 0, a./f. =
—2o, /Yo.> To/Yo = To. /Yo.

of the videos the valleys become much thinner (Fig. 29), 4 Shape: State of the art
and bringing them all to the same coordinate system pro-
vides a unique translation for the whole system, as shown
in Fig. 30. Using these values, one can perform impres-
sive reconstructions of the scene, with many applications to

graphics and augmented reality [23].

If we put aside panoramic vision and we concentrate
on conventional cameras, given a video we should be able
to recover some information about the camera’s 3D mo-
tion and the shape of the scene. According to the pre-
ceding discussion, the best we can hope for is an answer
with an associated uncertainty. We can, for example, recon-
struct the camera path, that is, place the camera coordinate
system in space for each video frame. See, for example,
Video 10 [video10.mpg] denoting a sequence and Video 11
[videoll.mpg] showing the placement of the camera co-
ordinate system in space. The employed algorithms give
promising results in the recovery of shape. For example,
from a small part of the video in Video 12a [videol2a.mpg]
(a Pooh game), we recovered the shape shown in Video 12b
[video12b.mpg], using the algorithms in [24]. We know,
however, that from every two consecutive frames we can
only hope for a valley where the translation lies; there is,
of course, a corresponding uncertainty in the rotational esti-
mate. As a result, we do not know exactly how the cameras
are placed and, consequently, we can have a whole set of
scene models consistent with the data and the uncertainty
in the 3D motion. Simply put, there will be uncertainty in
the estimation of the scene structure. It is worth asking the
question: How is a model for the scene distorted because
of errors in the viewing geometry? It turns out [25] that
the transformation relating the computed depth to the actual
depth is a Cremona transformation. This is easy to see. If

Figure 30. Valley for the whole system (trans-
lation).
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t, & are the estimated 3D motion parameters andt, = t — t,
we = w — @ the errors, then (3) provides the value wu,, of
the flow on direction n:

froe SL A
U, — Ut (@) - n
or

ug(t) -n

Z=27-D with D= =
e (t) -1+ Zuper(@e) - m

(22)

Thus, the estimated depth Z is related to the real depth Z by
amultiplicative factor D, the distortion, which is a Cremona
transformation [25].

Equation (22) can be written as

[(D=1r+ (t —Dt) + DZu,] -n =0

which for afixedn, D, t, f, w. represents a surface in (r, Z)
space, which has the obvious property that points on it
are distorted by the same factor D. The distortion space
has very interesting properties with consequences in algo-
rithms estimating shape. Its structure, in conjunction with
psychophysical measurements, predicts various illusions of
misperception of shape and structure [25].

By now it is clear that from a video sequence we can
hope to recover valleys containing the translation and rota-
tion (instantaneous motion) and a set of possible scene mod-
els M; using images 7 and ¢ 4 1 in the sequence. To produce
the ultimate 3D percept, we must put all the models ex-
tracted from different viewpoints into the same coordinate
system. Somehow, the video frames need to be linked, but
as they are linked they should provide an accurate model of
the scene. It should be emphasized, however, that up to this
point no correspondence process has been yet attempted.

If we assume for a moment that correspondence is known
for a small number of points in any two frames, then this
becomes very valuable information. Consider having two
views, 1 and 2, of a scene and for each view we also have
sets of possible models M; and M>. Since both views look
at the same scene, the correct answer for model m; € M;
and my € M> is such that m; and mo are related by a
similarity transformation (Euclidean plus scale), which is
trivial to check since a number of point correspondences
is available. Thus, by checking all models in M; and M,
to find out if they are related to each other via a similarity
transformation, we can reduce the ambiguity. As a matter
of fact by doing so we can shrink the size of the valleys to a
few pixels.

So, it would really pay off if we could perform matching
of a number of points. But we should recall that asking a

3Having correspondences and associated depth makes things very easy
because the motion problem becomes linear.

question about correspondence at this point in the develop-
ment is very different than asking correspondence questions
when one is given two images and no more information. At
this stage we already have some knowledge about camera
placement and the scene model, we already know about the
viewing geometry, with some uncertainty no doubt.

The analysis up to now demonstrates that the problem
we consider is a chicken-egg problem. To find the 2D trans-
formation (flow or correspondence) we need some informa-
tion about depth boundaries; that way we will know not to
smooth across boundaries. But to obtain depth information
we need to know the 3D transformation which in turn de-
pends on the 2D transformation.

It thus appears, on the basis of computational arguments,
that the problem of structure from motion needs a number
of feedback loops, a new way in which the three different
modules interact. We believe this problem opens very im-
portant and new research avenues and can lead to solutions
of the correspondence problem.

5 Feedback loops: Matching image patches
and blending statistics with geometry

When neuroscience revealed that feedback loops appear
to be involved at several levels of cortical processing, vision
theorists became comfortable with the idea that feedback
could be some form of iteration implementing an optimiza-
tion process. This view, however, is not very useful because
it does not offer an effective way to uncover the intricacies
of the feedback process. Let us investigate at a high level
what properties a feedback process should have:

a Itis clear that by now we understand a lot about the rela-
tionship of points and lines in different views (that is, what
information flow and normal flow provide about the scene
in the case of video). The uncertainty associated with these
features due to the statistical bias of any operator, makes
it difficult to obtain a fully automated and robust solution
for a model of the scene in view. Whatever form the feed-
back scheme takes, it should not consider the correspon-
dence of points or lines. But what is there in the image
besides points and lines? An answer is, naturally, patches,
whole image patches. That is, whatever form a feedback
loop takes, it should consider the geometric constraints aris-
ing from patch correspondence, a topic that we believe con-
stitutes a very important problem.

b A second issue regarding feedback is the quantities that
are involved in the loop. We will need to further analyze
these quantities and, if needed, split them into more primi-
tive quantities. We have:
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1. The 2D transformation. This is the image motion or
correspondence map about which we know quite a lot;
it has with it a number of more primitive maps, the
normal flow and the sign of the flow along a number of
orientations at each point.

2. The 3D motion or viewing geometry. It consists of a
rotation and a translation, and

3. The model of the scene, i.e., its 3D structure. But
what is really the scene’s 3D model? The geometry
of solid shape [26] is highly developed and an analysis
is possible along many paths. But we need an analy-
sis relevant to our problem. The 3D model has a local
and a global characteristic. If we concentrate on a lit-
tle patch, a plane, then shape basically amounts to the
orientation of the plane, its normal with regard to the
viewer’s coordinate system. So, let’s agree that knowl-
edge of shape amounts to knowledge of the orientation
of the local planar patches. The global aspect of the 3D
model, that we call structure, has to do with knowing
how to put all the patches together to make the scene,
that is, knowing their depth up to some scale.

So, shape and structure are two likely candidates for de-
composing the 3D model. Surprisingly, there exists a very
simple observation that makes the decomposition ideal.
Shape may be estimated from rotation only and structure re-
quires translation. Given two views of a scene separated by
arigid transformation consisting of a rotation and a trans-
lation, the shape may be estimated on the basis of rotation
only. Then, knowledge of the translation provides the struc-
ture. This simple fact can be shown in a variety of ways;
we choose the following as it gives us the opportunity to
introduce the nomenclature needed for introducing the new
geometric constraints for patch correspondence.

In contrast to the case of differential motion where we
took the world coordinate system to coincide with the cam-
era coordinate system, here we follow a different approach.
Since we will consider multiple views, we take the world
coordinate system at a fiducial position and denote the cen-
ter of a camera by a vector T (the translation). Then the
camera is oriented by some rotation, and we will also con-
sider the camera’s intrinsic calibration parameters. De-
note a point in 3D (R®) with its Euclidean coordinates
P = [XYZ]", and denote its image as the ray [XY Z]T
seen as an element of the projective plane (IP?). Note that
the coordinates of the world and image points are both 3-
vectors, so our representation for both coordinates is iden-
tical. We can think of a camera as as device for considering
the coordinates in R® to be coordinates in P2. However, our
world points exist in one fiducial coordinate system, while
the image points exist in the particular camera coordinate
systems. Therefore our camera is defined in relation to this
fiducial coordinate system as follows. A camera C is a map
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C : R® — P2 from world points to image points. Given a
fiducial coordinate system, we may represent this map with
a pair (B, T), where B : R® — R® is a linear function (rep-
resented by a 33 matrix), and T is a 3-vector representing
the camera center. The action of the map on a world point
coordinate P is:

C(P)=B(P -T)

where C(P) is considered as a member of P2,

Here we have defined a camera as taking a world point
and mapping it to an image point through a general linear
transformation on the world coordinates. Note that we have
defined the transformation as first a translation and then a
matrix multiplication on the world point. This allows us to
easily undo the matrix multiplication on the image point by
applying B~1. Each camera will then be only a translation
away from the fiducial coordinate system, which allows eas-
ier derivation of our constraints. Additionally, note that the
matrix B is applied to the 3-vector resulting from the trans-
lations of the point P. B may be considered to be a transfor-
mation on the world points R® or of the image points P2. In
fact, B is usually split apart using a QR decomposition, with
the orthogonal matrix representing a rotation of the camera
(a transformation on R®) and the residual matrix represent-
ing a linear transformation of the image (a transformation
on P2), depending on the camera’s calibration parameters.
Since the coordinates are the same, we ignore such distinc-
tions for the present. The rotation is included in B and the
translation is T.

Let us introduce the Pliicker coordinates for lines. A
world line L is the set of all the points P € R® such that
P = (1 —))Q; + AQ; for two points Q;, and some scalar
A. If we consider A = 1 and A = 0, we see that the line L
contains both (); and (). The Pliicker coordinates of this
line are L = [fi ], where:
direction of L (23)

(24)

Li=Q:-Q:
L, =L4gxP moment of L
Note that regardless of the choice of A to define P, the def-
inition of L, is the same. Also, the coordinates of L are
homogeneous, and L Ly = 0.

An image line is a line in the projective plane, and may
be given coordinates £ = [I;l5l3]7. The projection of a line
onto a camera is as simple as the projection of a point onto
a camera. If we have a line L and a camera (B, T), then the
image line associated with L is

2=BT(L,, — TxLy) (25)

It should be noted that when the image points P are
transformed by a map B to p with p = Bp, then the image
lines ! are transformed to £ = B=T£. If we have a world



coordinate system, and a camera in that coordinate system
with parameters (B, T), then we consider the p and £ to be
the actual point and line measured in the image. For most
of the derivations, we use the normalized image lines/points
p=B'p =BT "L=B"
Whenever we assume that we already have the B, we will
use the normalized image lines/points for the calculations.
We multiply the appropriate B or B~ T back later. We show
that by considering the prismatic line constraint, a new con-
straint we introduce later, we are able, when using three
cameras, to factor out the B matrices, thus giving this nota-
tional convenience a theoretical basis.

Let us now consider the reconstruction of a world line. If
we have a line L in space which projects to two image lines
21 and &, in cameras (By, T, ), and (B,, T5), then we can
calculate the following coordinates for L if |£; x£2| # 0 as:

£1 XEQ
LT — £, TTL,

Clearly the directional component of the line depends only
on the rotation (recall that £ = B TZ). That is, from at least
two views of two lines on a planar patch, we can recover the
plane’s orientation from the recovered directional compo-
nents of the two lines, without any knowledge of the trans-
lation between the views.

The first part of our feedback loop then becomes clear.
Whatever we do to make 3D measurements, we have to
start from image measurements. Whatever measurements
we make in the image, we are constrained by the distortion
that has happened because of the projection. If we could re-
cover the rotation, we could in principle perform the appro-
priate transformation in the image so that we minimize dis-
tortion. Another way to think about this, is that knowing the
rotation allows us to perform signal processing on the ob-
ject’s surface, so that we can better estimate the rotation and
the remaining translation. So, the feedback loop acquires
two distinct steps for processing multiple views. In the first
step, signal processing in the image provides answers for at
least rotation using the prismatic line constraint, which al-
lows the beginning of the second step that amounts to signal
processing on the world plane. This classification makes in-
tuitive sense also. If we hope to do better with a feedback
loop, we must have a place in the loop where some new
information comes in. If we stick to the original measure-
ments, there wouldn’t be much hope for improvement. So,
somewhere in the loop we must make measurements again.
We think that the appropriate place for it is after rotation be-
tween views is estimated because then shape (orientation of
planes) is easily obtained. We can then map image texture
on the scene planes and, redo the problem from the begin-
ning. But after we do this, we must look for new constraints
arising from patch correspondence. Points and lines have
no more information to provide.

he—

5.1 Corresponding textured patches

We assume that we can correspond patches in different
views. This is reasonable given the state of the art in this
field; even if there are inaccuracies in the viewing geome-
try, very often it becomes easy to correspond patches. But
what is the primitive nature of a textured planar patch in
a form that does not depend on localizing points or lines?
Equivalently, what is good representation for a patch where
measurements depend on the output of filters which have
a finite area of support? An example of a primitive such
candidate is a periodic function in one dimension extended
to span a plane. Such a function can be represented as re-
peated parallel lines. By putting many of these objects to-
gether with appropriate constraints, we may represent any
arbitrary textured plane, but in a fashion which allows for
geometric reasoning about correspondence and reconstruc-
tion. Thus, we consider as a fundamental object repeated
lines in space. We can represent the plane and the texture
embedded in the plane together in a geometrical way as fol-
lows:

Consider one line from the set of equally spaced lines in
the plane, and call it Ly. We may represent this line using

Pliicker coordinates as Ly = [Ilji ]. We take Qo to be a

point on Lo, and the point Q,, = Qo + nd to be on the nth
line in the texture for some direction d. Then it is easy to
obtain that

LixQo =L
so that to get L, ,

Lm,n =L;xQn,
=Lgx Qo +nLyxd
=L,, + nLjy

where Ly = L4 xd. Note that since both L and d are
vectors which lie inside the plane, we must have that L, is
normal to the textured plane. This leads us to the follow-
ing definition. A singly textured plane H is a set of lines,
equally spaced, embedded in a world plane. We give the
textured plane coordinates

Lqg
He|l
Ly

with LTL,, = 0 and LYL) = 0. The coordinates of each
line in the plane, indexed by n are:

= Lq
hig= [Lm = TLL)‘}

It can be shown that, if we have two textured planes H;
and Hj, then they lie on the same world plane if and only
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Lg,le,2 + Lg,szJ =0

and
LEJLA,‘) =0

and

LisLsi =0

We can then easily relate image lines to world lines. The
set of image lines {£,,} of a singly textured plane H in a
camera with parameters (B, T) is

B0 =B (L, +nLy—TxLa)} @26
where n € Z. Note that the image lines have homogeneous
coordinates so that the image lines are not equally spaced,
as would appear from first glance at the equation. To the
contrary, as n goes to infinity, the image lines will approach
the image line L, since that term will dominate. If we ob-
serve a textured plane in many views, then we can easily
obtain the rotation between the views without knowing the
correspondence between lines in the views. This is a di-
rect consequence of the prismatic line constraint which is
explained below.

5.2 The prismatic constraint

Assume a set of parallel lines in space and their projec-
tions on three cameras (B;,7;). Pick any image line £;
in each camera. Note that the £;’s do not correspond to
each other. The three planes II; defined by a camera cen-
ter and the line £; obviously form a prism in space, and
itis a simple property of the prism that the normals of its
faces are coplanar. But these normals are (in projective
coordinates) the vectors £;, and so £2T(£1 x £3) = 0 or
l;TBf_,_l(BfT@l x B3 T#3) = 0. This is the prismatic line
constraint which gives rise to linear algorithms for recover-
ing the rotation given patch correspondence without knowl-
edge of how the lines in each patch correspond to each other
in the different views.

5.3 Reconstructing a textured plane: New con-
straints

We propose to represent all textured planes by means of
a linear combination of singly textured planes through the
use of the Fourier transform, with a singly textured plane
representing a single exponential. Therefore we will be con-
cerned not only with the reconstruction of a singly textured
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plane, but with the constraint that two singly textured planes
must be coincident.
We must first describe the notation

25

[i1-.in]€P+[1..n]

27

This is a summation which goes over all of the positive per-
mutations of [1..n], putting each permutation into the in-
dices [i1..i5].

One can show that if we have a textured plane H which
is imaged by four cameras into image lines £;, and we know
that our cameras have parameters (B;, T;), and further, we
know that the image lines have indices n;, then we may
reconstruct the textured plane as:

Lqg
L,
Ly

H=

Mg Ny |£i3 X &4 | (fh X Eiz )
2”1'1 Ny |£,1 X £i2 |,€13 T}; £i4
2"7,1;1 |£,2 X Z,»s |£11 T};Eu

(28)
[i1..ia)€P[1..4]

Note that | - | is the signed magnitude, and since the coor-
dinates are homogeneous, it does not matter which sign is
chosen.

It is now easy to discover constraints between patches
that involve the translation between views. To set up these
constraints in their simplest form we employ five or more
views. However, these constraints can be applied to fewer
cameras by collapsing cameras on each other. We de-
scribe three constraints: The constraint on a single texture
(5 views), the constraint on a texture and a line (6 views)
and the constraint on two textures (8 views).

The concept of line indices figures heavily in this frame-
work. Essentially, to form these constraints, we assume that
we know the index of the line in the textured plane. In prac-
tice, this means that if we know the translational positions,
we can find the indices, and if we know the indices, we can
find the translational positions. For now, we describe the
constraints.

Consider that we have five cameras (B;, T;), and mea-
sure five lines Zi, which have indices n;. We may form £;
using the ¢; and the B;. Using the above result, we may re-
construct the textured plane to obtain the H using the lines
one through four. Using this reconstruction, we can find the
fifth image line as:

£5 = Lm SE TL5L,\ = T5 X Ld (29)
If ps is a point on £5, we know that ps is perpendicular
to €5, so that pZ €5 = 0. We can use this with the above
equation to formulate the constraint. Note that since Ly is
perpendicular to €5 that L, is a point on the line £5, but if we



set p = Ly, all of the right hand side terms disappear and
we have no constraint. Therefore we know that there is only
one equation in our constraint, and we use p; = Ly X £5.
We can derive

0 :(Ld XﬁS)T(Lm +nsLy — T XLd) 30)
=|Lg £5 Ln| + n5|Lg €5 Ly| — (Lg x£5)T (T5 xLy)
(31)

we use vector algebra and the fact that L} £5 = 0 to obtain
—LELdTT€5 for the last term

33

lir..ia]ePT(1..9)

[2”1‘1 Niy (8“ X £i2 )T (£5 X lis )T;-I;fi‘l

(32)
+ 2n4,m5 (£iy, X £i,) T (€5 x £:,)TE €5, (33)
+ Ny Ny (‘els X £i4 )T(fil X eiz )T5T£5 (34

which we can expand to

=

[i1..i4]€P[1..4]

[ i (0, 6 68 % 6, VT L,

(35)
+ Miyniy (iy X €3, )T (83, X €5) TE £;, (36)
+ nsn;, (fs X lil )T (£,2 X Eig )T;[; &4 37
4 N Ns (&-1 X85)T(£13 X t,-z )Tilu (38)
+ Ny Ny (lf,l X L,‘z )T(lis X £i4 )T5T£5] (39)

and this is equal to our constraint

The viewing geometry of a singly textured plane (quinti-
linear constraint): Suppose we have five cameras (B;, T;),
and measure five lines Zi, which have indices n; from a tex-
tured plane H. We may form the £; using the £; and the B;
and have the following constraint:

Doty

[i1..i5]€PT(1..5)

iy M (i X Liy) T (Lig X £iy) T3 i

(40)
This constraint is the only constraint on a singly textured
plane. Our other two constraints operate on doubly textured
planes. The first constraint is a line/texture constraint. Let
us assume that we have a doubly textured plane. We assume
that we have six cameras, four of which view one singly
textured plane and two of which view the other. We may
reconstruct the L ; of the singly textured plane from the
first four cameras if we know the indices of the lines. We
may reconstruct the L g » of the world line using the last two
cameras, without knowing the indices. We know that these
two quantities must be perpendicular, so that we get as a
constraint:

The asymmetric viewing geometry of doubly textured
plane (hexalinear constraint):

o= 2

[i1..is]€PT[1..4]

i |€s Lo £iy ||€iy X €ig | Ti, i, (41)

The final constraint uses the textured plane constraint
that
Lg,le,2 = Lg,‘szyl =10

We obtain
The symmetric viewing geometry of a doubly textured
plane (octilinear constraint):

s

[i1..is]eSPT[1..8]

[ves T g i (s 206, )2 (i e}

iy Ly £ |8 Ty]  (42)

where sP™ indicates the positive permutations among the
first four and the last four indices, plus switching the first
and last four indices wholesale. In other words, the indices
are

P*[1..4]P*[5..8] (43)

and
P*[5..8]Pt[1..4] (@4

Let us now discuss these constraints and their role in
feedback mechanisms. Let’s assume that we have a num-
ber of cameras looking at a scene and we know, with some
uncertainty, the viewing geometry, i.e., the rigid transfor-
mation between any two views. Another way of saying this
is that we have some knowledge about extrinsic calibration.

These patch equations (40, 41, 42) are the first geometric
equations which constrain objects which do not, in the nor-
mal sense, correspond to each other. Instead, these objects
exist only in “patch correspondence” to each other. The op-
eration of the constraints is explicitly predicated on the as-
sumption that we have some initial rough calibration, both
rotationally and translationally. The constraints are also de-
signed to operate only in a feedback mechanism which can
take rough rotational or translational calibration and either
improve said calibration, or state that it is not possible to
improve said calibration.

First is the prismatic line constraint, which can be used
to find rotation independently of translation. This constraint
is most simply applied to the singly textured plane, though
a more complicated theory can be constructed for gener-
ally textured planes. If we have patch correspondence with
enough singly textured planes, then we may determine ro-
tational calibration using the constraint. Note that this is a
constraint which only needs patch correspondence.

The next three constraints contain integer indices. Re-
call our definition of the singly textured plane. For each
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image line, its corresponding index indicates the ordinal-
ity of its generating world line in the singly textured plane.
The next three constraints concern image lines together with
their corresponding indices, plus the translational position
of the cameras. All these constraints can be used in two
opposite directions. One may use image lines plus approx-
imate translations to obtain indices, or one may use image
lines plus indices to obtain more accurate translations. This
dual use of the constraints provides the basis of the feedback
mechanism for going from approximate camera positions to
more accurate camera positions.

The next three constraints also are defined on many cam-
eras, probably far more than one would like to use in ac-
tual practice. Note, however, that we may “collapse” cam-
eras if we have more than one measurement from the same
textured plane. That is, if we have a constraint on lines
i, 1 < i < M, we may have that for some j and k,
1< {j,k} < M, that T; = T%. Thus our quintilinear con-
straint could be considered to be on five, four, three, three,
Or even two cameras.

The first of these constraints is the quintilinear con-
straint. This equation constrains five image lines which are
projections of the same singly textured plane. We may use it
as described above to find indices or translations. This con-
straint is similar to the usual trilinear constraint as applied
to lines.

The second of these constraints is the hexalinear con-
straint. This is a mixed constraint on a doubly textured
plane. If you have images of six world lines, and you know
that four are from one direction and two are from the other,
then if you have indices and translations for the first four,
then the constraint can be formed. So this constraint can be
used in the two ways described above, but can also, if given
the indices and translations, be used to constraint the rota-
tions in the two cameras. This constraint has no analogue in
the current equations.

The third of these constraints is the octilinear constraint.
This is again a purely translational constraint on a doubly
textured plane. If you have images of eight cameras, and
you know that four are from one direction and two are from
the other, then if you have indices and translations for all
eight, the constraint can be formed. We can again use this
constraint in the two ways outlined above as part of a feed-
back mechanism. This constraint is similar to the usual
epipolar (or quadrilinear) constraint.

We now show how these constraints could be used for
image processing. We first argue that one always has some
nitial calibration information. This is usually couched in
terms of having multiple cameras “looking at the same ob-
ject”, but this is not a precise formulation. There is a re-
lation between the depth of the viewed scene and the dis-
tance between the cameras which is the important factor for
this initial calibration information. Indeed, if we were to
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have a camera on Earth and a camera on Venus looking at
terrain, we would not expect to be able to correspond any-
thing. However, if we turned the cameras towards the sky,
we certainly could correspond, since our baseline is small
related to the distance to the object. Thus any assumption
which forms the basis for a correspondence method can al-
ways be expressed as a constraint on the error in calibration
with respect to the distance to the scene.

Let us first look at an example of a scene for which it is
impossible to compute correspondence. If we have a collec-
tion of textured planes, and these planes do not contain any
wavelength greater than A, then it is clear that if our camera
positions are not known to accuracy at least less than A, then
it is impossible to compute any sort of correspondence. We
may be able to compute the rotational calibration for the
cameras from the patch correspondence, but after that we
are stuck.

On the other hand, if we know our camera positions to
within @ << A, and we have many textures with wave-
lengths greater than A, then it is possible to find our integer
indices with a high degree of probability. The smaller « is,
the higher the degree of probability that we can find the in-
teger indices. Once we have the integer indices, we can turn
the constraint around to improve the camera positions.

One can see the beginnings of the second part of the feed-
back mechanism taking shape. If we at first use patches
with wavelengths much greater than our calibration error,
we can then improve our camera position estimates. With
these new estimates, we can then use patches with smaller
wavelengths, which will be more accurate. Thus, a small
number of these iterations should result in excellent posi-
tional estimates, depending on the frequency content of the
scene. This geometric/statistical framework is developed
in [27].

6 Conclusions

We have described a number of processes underlying
structure from motion. We concentrated on basic aspects
of the distortion of image motion or correspondence, the
distortion of the viewing geometry or 3D motion and the
distortion of shape. Our computational arguments suggest
new avenues for studying the problem namely the devel-
opment of feedback loops where all modules interact. We
argued that an important component of the feedback should
be patch (region, area) correspondence, i.e., the constraints
that arise by corresponding entities where the relevant mea-
surements are the outputs of filters with finite support. Tex-
tures are such a candidate. We developed a number of new
constraints relating primitive textures to structure and mo-
tion. The study of the statistical properties of a patch in con-
junction with multiple view geometry is one of our current
projects. For example, one can develop mathematical theo-



rems relating the statistics of texture and the uncertainty in
the viewing geometry to the ability to perform a match be-
tween textured patches [27]. In this paper we concentrated
on a static scene. The real problem, however, must address
scenes which contain independent motion. We are working
on this problem by addressing the structure from motion
problem in scale space. For an example of our approach,
see [28]. Finally, our ability to initiate feedback processes
allows us to perform calibration of networks of hundreds of
cameras, to an unprecedented degree of accuracy. Thus, we
can calibrate negative Argus eyes, such as camera networks
observing a specific area (Fig. 31). Observing then non-
rigid movement in that area allows reconstruction of shape
through a combination of stereo and video cues. This gives
rise to 3D video and other applications, but, most impor-
tantly, it provides a new representation for action, namely
3D motion fields. This is discussed in detail in [29].

Figure 31.
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