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Abstract

The linearized approach to the shape from motion problem,
e.g. the factorization method, is robust to find a unique solu-
tion with fast computation, but the occlusion and perspective
distortion are out of scope in the linear formulation. In con-
trast, the nonlinear approach is free from such limitations,
yet it involves two problems; one is to find the globally opti-
mal solution and the other to reduce the computation time.

In this paper, we present an effective nonlinear optimiza-
tion method to recover 3D shape and motion. To overcome
the shortcomings of the nonlinear scheme, we propose “dou-
ble search (DS) procedure” and “preconditioned conjugate
gradient (PCG) algorithm”. The DS procedure enables us
to find two major solutions that correspond to the true and
false shapes and then we select the globally optimal solu-
tion by evaluating the error of them. The PCG algorithm
is an improved CG one whose computational performance
is several times faster than the conventional Levenberg-
Marquardt (LM) algorithm.

We carried out experiments with simulation and real
data, and the results have demonstrated that the proposed
method allows us to obtain the correct shape and motion
with 3-9 times faster computation than the LM algorithm.
Finally we have shown the applicability of the method to a
large building reconstruction from a set of partially tracked
feature points.

1 Introduction

The common interest in computer vision is to obtain 3D in-
formation from 2D images. Various approaches have been
studied so far, and one practical method among them is
“Shape from Motion™; that is, 3D shape of an object and
relative motion between the object and camera are recovered
from an image sequence.

3D reconstruction is the inverse problem of imaging pro-
cess by perspective projection, and thus the relationship be-
tween 3D coordinates and the corresponding 2D ones is rep-
resented by nonlinear expressions in terms of the depth pa-

rameter. There are two different mathematical schemes(
solve the nonlinear problem; one is linear approximatiol
and the other nonlinear optimization.

The linearized approach to the shape from motion, e&
the factorization method, is indeed robust to find a unig o
solution with fast computation, but some problems such
occlusion and perspective distortion are out of scope dueio
the linear formulation. In contrast, the nonlinear approa
is free from such limitations, yet it involves two problems;
one is to find the globally optimal solution and the other 0
reduce the computation time of the iterative search process

In this paper, we propose a nonlinear optimization
method to recover 3D shape and motion with fast and 3
ble computation. To overcome the shortcomings of the not
linear scheme described above, we have developed “double
search (DS) procedure” and “preconditioned conjugate gii=
dient (PCG) algorithm”. The DS procedure enables us 0
find two major solutions that correspond to the true andfi s
shapes and then we can select the globally optimal solution
by evaluating the error of them. The PCG algorithm is &l
improved CG one whose computation performance is sev-
eral times faster than the conventional Levenberg-Marqua it
algorithm.

In what follows, we first give a brief survey on the shape
from motion problem, then formalize it in the scheme of
nonlinear optimization. Next, the DS procedure and P d
method are presented with technical details. The perfo
mance of the proposed method is evaluated quantitatively’
by using simulation and real data. Finally, we will show
some experimental results of reconstructing buildings from
a set of partially observed image data. .

2 Shape from Motion

In shape from motion studies, “eight point algorithm[1]”¢s-
tablished the theoretical framework of 3D information e«
covery from two images. The method however hardly works
in actual situations because it takes no account of the obstr
vation error. Therefore the method is not robust to feafure
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pint noises, and the resultant shapes are often seriously dis-
lorted.

A straightforward way to enhance the stability of the
shape from motion method is the use of a large number of
mages as redundant information with least squares crite-
fon. This scheme is effective in many cases, but it increases
lhe computational cost exponentially, especially in the large
stale nonlinear problem. This is why many researchers be-
lieve that the linear approximation is the feasible approach
othe shape from motion problem.

The factorization method proposed by Tomasi and
Kanade[4] is the most successful method that realizes the
fast and stable recovery of 3D shape and motion by us-
inglinear algebra with singular value decomposition (SVD).
However, such a linearized formulation has intrinsic limi-
lations to express the occluded feature points and the per-
spective distortion. A lot of efforts have been made on the
original factorization to deal with partially tracked feature
points[4] and perspective projection[5]. Note that such ex-
ensions not only increase the computational cost but also
lose the merit of stable computation.
~ Another approach to the shape from motion is based on
the nonlinear computation scheme that involves the follow-
ing advantages. First, the perspective projection is repre-
sented properly in the formulation without any approxima-
tion. This means that 3D shape is recovered correctly from
severely distorted images by perspective projection. Sec-
ond, 3D reconstruction is performed from even partially
iacked feature points in the image sequence. This means
hat the optimization algorithm accepts any set of feature
points whether occlusion occurs or not during the observa-

" Although the nonlinear approach has the great advan-
lages described above, we have to consider the following
Issues when using it.

¢ How to find the globally optimal solution.

Innonlinear optimization, the most important argument

is to determine an appropriate initial value based on the
- optimization algorithm. If we begin the computation
- with a good starting value, we can reach the globally
minimal solution in the energy space of the evaluation
function; otherwise we fall into a local minimum that
s a false solution. Therefore the initial value selec-

tion according to the solution search algorithm is the
- most significant issue. Surprisingly, there are a few dis-
~ cussion on this matter. Weng et.al.[8] claim the use of
~ the solution by linear algorithm as a initial value of the
- nonlinear optimization. However, they employed the
- epipolar based linear algorithm using only two images,
- sothat the initial value is not reliable and of course the
- occlusion is not considered.
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Figure 1: Projection model.

e How to reduce the computation time.

Nonlinear optimization usually takes large compu-
tation time in the iterative search process. There-
fore, we need a fast algorithm applicable to the large
scale computation like shape from motion problem.
The Levenberg-Marquardt (LM in short) algorithm is
widely used by many researches[7][8], and Szeliski
and Kang[6] employed it to the problem size of 100
frames. Recently McLauchlan[9] has proved that non-
linear optimization is a practical method to solve the
shape from motion problem by using a faster LM algo-
rithm which takes 100 to 200 times long computation
compared with linear method.

3 Problem Definition and Formula-
tion

Shape and motion parameters are represented nonlinearly as
the trajectories of the projected feature points by perspec-
tive projection formula. Therefore we can obtain shape and
motion by calculating this inverse problem with nonlinear
optimization.

While the projection formula are common, - there are
various formulation in terms of the variable set selection.
Szeliski and Kang[6] have shown a simple formulation, yet
it needs some modification to fit each problem settings and
the formulation is not discussed in detail.

In this section, we present the definition of the problem
and its formulation.

3.1 Shape and motion in perspective projec-
tion

Shape and motion are described by following variables.
Note that camera focal length [ is known and constant.

e Shape 8, = (Tp, Yp, 2p) , 1 <4< P



Q@ +a9i—a3—d;

Qg = 2(q192 + qog3)
2(q193 — qoq2)
q = ((Jo: q1, 42, QS)

Figure 2: A quarternion and associated scaled-rotation matrix.

We have P feature points in the scene, and the 3D coor-
dinates of the pth feature point on the object coordinate
system XY Z is described as above.

e Rotation matrix R¢,1 < f < F

Rotation matrix I ; expresses fth frame rotation of ob-
ject coordinate system viewed from camera coordinate
system.

e Translation vector t ¢ = (tfz,tfy.tf2), 1 < f < F

Translation vector ¢y expresses fth frame translation
of object coordinate system viewed from camera coor-
dinate system.

With these notation, 3D coordinates of the pth feature
point viewed from camera coordinate system of fth frame
become as follows.

sfp = Lysp + 5.
When pth feature point at fth frame sy, is projected

to the image(Fig.1), 2D coordinate u, = (ufp, vsp)T be-
comes as follows,

up, = P(sfp) =P(Rysp+ty) (1)

where P represents perspective projection operator defined

as follows.
T T
Ply|:=~- { ]

Among several representation of rotation matrix, the
quarternion is used in shape from motion problem because
the differential calculation is fast. Note that we need not use
unit quarternion because P(s) = P(ks) stands for arbitrary
scale factor & # 0.

When we define scale factor ky = [/t., Eq.(1) becomes
as follows.

Mgy PRy )8, Chets)] &
Xy
=L Q(Qf)3p+ Yy 3
l
e It el I
Qrasp+1 | Qr2sp+ ¥y
g _1___{Qflsp+xf] ®)
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2(q2g3 + qoq1)

Here, rotation matrix with scale factor Q(q ) is defineda
Fig.2 using quarternion q. Note that ith row vector of (g
is denoted as Q ;.

We introduce projective distortion factor A to ! .

Qflsp = Xf
Qfgsp gl Yf 3
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For the perspective projection, the equation of projectioni
denoted with A = 1, and in scaled-orthographic projection:
equation is denoted with A = 0. {

3.2 Nonlinear optimization

When we represent the observed feature point coordinate
by @sp = (tisp, Ufp), shape from motion problem is formi
lated as optimization of following error function. I

min

1 B 5 3
—_ Ufp — U (
5.5k FP (Z I fp pr 1

f.p)

This includes N = 3P + 6F' unknown variables which ‘él.
denoted by a vector representation x as follows. ‘

(1’1, Yi,21,° TP, YpP; ZP;
Xl: 4105911, 912, 913; 1/].7 e
Xr,qro, a1, qF2, qF3, YF)" 8)

g A A,

Also we show the difference between every w s, and i by
a vector 7 as follows. :

= (91117911‘27"'79FP2)T
2] - (2[5
9fp2 Ufp Utp 1

With these variables, we have the cost function of Eq.(7)‘,
follows. ]

B(e) = 25", i

of \.

It is obvious that the globally optimal solution of this
system is not unique because the cost value is invariant ol
translation of world origin and arbitrary rotation and scaling
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Figure 3: Two major local minima.

4 Double Search Procedure

In shape from motion problem, there exist two major so-
lutions; that is, there are dual interpretations of the recon-
Stucted shape with respect to the depth under the condition
‘of linear projection. This kind of ambiguity exists even un-
der the perspective projection[2][3]. One is globally opti-
mal solution which corresponds to the correct shape, and
the other is semi-optimal solution which is known as depth
teversal shape or Necker’s reversal.

|

41 Avoidance of local minima

heissue on the local minima avoidance is seldom discussed
50 far. From our experiments, the more occluded feature
points are included the more local minima appear. However,
there exist only two major optimal solutions if a small num-
ber of feature points are occluded. One is globally optimal
Solution which corresponds to the true shape, and the other
I semi-optimal solution which is known as a depth rever-
sal shape or Necker’s reversal. In this paper, we discuss the
litter situation where the small occlusion is observed.

~ Inorder to avoid the false solution, the following method
;Widely used[6]; that is, the shape of the first stage com-
Jutation is reversed in terms of depth and it is used as the
hitial value for the second stage computation. However, we
tannot always obtain the correct shape with this method be-
tuse the depth reversed shape becomes seriously distorted

Properties of major solutions

fhen we recover the shape under the scaled-orthographic
lojection, we obtain two major minima which are pure
fpih reversal to each other. Under perspective projection,
ieobtain two corresponding local minima which are pseudo
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Figure 4: Double search procedure.

depth reversal to each other. One of the shape corresponds
to global minimum which we call true shape, and the other
is just a local minimum which we call false shape.

By using A in Eq.(6), we can express these shapes as
P(A). Under scaled-orthographic projection, A becomes 0,
thus two shapes can be denoted as p(0) and p/(0) which are
depth reversal to each other(Fig.3).

When we set A to 1, true shape becomes p(1). From
Eq.(6), 2D projected coordinates of a feature point on the
screen becomes equal to the point whose zp value is depth
reversed to —z;, and ) is set to —1. As we represent the
depth reversed shape of p()\) as p/(—\), we can say that
p(1) and p’(—1) are equal shape. However, p(1) and P (1)
are not depth reversed shape. We call these relation “pseudo
depth reversal”.

4.3 Double search procedure

As the resultant shape of p’(1) becomes strongly distorted
when the perspective distortion is severe, we use the resul-
tant shape p(0) obtained under linear projection model as
initial value of nonlinear optimization. As we easily obtain
p’(0) by reversing depth information of p(0), starting from
these two shapes, we obtain p(1) and p(—1) by gradually
varying A from 0 to +1. As p’(1) is equivalent to p(—1) ex-
cept for depth direction, we obtain p’(1) by reversing depth
information of p(—1). We call this “Double Search” pro-
cedure (Fig.4).
The procedure is summarized as follows:
1. Obtain a linear solution p(0) (10, 10’ in Fig.4).

2. Change A = 0 — 1 in p(\) continuously and have
p(1). As the same manner, change A = 0 — —1 in
p(A) continuously and have p(—1) (I1,12 or I1°, 12’ in
Fig.4). >

3. Reverse the depth of p(—1) and obtain p’(1).



Table 1: Search direction in nonlinear optimization meth-
ods.

algorithm search direction dj,
conjugate gradient gr — Pedr—1

Levenberg-Marquardt | (JI Ji + )" gy,

PCG(proposed) H™ g, — Bedr_1

4. Evaluate the error of p(1) and p’(1) by Eq.(11), then
select either with smaller error.
If occlusion is not observed, we can obtain p(0) by using
the factorization method.

5 Fast Optimization Algorithm: PCG

To obtain the optimal solution for Eq.(11), gradient al-
gorithm such as Levenberg-Marquardt method[10, 11] is
widely used[6]. In the gradient algorithm, minimization of
E(x) is performed by iteration of the following formula,

Typi1 = T — ady, o = argmin E(xy — ady)
(o3

where, search direction dj, is calculated using gradient vec-
tor g, := VE(z)) when z is estimated as x;,. Major algo-
rithm for nonlinear optimization is shown in Table 1 where
Hj, denotes approximated Hessian matrix, .J; denotes Jaco-
bian matrix and S, px are parameters.

In the LM method, Hessian matrix is approximated by
(JTJy, + pyI) where Jacobian J is defined as follows.
99111

99111 99111

oz dxo Ox N
99112 99112 99112
oz Oz ox N
ine ’ .
dgrp2  O9grp2 9grp2
oz oxa ox N

In the shape from motion problem, the form of J and
approximated Hessian I generally becomes as follows,

where white space represents O values. In H, blocks A and
B are block diagonal and the size of each block is 3in A, 6
in B.

In the LM method, computation time is mostly cok
sumed on calculation of Cholesky decomposition of H,ul
the faster algorithm is designed based on the charactefis*
tics: that is, the matrix is sparse in the shape from motion
problem[6][9].

On the other hand, while the conjugate gradient metho®
requires relatively large number of iteration compared Wil
the LM method, it shows comparative performance with LM

very short. Therefore, our idea is to design a fast calcis
lation algorithm by combining their advantages of LM and
CG methods. ‘

Here, we describe the “Preconditioned Conjugate Gradi
ent(PCG) method” applied for nonlinear optimization. Note
that PCG method is used in linear optimization problemsi
the past. We use H with U and V part filled with 0 as pres
conditioning matrix C. As C becomes block diagonal ma
trix of width 9, Cholesky decomposition can be performed!
with O(N) computation time. Note that this approximation
does not affect the accuracy of the final result of optimiz
tion. The algorithm is denoted as follows. J

Suppose a current estimation of « as &y, first search d
rection is calculated as di; = C g, afterwards, estimation
of x is calculated as follows. ;

di, —
Tp41 =

where,
{ a = argming E(z, — ady)
B = (C~'gx)T (gr — gk—l)/g{_lc_lgkq

Note that C' should be recalculated after several iteration. ‘
our experiment, C is recalculated after every 16 iterations.
Experimentally, this PCG method is 3 to 9 times faster

than the LM method, so that it is efficient enough to usein
real applications.

C’_lgk + Bdj-1
T — adk

6 Experiments and Evaluation

Experimental results on shape and motion recovery Wi
nonlinear optimization method are described here 10 show
that our method is fast and robust. 1

First, simulation data of hemisphere whose diameter is
200 pixel is used to recover the 3D shape (Fig.5(a). %
frames are generated by rotating it in 90 degrees, and itis
viewed from 250 pixel far. The images are strongly distorted
by perspective projection in this situation, and that 20%of
the feature points were occluded. ‘

We applied the PCG method to obtain p(0) with A =0
which means that the linear projection problem is solved by
nonlinear optimization, then used the double search proce-
dure to obtain p(1). In this case, we successfully obtainthe
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Figure 5: First frames of each image sequence.

rrect shape. Note that the naive linear method cannot be
dpplied to this sequence because occluded feature points are
iicluded. The resultant 3D accuracy was 0.0 in pixel unit
10r perspective projection result p(1), and 17.9 for linear
pojection result p(0). This demonstrates the accuracy of
recovered shape using nonlinear method which represents
lie perspective projection without any approximation.

~ Acarmodel (65 x 70 x 155 mm) is used to take three dif-
ferentimage sequences whose problem properties are shown
I Table 2: number of frames F', number of feature points
P, number of variables, distance between object and cam-
&4, and the object extent in degree. First image of each
tquence is shown in Fig.5(b)—(d).

- The double search procedure is applied to those image
tquences, and we successfully obtained the correct shape
orall sequences. Note that the conventional search method
Dealeulate p(1) immediately does not work in these cases.
able 3 shows the resultant residues, computation times and
lmber of iterations. We used a PC with PentiumlIII 850
Hz for the performance test. From the results of compu-
ion times, we find that the PCG method is 3 to 9 times
iter than LM method to obtain 3D shape and motion with
€ same accuracy. Since the residues of Eq.(11) show the
Bprojection error of recovered shape that means difference
tween 2D coordinates of given feature points and pro-
tted 2D coordinates of recovered shape, it indicates the
teuracy of recovered shape. From Table 3, it is shown that
oth residues of nonlinear and linear(factorization) meth-
5 are small in the image sequence 1 which includes less
ispective distortion. However, the residues of the linear
thod becomes larger when the perspective distortion is
Lignored in the image sequence 3. These results demon-
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Table 4: Problem properties of image sequences 4 — 14.

No. | Frames | Feature | unknown | occlusion

Points | variables ratio

4 63 33 477 0

5 50 70 510 0

6 65 92 666 0

7 100 24 672 0

8 56 118 690 0

9 67 123 771 0

10 100 62 786 0

11 240 27 1521 0

12 24 125 529 44%

13 65 125 765 5%

14 65 130 780 9%

strates the effectiveness of the nonlinear method which deals
with the perspective projection properly.

We prepared the other real image sequences from 4 to 12
of a rotating cube(80 x 80 x 80 mm). Note that the sequences
from 4 to 11 are free from occlusion, but the sequence 12
has occlusion in its feature points. The sequence 13 and 14
are the scene of a car model with a little occlusion. Table 4
shows these properties of image sequences. The initial value
P(0) is obtained by the PCG method, and we successfully
obtained the correct shape and motion by the double search
method for both LM and PCG methods. The comparison
of the computation time between LM and PCG methods is
shown in Fig.6. This shows that the performance of PCG
method is 3 to 9 times faster than that of LM method.

Finally, we have carried out an experiment to recover
some large objects from partially tracked feature points: the
Hiroshima Atomic Bomb Dome and a stadium. The first and
15th image from 29 image with feature points are shown
in Fig.7(a),(b). We have 469 feature points detected from
the image sequence, and the reconstructed 3D points and
camera positions are successfully recovered as shown in
Fig.7(c). Fig.7(d) is a side view of the dome with texture
image. Another experiment on building recovery is shown
in Fig.8. (a) shows the first image of stadium out of 144
images, and 239 feature points for the sequence are used to
recover it. (b) shows the top view of recovered stadium with
recovered camera positions. From these results, we have
confirmed that the proposed method works successfully for
such a large buildings from even partially tracked féature
points. i



Table 2: Problem properties of image sequences 1 — 3.

sequence 1 sequence 2  sequence 3
P(feature point) x F(frame) 90x 81 187x19 269x16
variables 756 675 903
object distance (mm) 1100 300 150
object extent (deg) 8 25 40
Table 3: Comparison of computation time.
sequence 1 sequence 2 sequence 3
time(sec) iter. residue | time(sec) iter. residue | time(sec) iter. residue
PCG 0.38 51 1.28 0.17 49 1.42 0.24 58 1.78
LM 343 12 1.28 0.67 9 1.42 0.73 8 1.78
factorization | 0.0055 — 1.37 0.0026 — 1.97 0.0032 — 3.35

Elapsed Time(sec)
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Figure 6: Comparison of computation times.

7 Conclusion

This paper describes an effective nonlinear optimization
method to recover 3D shape and motion. To overcome
the shortcomings, i.e. local minima and high computa-
tional cost, of the nonlinear approach, we propose “dou-
ble search (DS) procedure” and “preconditioned conjugate
gradient (PCG) algorithm”. Experimental results using sim-
ulation and real data have demonstrated that the proposed
method allows us to obtain the correct shape and motion
with 3-9 times faster computation than the LM algorithm.
Also we have shown the applicability of the method to a
large building reconstruction from a set of partially tracked

feature points.

In future, we will examine the performance of ff
method in various situations and also improve the algorits
to recover 3D shape and motion in realtime. '
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(a) An example of real image in 144 frames

(¢) Reconstructed shape with camera position
(birds eye view)

(b) Reconstructed shape with camera position
(top view)

Figure 8: A stadium.

)Side view of the reconstructed dome with texture image.

Figure 7: The Hiroshima Atomic Bomb Dome. .

251



